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十 分 活跃 的 研究 领域 . 1981 Æ M.Csörgo 和 P. Révész 的 专著 
“Strong Approximations in Probability and Statistics” 总 结 
了 直至 70 年 RRAILAKAEE RR. 在 该 书 的 引言 中 作者 指 
出 可 二 可 能 进一步 研究 的 方 同 ,例如 多 参数 过 程 ,高 维 欧 氏 空 间 
(或 Banach 空 间 》 中 的 过 程 、 不 同 分 布 日 (或 ; 不 独立 的 随机 变 
HEJS. 
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Wiener 这 程 的 a.s. (HED 极限 性 质 一 直 被 不 少 作 者 厂 泛 深入 
地 加 以 研究 。 随 机 变量 序列 部 分 和 的 增 量 的 a,s. 极 限 结果 已 被 林 
正 炎 各 部 启 满 强 化 并 推广 到 了 独 让 但 不 必 同 分 布 的 情形 。 某 些 与 
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好 iener 过 程 及 其 相关 的 Gauss 过 程 的 增 量 …:……: 
Wiener tt PIRA BRD ccc creer cere eens 
Wienerth Maks HA By Bt he “PB ne ee es 
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的 轨道 性 质 … 


2 模 平方 过 程 errereser eer rrr terere rerna 
具有 核 的 两 做 数 Gauss 过 程 ……………… eee ees 


第 一 章 Wiener 过 程 及 其 相关 的 
Gauss 过 程 的 增 量 


Wiener jl EA St AK Gauss ad EH Bh As OR A H 2) 
TARPEET. 它们 是 近 10 余 年 来 概率 论 中 的 重要 成 就 。 随 
着 Cs6rgo 和 Revesz 的 专著 “Strong Approximations in Proba- 
bility and Statistics” F19814E)h it, SIEEN R REET 
研究 .在 本 章 中 ， 我 们 将 介绍 这 一 方面 的 若干 新 进展 。 


§ 1.1 Wiener 过 程 的 增 量 有 多 大 ? 
1.1.1 Csorzo-Revesz 增 是 


HAW (4) s0<t< co} PREM SS BC, , P ER be HE Wiener 
it 42.Csireo Al Révész SCTE PRE. 

定理 1.1.1 (Csörgő and Révész, 1979) $ 0<a4,;=7 RT 
AY pa ae, ME: 

(1) arte TA RAS 

(14) Tiar 基 单 调 不 减 的 。 
AE A 
(1.1.1) lim su sup 87|W(t+s)-Wor|=1 


T — m 和 


{1.1.2) lim Sup B+|W Ci+ a7) — Wt) | = 1 Sy 
T 


T -00 dere T- E 


(14123) lm sup BriWtre+s) -WCT)|—1. ass. 
T aa a F | 


中 = —" T 


{1.1.4) lim Br WT +ar)- WT)|=:1 ASe 


其 中 


By ={2arClozT /ar + loalogT yy 2 


Fi ctor Hy SE 
(iii) lim (logT /a7)/loglogT =o, 
T -0 
Hb <a 
(1.1.5) lim sup sup Bril¥Gé+s) -Wc#4)|—1 


Tu” ee 了 一 下 了 tara, 4S. 


(1.1.6) lim sup By |W i+ ar) — We) | =] LaS 
T 


p A tareqI- aa. 


Deo (1977) JSH HAH Gid AA, MAH lim(logT/ 
To 
ar) /loglogp?T <œ, 4 
lim sup sup Bri Fiep- WOH) | <1 acs. 


“Pawo Oe TATO- A fered 


TARE SP lee, BRIER A Fér=drtar) 使 得 
(1.1.7) Lm sup sup d7r|Wti+s})— Wf) | =} 


fem ngg- Oa rece 
7 T T ak a S 


(1.1.8) lim sup Sri W+ arn -WG)|=1 dade 


Tere Den T 


FF (1.1.7) A121 28) SBS EA h Book Shore (1978), Csaki 
FIRévesz (1979), ABA RR(1986) 等 给 出 ， 其 中 一 些 结果 如 下 ， 

1. (BookandShore, 1978) Baril #1.1.1.4 

(iv) lim (logT /ar) /oglogT =r Oreo, 
BZ, 

: 17 
(1.1.9) lim sup Br |W (t+ ar) -WO | =( d | 
Toe fE- 2 


7 了 十 多 
Aedes 
2. (Cséki and Révész, 1979) 证 zzr 如 定理 1.1.1. 那 么 
t8- lim Y(T) sup sup |W(t+s)— W#}| <46 
T=. EET- ar vara, 
r E" 


1) Est UART OM logi= log {max (f,1}}, logiogi= loglog (max it, 
2), . 


1a riL ee ee Ca Ee eo eee -m eee m 


其 中 


-1/2 
re {earosl 3 16 TGF yp 
YE 3 
(vy) lim (ogT/ar} /logloglog?T =00, 
ae 
BZ, 
(1.1.10) lim ¥iC%) sup sup W G +s) — W ()|=1 
T= DT SS 
Ha AS (1986) Bee CV) 得 到 下 述 铺 亲 
定理 1.1.2 (BAW, 1980 Haste H1.1.1.4 
(vi) lim(T/ar)/loglogT =o, 
那么 
(1.1.11) limY(7) SB， EF it arn Wei) }=1 a.s» 


(1.1.12) limY(T) sup sup IWO 8) — 全 (的 | 一 1 


To REET- a, oars 
Aes 
其 中 
VT) = {2ar(log? /ar- loglogtogT )}7'?, 

JERKER, RUWA PL. 

S[#2i.1.1 (Slepian, 1962; Adler, 1989) {X (H), ET} 
RHY), CET}ÆGaussii fE, MAO, HET, EX) 
= EYD HR — Hst ET, EY@Y(s) <EX(OX(s). BA 

PisupX (H <u} > PisupY (<u). 


引 理 1.1.2 (Révész, 1982) AEM IER. BANE 
EOF TEn =o (OC) HB — Wasa 


(1.1.13) (1-@8)- ewer? 


kti 
vw OK 
<P{sup CMW C+ D-i x > 28} 
Nee Dez 


Plsup sup (Wi*+s}) —-W#)})>u} Se 
下 = Os al 


-a 
g "EFi ; 


其 中 请 数 cz 二 25，。 
证 (1.1.13)》 Ae Ss E eC Qualls and 
Watanabe, 1972). AMM RiR n ek. EE 
Wi 22 1,2,°°,007 2] 
是 区 间 [0, ARI — + 3d Bl ae 
By=4{ sup (W(x: =s) Wiri > 1}, 


R a i 


A y= sup (W is t ~-AWOx)) 


uA) 


= sup (Wie; s) Wix) S/n} 
oir * 


BBA §u>co HAt, RITA 


2 Ti A 1 
ST (~ 2%) 2 
(Ai(u)) / on “P 2 / E 各 一 如 要 
exo (Hu) Ja 
_ 2) 
POBOS pom exp( “). 


BY VLE TE— a BS SB can > 0 fH He > tt Ff 
P{ sup sup (W(x+) --WC+)) >u} 


derek Oe ral 


<er aea eE) 


H Pre << 25 5| PB.) .2 证 毕 。 
1 在 本 书 中 ， 记 号 [，] 有 时 表示 最 大 整数 部 分 ， 有 时 表示 括号 ， 这 不 准 从 行文 
PEH., 


soo ee ey | Le: A LI" -iia r m=: m -m . 


2|3%1.1.3 (Révész, 1982) 对 性 -8>>0 存 在 和 一 各 (8)>>0 
WT o=—T Ce) > Ot BN — Via S wT SIA 


i ate | 
(1.1.14) exp { ee 


<=P{sup sup (Witts) -WH su} 
Oe FeGT pgr <a 

=< P{ sup CW i+ 1) -W CE)) } 
g 站 


ft — 4)? 
Vv on” i 
iE ” 设 关 一 [人 .从 引 理 1.1.1 和 引 理 1.1.2 我 们 存 
Pi sup sup (W iito WCD) iy} 


HET og 
bl max sup sup (Wits) -WG <u} 


betak feted tt daril 


=(1- Pt sup sup (FCE ts) WC) aht 


fal Oar 


<exp {-(-e 


T 
= exp ( - 28-77) C25 >to). 


IXM T (1.1.14) PR PHBH BERIT RIE. lA) 
KARR HAMSTER, MA 
SUP, CF e+ 1) - WC) 


= max su (Wittle WC), 


P 
Ca ae bikende di d Aink 


Hr E E G+1Xk+ D-1 的 最 大 束 数 。 容 易 春 出 事 忻 
ick ese aran (Witt D -WG)ds E=, 1,+++ 52} 是 相互 独 


立 的 .因此 由 引 理 1,1.2 我 们 有 
P{ sup (WU+ HD) -WS 


< Plmax sup (CWE 1 WCE} 


Chigi di Hi ect F A: 


<(P{ sup (WU +1) -W ut 
TEF- 


< Vor Rte } 
+ Li 
<=CXp { 一 【了 + 0C1) ee) 


SED f — 1 — re 二 £ es) T >T) 本 7 


aX et ae BA 31.1.3. 

DS] A 1. Sif iE BA BY BY SS iH 

8| 理 1.1.4 (Révész, 1982) See ie > oR E t= to O A 
To= lees BTT Maelo 


T . 
exp{ ~ 50am ev 
=<P{sup sup |WCiet+s) ~W(2}] se} 
Omre TT tere - 


Pl SUP. [W tt 1) — (| 


<exp d ~ 201 =e a == e ah, 


TRIE FA BONER 
31.1.5 BHE ĉa noel} SRL eS alse 
PLE, E} +0 (fe OO), 


情人 么 存在 子 列 嫩 -小 使 得 
lim Ga, < ee 
Bi lim &, = | o E Jea 


注 1.1.1 BR, APLESE} >On), 就 有 


lim ËE Leia 
定理 1。.1.2 的 证 明 
1” .我 们 来 证 | 
(1.1.15) lim Y(T} sup {Wtt+ar) -Ws}|21 aes. 
ae barat a, i no 


在 引 理 1.1.4 中 了 到 2 一 172， 对 充分 大 的 了 我 们 有 
P{ sup |W+ar) -Wl<Y (TH 
Eo foo Tarloglogt 
~ exp{ ary sv 2 og loglogt t } 
(log? 7*. 


at Tak k=l, 2, e)a Borel- Cantelli 引 理 我 们 得 
(1.1.16) lim Y(T) sup IW tarp WOL aes. 
Å = 一 加 


O a2 ET or, 


4r Pet. Ay, RNA 
{1.1.17} VD) _ sup MW + ar) —-WG)| 


号 村 一 a, 


i Tra ) 
= ZAT Ka) C8 drprilorlogi s 


( SUD \Wt+ar,)- We} 


一 sup Sup i+) ~ Wd) i) 


os fT, TEOR E: -u 
二 "Tp Th} Th 


=: ACT OIE O Za T as 


其 中 
4 (Fe T, Cr Togt Ta arp? hoglogT | 六 
= Pas ‘Car, AT elon Tear, ‘ViloglogT +) _ 


+t RE earal, a> on ord 1/ xa) EL ey AUS pa ee. Pri 
(1.1.18) 1> lim Alim (T/r) ?1 


另 一 方面 ， 二 定理 1.1.1 有 


lim sup sup 8(Ta.) |W +s) - Ws) | 


koe 一 EE 一 ü 
ew Ty Tope Th 
=] Aese 


其 中 


Tta 
BaT a; ={2(ar,,, ~ar, (log 82 


+ loglogt T+ ar,., yy > 
Se WIT FED KARAT 


Slee 一 ar, Sar,,,1— T/T a) Ebar, RMA, 


由 此 可 得 
Bi” (T) trn log {iT kan far, J/loglogTk)) 7 


Tapit är 
aA ah ( log{ “2 thet A ) 


Hat 

， Td aT, t 

+ loglog (Ta +ar,,,)) /log( eae) 

-+ Ü ( k- oS) 。 
所 以 有 

lim PLEATS EE 入 
由 它 及 (1.16) 一 (1.18)， 得 证 (1 ,16) w. 

2” 我 们 米 证 


(1.1.19)im F(T) sup sup JM’ Cf+s)—- WCA)| <1 aase 
T ==] = 


OCET- a OT 


若 iim (logT/ar)/logloglogT 一 co， 此 时 存在 正 数 列 {Tw} 使 得 
(1.1.20) lim (log Ty/är )/logloglogT w= co 
ME eo, A ACséreb@lRevesz (1981) 中 引进 1.2.1， 我 们 


有 
Pi(2ar logTn/ar ) “7 sup sup W Gts) 


EIET yT agp, tT 
—~Wi)| Site} . 
i'n 

= Car, exp} 


= C(t )--0(N-» oo). 
Pn 


因此 从 引 理 1.1.5 我 们 有 
lim (2ar log 了 war De sup sup |Wit+s) 
Maron 


BEAT yer dialed ae 


而 从 (1.1.20)》 知 
lim (Zar log 了 war ACT) 一 1 


th OI 


国王 这 时 (1,.1.19) 成 人 六. 
# lim Qogl'/ar) /logloglogT <00 ， 即 存 在 常 Ar C>, W 


得 
(1.1.21) T far CloglogT )°*, 
B Test k= 3, +--+). AASA 1.1.4 RAH id, MES 


£>0, SAAHA RHR HA 
Pf Sip sup IF i+ FC 


TERETA frea, EET aya 


LADY T eD 
> exp{ -Ja Te 
= EXP] AY OR Hl 


172) 210g(T rr/ar, , loglogT is) 


Tenan, yrs (loglog?'s,.)'*"} 


Se RTE | 
fH Bore!l-Cantelli 引 理 即 得 
(1.1.22) lim YT agi) sip sup WW C2 + 5) 


PeetST eer Fry STT ag 


注意 到 | 
(1.1.23) _ SUP sup Fi +o- WD | 
i + k 


< Su sup {Wli+s) -HA 
ye PET yy -Ay t4 
-L sup IFF (v) 一 WY it) | + 


Of A Pee h 


HH FAH BY HOS Be E 


Ta 1/2 
lim. sup (27 yloglogT,) Wy) -We}i <1 aes. 


om oy 站 


ALAA (1.1.21) BSR Ovi), RTS 


一 172 
FCT e11 C2 kloglog Fa) 下 (ico), 
Hr E 
(1.1.24) lim YT) sup Win- Win| =0 aas. 
ke , 


Cami 


hs 和 


meee A (1.22) 一 (1,24) 得 证 (1.19) 成 立 , 定 理 证 上 毕 ， 


1.1.2 FREE 


Wiener HEBR- PANH — see (lag) 28 HE HHan- 
son #1 Russo (1983) SRS ibh. GRRE. JLE RE IE He 
(1986) 强 化 了 他 们 的 结果 并 证 明 | 

定理 1.1.3 (Chen, Kone and sin, 1986) 


(1.1.25) Tm sup (WOT}Y- W(T-O|/AT, Y=) Aese 
<—_ tar 


Fao =? 
(1.3.26) tim sup sup |Wts)—-Ms—f)//d(T. f)=—1 aase 
- Tew uo ret ref eT 


(1.1.27) jim sup sup IMT) -WT -sd =1 


Tom otbr seski 
aes. 
其 中 
A(T, t)s={2#QogT i! + loglogt)} 。 
证 1" 由 重 对 数 律 我 们 有 
(1.1.28) (1.2D MMS Tim 1W(T)1/(2TloglogT) 
=} ASe 
2 Aa WEBA | - a 
(1.1.29) lim sup sup [W(s)-Ws-#)|/d(P,0<1 ase 


Too Seater feral 


+ 16 + 


Fi) Be Se BO 1 AIS e0 有 1261 4+ eyi +e) =H 114+ 
2E7 Stowe), 2, Ake, -—1, 0, 1, 24 vrs Roth THe", 
f=", Por} =! (n+ lylog?2/log§14+1.5 k,=C1/logd], &s= 
(log (T.41/CogT,)'4* log}. 

47.87 <a, BRAVA 
(1.1.30) sup sup |F cs) W ism i)i aT, £) 


fat tai 

= 

kr, 1 er, ,, cc 

IF Cs) ~ Wis ~ #7 | 

Ist yar ft. % LiL lie 

{of logi T, /tart) +loglogta)}!* 
=f sup Ante 

HORE yoI 


Re fr Cstre ost Révész (1981) 中 引 理 1。 1.19#11.2.1 ÉI HE SH TI W, 
XHE—T 0, v> AST, 我们 有 


— ff 
(1.1.31) P| sup i [W(s)- Ws" tee } 


i rer Ek 


T 2 
<Fexp {- aah 
其 中 cB Te EBR. NF -odka AHRR, 


我 们 有 
(1.1.82) P(A 1 + 4) 


< P{ up sup tear SWS) —Ws— 8) 


ig fk - ot Far ois Pera E is 


(1 o(a log 22) t 


hat 


fae) exp{ laro) tow r) 


1) 这 里 及 也 后 = 基 指正 的 常数 ， 它 在 不 癌 的 地 六 可 到 不 同 的 什 ， 


* II « 


一 anffan Het ee PTE: a aia LAA 
fy tk BN 


(1.1.33) YOYO PCAge 1+ 8) 


J = j 一 


<S od) 2 (gr *2-2 24) + cd (Ch + 1 C08)" 27294" 


11 ] far 省 cal 


< GD。 
对 于 < 一 < 一 1 情形 ， 再 利用 不 等 式 0.1.31), REA 
(1.1.24) 己 (4 .31+E) 


= Pt SUD Sup Èn Fiai |F is) ~Wis—-#) | 


站 和 一 了 te Fl 


at ( og + loglogts ) }* } 
A 4l 


2(1+ 4)? 4 logts } 
exp{ - “rene Sa, 


m={ 1l rey 


= 
ope 


= oth aTa)? dogo te 
注意 到 当 , <RsRs 时 ， 我 们 有 


P atap? OT az: pe TAS 
a T HEE EET, 一 一 一 一 二 一 一 一 一 一 = 
(a) 0% <( (logT OT ) (log 


看 由 (1.1.34) BIG 


-~ | ai 
(1.1.35) > > PC Ags 十 EN 


ii FELI K a oraaa? 
= -~ (log? i= 
< cD gry Ll Ogh) 

. kok, 十】 


= ed pi KUN do, 


B = i 点 二 1 


对 pa<c kak, —-1437B. FRI 
Dh Stes EIT wats 
he — 84528 log@) Joglog22 + 2= tha. 
青 应 用 不 等 式 〈1.1.34) 我 们 得 


otr karil 
(164.36) 2, 5O Plaate) 
ee bekia 
kari 


OT na, V2 _ 
-È (Gey caer. ee 


m= 1 
kok’ +i 


sE} 


< 63 KOPE = Gd nt <oo, 


A=] facil 


MB. Sit (1.1.33), (1.1.35) Al 1.1.36) 得 
ba P( sup Anri + e) 


2 一 < 


< 2, P( Age tejo, 
fay -mckaek ami 
H Borel-Cantelli5] BBG (1.1.29) 式 成 立 。 
从 (1.1.28) 和 (1.1.29) SHE (1.1.25) Mee. 
3° (1.1.26) ©, RB : 
(1 wl. 37) lim SUP. nue, IFF is) 一 Wis—|/d(T 221 aeSe 
记 下 一 本 


Ba= sup, Wis) -W i 1) | /(2logn)'”?. 
BERDEARI, Whe OF 


(1.1.38) 7% (+ - 4 exp (~ 等 )<POV(1)>>%) 
E a 25 zzy exp(- 7) 
Re i | 
> P(B.<i -2) 


< Py max |W CD-WG-1))}<ad -se)(2logn) } 


1257.40 


T. 和 业 。 A 


< , j y-en 
一 1 oem (w) | 
<E exp qe (4) 
ow D (logy)? # 
ikt Borel-Cantelli 引 理 ， 我 们 有 lim Bl ass. EMA Hnes 
了 < 入 二 二 时 


sup Sup IM’ ¢s) -Ws -£3)/dCT, #) 


wm Fa re wo 


Vcc, 


了 上 


= sup |Ws)-Wls—-1})/C2log?) 


=B,(logn/log(#+1))"', 
PEL (1.1.37) Bik. 

注意 到 

(1.1.25) RAW (1.1.27) REK 1.1.20 Re, 
从 1.1.25) 和 (1.2.26) 得 (1.1.27) XE. CME. 

陈 桂 景 、 孔 繁 超 和 林 正 炎 《1986) 指出 定理 1.1,3 可 被 改写 
为 如 下 一 般 形 式 

fe 21.7.3’ 设 0<ar<T， 有 


(1.1.25’) lim sup WT -WT | /acr, fy=1 aeS» 


Toes aperat 


(1.1.267) lim sup SUP Wis) -W (s— #)|/dCP 2) =1 


T+, | reter. . fare 


Asie 
(1.1.26") lim aup sup sup {IF ie) 
Toe i he ie tl ff 
-Wis—A) la =} | : AeSe 


其 中 (1.1.26) SEAT REO C1986) 提 到 ,. 它 可 以 仿照 


ta 


1.1.26’) EHZ. 
推论 1.1.1 (Hanson and Russo, 1983a) 


(1.1.39) lim sup iWtiéy~Ws)|/dlv, v-w) =) aes. 
a= 如 1 全 有 全 全 全 
证 注意 到 
(1.1.40) jim sup IIF — W (s)| fav, vu) 
+ cs | Pia rt 
= lim sup’ jth) — Wis)! /dloye — t) 
一 Eur, a, Ee 
= lim Su IFD -Wio |/dv, v- ti), 


d-o 2 ae Fae uP (E 一 岂 


所 以 (1.1.39) 式 中 极限 存在 《可 能 为 oo). 

假设 名 使 得 (1.1.27) 式 中 im ”等 于 1. 拷 定 这 一 2 并 设 e> 0. 
ART AET oc et AF 
(1.1241) sup sup sup, IWT- WT - AAT <1 +e. 


ac fanT om, # 


45 T=mintv-—w, H), RS 
(1.1.42) Su sup (IFD -Wia dlv, vu) 


(Ei E- Fa, tons i a i T Sf 


< sup sup sup |W C2) — Ws) | /dluse — e) 


ae CEE = On r e E E-E 


<sup sup sup WG) WG- U~) AUT) 
T 


pat negi ore ree 
sl]+eé, 


另外 ， SUP Wh -Wil BARB. Hr- uot 
div, v- u) oR PoR, Bre 


(1.1.43) lim WCD — Ws) | /dlosp— u) 


了 

== 0 = 

#4 (4.1.40 1.1L 40 FRA e 的 任意 和 性， 我们 得 (1 .1.40) 

Klas. 4e=s=0, f=v=a 并 应 用 重 对 数 律 ， 可 得 相反 的 不 
OS TERIOR. 


. E > 


注 ].1.2 推论 1.1.1 菊 含 着 下 述 结 果 (Hanson and Russo, 
1983a)。 Ww0O<arsT Hilim Ar= 0., PHA 


(1.1.44) lim sup TW Co) — Wi /Ady - w= 1 
= 一 
debus 
(1.1.45) lim sup ft CF) — Wis) | fd Coe — t) 
T+ Ocha EDET Apr 
=] | Ss 


我 们 在 此 将 给 出 Wiener 过 程 增 晤 的 一 个 一 般 形 式 ，Csirg8~ 
Revesz 描 量 和 一 类 灌 后 增 景 都 是 这 一 一 般 形 式 的 特殊 情形 ， 旦 定 
理 1.I.1 中 关于 ar PRAMS. ARIES BB 

(1989) 所 讨论 . 

定理 1.1.4 ker, oper RT IEMA Bip ar + br > 
cr 一 co (To), BRR A> OM ET > 14 
(1.1.46) ór-—br- Adr, dr tor Akar. Ör) a 


HEA, 

(1.1.47) lim sup Sup sup, Weiter) WIDAR t s\/ 7,5) 
To De et 和 Oa? 
== ] 1.56 


(1.1.48) lim Blartbr, @7)|Wlart+or)—-Wlbr)|=1 aus. 
Tam 
其 中 
BCM, m) = {2m i logM /m + loglogM) i. 
进一步 ， 车 对 任 一 0 之 8 之 1 
(4.1.49) 3" exp{— bn/ap (Can + bw log lan tt bn) PU} So, 


M= i 


H 
{1.1.50} lim Örf b rr] =lim @r/f/acr) =l, 


+ JH E 


A A 
(i. 1.51) lim sup sup sup IPFE Hr) W [dE tser ss 


JZE Uzr Gera 
=] Tr 


(1.2.52) lim sup Bitar, ar) |W Citar} -W|I=1 


—r -Dr z 
T te tabs 


ete 


证 首先 ， 我们 证 月 
C1. 1.53) lim sup sup sup IWG +7) ~ WADIA +sVer,s) 


vcr OCs de 

=: i | | Asis 
显然 地 ， 我 们 可 以 假设 当 了 -ce 时，eczr 不 减 地 赵 于 ce ， 不 然 的 话 、 
我 们 可 ELAR Be RAR ef = inf fe 


(ABS, BIA 
sup sup sup [Wee r) We | fei t sVer,s) 


Pee PZJ Om Pe. 


=(sup sup sup WOOW LAG +8Veres)) 


beer Bzr om 


V (sup sup sup |[Wé+7) -W()|/dGi+ sVer,s)) 


OGt OCIEB trar 
=: J + rz. 
由 推论 1.1.1, AEB 8 半 0 存 在 B=B i Sle ask 
1， 利 用 (1.1.31 式 ， 对 充分 大 的 工 ， 我 们 有 
(1.1.54) P{izc ik +e} 


< 人 = Pi su SUD sup 


fo~m j= ğ is Re illeg i bers 


I r WCDI s 
E: 
=] +e){2( mune + loglog B9“! yy } 


so Di Dy PO tern UT BH Seep’ +9 
fom jap 


{ie co}, 
H F= Ir ET RPH BE, lim Il TE Bade 
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这 上 就 证 明了 (1.1.537 成 立 。 
其 次 ， 为 证 (1.1.47) 和 (1.1.48) 式 ， 我 们 仅 需 证 明 对 任 给 的 
0 过 之 1/8 有 


(1.1.55) lim Blant bnan |W Can t+ bx) Why) | Sl 2E 4.5. 
N os 
EMN: =l, 


Ne = minis: a> Nes bn +E da bn, + Any} k=l, 
CRA, WHE HAS ANN, 我 们 有 


(1.1.56) ON pa, HEN gh: bingy + ANg’ ba + Bima Dn + nee 


iS ye ih: Nar Nes Onaga t EN gy, Pt avas Al, 
Fe) FE ae 


(1.1.57) >, an, (bw, + an, log (dn, + dng } = OO 


a=1 


BR (1.1256) A 1.1.46), 我 们 有 
(1.1.58) bna, tang, 2bn,-1 bn, — Aang 


== Ow, 十 aANT (A + laNg’ 


(1.1.59) baa 1 TEN y pare itn, ! tay, eB tana) Ae 


Aw (1.1.58) 和 (1.1.59) 式 ,我 们 得 
2u (dn, + ax, log bng + Guy ) 


= l 1 5 ne t awa) ~ (Dugo: Hanga) 
A+ 1 = (iw, + an, log( dn, T aNg) 


by, + En, 一 (by, tanp) 
2a 1} X TIN + anai JloglAl bnp, +4n,_, 2/87) 


yoo. 


e? 一 PNA Ny F 
fon ren. WOg(dYAE | 


7 ATA+ D > 


这 就 得 证 《1,1,.57) 式 成 立 。 
ra G=t{khiby,=6n,_, +N | ys H = {kl bv On, tONg 4 te 


+ 1R = 


情形 1 BR 


(1.1.60) YO an, (by, + an, )log( by, tan, =O. 


kee 
记 
BCR)=Blbx, tanas Ong) 
A= {6 IW (an, + Av) — W be) | 21 E} 
注意 到 -44，hEG 是 独立 的 ， 所 以 为 证 0.1.55) RU. RITA 
证 明 O 
(1.1.61) S| PCA) =o. 


keg 
对 于 充分 大 的 EEG， 我 们 有 | 
P( Ay) = P{B(R) | W (an) [> t= e} 
= cexp{ — (1—€) Clog((bn, + an,)/ang) + loglog (bn, tanp) 
= cdn,/ (Cds, + dn, ) log (dn, + Quy) do 
HILABE (1.1.60 就 得 (1.1.61) 式 成 立 。 
情形 2 F 1.1.60) FR, BAM 1.1.67) 得 


(1. 1.62) > an,/ (CEN tan slog dn, + dv, ) OO, 
£@7 

(1.1.63) O<by,_, tan,_, — Ong EE dng 

和 

(4.1.64) {1- PË an, = On, + Any ~ (bw, _, F ANg y) nye ` 

注意 到 


(121.65) BCR 全 (ae + ana) — Cdn, ) | 
= BCR | (bn, + aNg) Wbs,_, + &ny_1)| 


一 |W On ys tasg) -W Cng) |} 
类 似 于 有 关 (1 ,1.53) 的 讨论 ， 我 们 有 
(i. 1.66) pT BCe) | Con, i + an, aA Wibnp p 4415. 


r 19 + 


现在 为 证 (1.1.55? 成 立 ， 我 们 信和 顺 证 明 
(161.67) lim BCA) |W dn, + ay, ) WCup, tan,. ,)] 


azl—-é dase 
仿照 情形 1 前 证 明 ， 就 得 (1.1.67)7 趟 。 这 喜 证 明了 (1。1.477 条 
(1.1.48) Weare 


BUG, GRA (1.1.40D A115 RB. RIRE 
(1.1.68) Pi max BC bu + an, and |W + Dan) —W gan ) | 


0 Th fe at | 
< 一 上 j,.0.};=06, 
BF IW 09 + Daw) W Cfawd i, G=1, 2, 4. [Cawrenw] 是 
AR SLE. POSH (121.38) 式 我 们 得 | 
Pi. max Bibs tay, asd | CTF Lan) —W (fan) | 


OSI Lays Ey!) 


<1 —e&} 


. -s is 
<(1-(—aiptecrs—) ) 


<exp{ — bw/aS( (an + bulog (aw +b) Y} 
Ay HE 1. 1.49) R11 OB SCRE, IRR 
lim max  BCintan, aw} |WC(97+1ay) —-W jan) | 


Ay = on emf 二 Ch al asd 


~=]1—2 aeSe 
Ai Far/eeri— 1, br/b ir: 1, MARINA 
(1.1.69) lim max Biar tbr, ar) (WCF liair) 
Too dgis 08 ipai? rral 
— W ijari piale ASe 
注意 到 我 们 有 不 等 式 


(1.1.70) lim sup ACtt+ar, ar) |Wli+ard—- W)| 


==lim Max Blar tbr, Br} (C+ larr) 
Poem OG [srl pr]? 


-W ja [Fy } | 


~ 5 - 


-lim sup Sup Biart brar) 
Toe ba eS yp Lf | Fpi [T] l 


xIW GAD- Wl. 
BR., bra CSEE ce. ERA 1.1.69), (1.1.70) 
kif : 
lim sup Biter, ard |WGt+ar)-WO)|21-2e ass. 


To G = 


这 就 得 证 4.1.5) A) (4.1.52) 成 立 。 定 理 1.1。4 证 毕 。 
31.7.3 deO<aer STM (1.1.47) 我 们 有 


(1.1.477) lim sup ` sup Bri WE +s W (é) | 


T = ver fay as On Feds. 


=< lim sup sup IWG +s) -W GE) | /€G+ ar ar) 


r+. vere E O<. Fee 
=] A 
ATA {E (1.1.48) Hi Boy =T, 我 们 有 


(1.1.48’) iim r| iW +ar} om W(T)] 


= lim (T +ar, ar) JW +ar)-W(T)|=1 a.s, 


T+ 


Rin, AR 
(1.1.71) lim TTD， 


T — 


综合 (1.1.47 站 和 (1.48 直 就 得 定理 1,1.1 的 (1.1.1) 一 (1,1.4)， 
aX oh dee PBB BSR PEC) 和 (ii) 司 被 条 信 (1.1.71) fe, M 
(1.1.71) EILH. 
FRANH. 1.47 A wn TAX TAARA RC Hanson 
and Russo, 1983a;Chen, Kong and Lin, 1986). #}ay->00, KA 


{l.a 72) lim Sup Witr WD |/ EU + arar) <I) 
-+ 0 -ay 


Hates 


(1.1.73) lim sup sup JWG +5) WU) | /de+ arar) 


mc os P-e#, era’, 
=] A5, 


= 27] * 


音阶 设 xv 是 到 上 了 的， 那么 在 (1].1。.72) 和 和 (1.1.73) 中 等 式 成 立 . 进 

一 步 ， 若 gr 是 工 的 连续 函数 卫 清 足 定 理 1.1.1 的 条 要 iii, BA 

TE (4.1.72) 和 1.1.73) HH, limf limt HERF. 
Sc Bee (1.1.7D 及 对 任 一 >0 


(1.1.49’) j D exp{- (ToN y logN jco 


和 


{1.1,.507 } iim árið =l, 


公 定 理 1,.1.1 的 《1.1.5)》 和 (1.1.6) WE. 


§ 1.2 Wiener RM RINE PER 


7281.07, RING T Wiener EMBRAER LB 
gen pt Csirgo-Réevéeszg th 4 i ST PRR EA PH 
SBE BABE PAR. 

fay BAS ARR 1989) WRT E. RP PRS GRR 
了 下 述 定理 ， 它 对 应 于 Book 和 Shore(1978) #FCsirgo-Revész 
增 妇 的 结论 ， 

定理 1.2.1( 何 凤 霞 , Beet. 1989) ho<a STETHA RB 


2t HPE 
(iv) lim (log? /a,)/loglogT =r OP, 
T ~= w 


MARTA 
(1.2.1) lim sup SUP iV is} —W(s —#}|/d(7T ,#) =a, 


T-a patat res 
i 号 站 


(1.2.2) lim sup sup sup, WED -Wi - Aly 


Tore apt arT PEIST tas 
dEi =a, ASe 
其 四 esi ot 1". 
证 B, RIK HE 


- oo 


i 


(1.2.3) lim sup sup Ws) Wis- DLAC ,£) a, 
Par aT 


Aad. 
对 > 一 0 情形 ， 显 然 (1.2.3) 武 成立。 对 0<y< 妥 co 情形 ， 从 (iv) M 
Met 《ri 被 满足 ， 因 此 由 定理 1 ,1.2 我 们 有 

(1.2.3;n AH =hm sap, Ws + ar) — Wc) at ,ar) 


T -o UE: 


2arl logt /ar - logioglogT ) Y1 
~ sarl logi /a@r ~ logiogiogs ) 
n a ( rr(logT /a; + loglogar) ) 


A 


ad, ha Se 


现在 为 证 明定 理 1.2,1， 只 需 证 骨 
(1.2.4) lim sup sup sup lM (3s) 一 多 (8 一 大) /d(T 8) 


一 吊车 


=i, Asis 
Hy 1.1.26") MA1. 2. 037 =c E ii. RER EHRT = 
ef” MO<r<lco Rinse 
(1.2.5) lim sup Sup Sup (Ws) ~-Wis— A} / 


Fi -+ 4i ir “tar, faelaT y Den, AG 
Ti 


PTa H a, Asy 
IE- eal RIRE 1, eot 
207/12 +00 rrt DE 
令 开 ,二 上 loge T an/ar] Gary OSEGK,. RNA 
SUD sup sup Win -W(s—&))/d(T a.t) 


ey EST a rarer. TEAGI 


<max Sun sup Sup. Wie) — Wis - 4) | AlI a, ta) 
ORK, pot Gt pyp Fahey, wah 
NAN sup sup Hisy 一 全 — Ad | dLE asta) 
Welk SK, ETA ET Tea pL, 
=: max Aas. 
IeDE-TK, 


MAP dv) 2601.11.80, 5a SAM. BPA 


. ` Z aa f Ta 
Pidato -—--ex »{- log—> + loglogt )} 
Aiak j G | (2 48 +e Jak te i 


_ Pt. 


ae (log, TANET TD a 


pe Hr 


PT EA 


2 Pimax 0 
Kay 


n=} gos ft 


Fy Borel-Cantelli3| 2 #HiE (1.2.5) ei. FERRIER. 
Hanson 和 Russo (1989) 还 讨论 了 Wiener WH RAE a 
— Zs hy TRAR, Apei Fee., 
定理 1.2.2 (Hanson and Russo, 1989) H0<a7<i',B& 
(1.2.6) lim sup sup |W(T) -WT -s)|/d(P t=) 


Toa irrar a 
i 


(1.2.7) lim sup (WITY- WT -DA t) 


了 — Eh a rT 


T — w 


=g la) a lim aril =a, 
其 中 | 
D 
g(a)={ | 
—1/€1- Cloga) /4)°? F0<a<1. 
在 定理 的 证 明 中 我 们 将 用 到 下 面 两 引 理 ， 
引 理 1.2.] (Strassen, 1964) EX 


tr (e)=W(Ps)/(2TloglogT 2 OS FSI 

MAAC, ilp, RAs Ce) PERO 1 地 相对 UR BRO 
YEK. FPA ME S(O=08f, (Fe))28Ys 工 的 绝对 连续 
HAr a HEt. 

引 理 的 证 明 可 在 CsSrgo 和 和 Revesz(1981) 的 定理 1.3.2 PR 
i). 

引 理 1.2.2 Pie db Ar =aRx=b} f(e)=er+8, VB 
f(s) tela. b] EAEE, HRadon-Nikodym RA f' (x). JB 


ry 


-n 


-~ 二 二 = 


irk i "o o q- -t-r = -Ñ "HA = =" al | 


{ Cf Cw) ds adx 


ASA RSA AMT —Oer cle. bl, fle) =ar B, 

HE OH Lebesguel/EE, P= b-a), BAXN=f’ 是 概 
率 空 间 (a@,6], 2. F)ER-THELER, HPO Boa) 的 一 
Hu- ATRE. ERT 


$ 
| (fC) ds EX E(X -EXV + (EX)? 


Š 
= E(X -gY + aaam | ade 
b-«@!, 
BAS E, BJE =X Se assa 
定型 1.2 8 iE A 
1” 先 让 我 们 来 证 (1.2.6) 式 。 注 意 到 对 0<#<T 一 青 节 有 
lim 《了 区 /GCT 站 一 1。 


Br EL Fe EAR (1.2.6) dct ,Lf) WET, D 代替 时 成 立 。 
WHE Seo, AS lAl-—co<nsk, EM 
Eart={ sup | 1W(2*) -W(t —£)|B(2*,29) > E } 
is £) Enke 


- mec TEk 


那么 对 一 切 死 分 大 有 的 如 
PC Ea SAP{W (2 > 22 
s<exp{ ~ e(log2*'* + logiog2*)} Ee2 "R's 
由 此 可 得 
PCR) <c2- k E , (2°)*=ck *+0 (R00). 


wl fl ee 
FR DL Z27E— PLB? Hki Piim Ey )=0. 20E (lim Er)", 
- p! r’ 
WAA- A A’ CAR’ eK, Hock, BERK ORKE 


pera, WANE cocu<ca’, or eco". ARULSto< 
sat, H FORE PH, HAG 


[HOD = WOR m) BOY, DE sup |W 2") 


E bi 
-W ~s)IB C2", 2°) SE. | 
这 样 ,(1.2.6) 中 的 lim 小 于 或 锻 于 vw oe, Heo on ee ERE 
了 (1.2.6) A. | 
2° 我 们 来 证 当 ar/T->a 半 0 村 有 
(1.2.8) lim sup (W(T) -WT-O)/dT,O= g(a) 


Har/Ta>0, WASTRA KR, Warsi<7, logT/i% 
于 是 一 致 有 界 的 ， 这 样 我 们 可 用 iloglogi) ARAT i)e 
引 理 ] 2.17876 00CQ, P(Q)=1, HF 40E Qi, {ris 0E 
Croi] 中 是 相对 紧 的 . Be Qo yee. RRT EE ET a 
co H 


WP.) —- Wi,- t) 
Ti-as ep E ST (2iloglogi)!? 


| WIT) -W(T- 
slim sup gr 
从 司 理 1.2,1 存 在 ,的 一 个 子 列 ( 仍 记 为 了 ,) 和 长 中 元 fo 使 得 对 
x 毛 [0;1]J 一 致 地 
WT at) /2T loglogT, ~ fol#)-*0. 


iki noht, FoI AA 


WT DD) WOT- t/Ta)) | O pea 加 
VW 2T ,loglog? ,_ (fontl) fa ET a)) Ja 

EI CRT @o) | 

(1.2.9) lim ap (WIT) = WCE -HAUT 


Tana H., 


Wet.) -WT -#) v 


=lim su ——— 
Fos a, cer, V 2T loglog?, : 
> 


foll) -foli —s) 


ae wal y 号 


1 36 >» 


一 Fr] 一 
=jnt sup 六 了 一 2 。 
FEN Agie! kS 5 


运用 同样 的 带 近 过 程 ， 由 引 理 1.2.1 可 知 ， 若 f” EK， 那 ALEE 
一 个 于 序列 了 一 c2 生 得 


Y a) WCE BD 
im P, P OCT ast 
_ sy 六 《1 一 站 必 1 一 3 
oo ghey Vv 5 " 


PKR RE, EP eK | 
_ J Gd- fFO-s) _, -© fW- 
‘SB CTO Zr Taak Vs 


ERS s 有关， 是 4 的 一 个 国 数 gtz)， 其 形式 待 下 面 确 定 。 由 对 
称 性 
g(a)=—sup inf CFD- Fl -SS 
=-—sup imf f(s)/V g» 
JER aes i 


fete k EKPA FS Pa, Bp | 
(1.2.10) ~ g(a) =sup int FO s = inf AV 9 。 


取 5) 一 9， 就 得 -ge)>0- M (1.2.10 我 们 有 


(1.2.11) AD s =- gia) a=s=l, 
而 且 人 浊 少 存在 -~ 点 SeEftey1] 使 得 等 式 成 立 。 
现在 我 们 来 证 
是 线性 的 Mea, 
(1.2.12) ZO 
=- glæ) s Massel. 


WPA, REEL eJ P HERE. EM 
全 Osa, 


ACs) Hasle 
Dp A ,Dt hs) s = int A/V s BAS] 1.2.24 


f Chi Cs) ds<| Ch’ (yd. 


* oF + 


XRRR SMOS Dds} RFK. 但 是 int M 


y a >g), 34501.2.10F 8. 其 次 ,假设 存 间 一 个 人 
Cha, 11 ACs* OA — claws .由 (C1.2.11),h(s*) > — gia) 
vV st. SiilislEv=—- play g s=" H OW RHK A= mio 
lish}. PER Ay HA / s => gta) (2581). BHA 
理 1.2.2 有 


| (Ai(s) ds <| CA’ (s))% dsl. 


BARRA =o (hi (5))2ds MEK H 
inf Aod s > — gla ea aR. 


(1.2.13) | CA’ (s))#ds=1, 


Ala hE, AACS FRU Se. GRAM (1.2.12) 
TA | : 
-glas a ~“40sa, 


p(s) ={ 
— algi 5 “@=s=l. 


Br EA 
-pl a HOLSET, 
(162.14) 4! (9) =d o 
~ED 9) Massel. 
从 C1.2.13) 和 {1.2.14) 就 解 得 
glad = — (1 —-(Cloga)/4) 77. 
3° Far T—0, WARE acA 
(1.2.15) lim sup (W(P) WCT -#£))/d(T £) 


lim sup (W(t) -WT -#))/d(T ,t)=—2(ada.s. 


T' 和 Ble gat 


PreAC1 2.1) TAg. B—-FAHM, Al1.2.0O68 A LF 
Oo. 


"~ 25 « 


4” 我 们 有 
=lim sup OWT) -WO -ON ar. 


T -œ 1 


<lim sup (W(P)-W(PT-))/d(T, E) aes. 


车 limaz/T 一 4 二 0， 那么 从 (1.2.6) 可 见 (1.2.16) 式 右边 有 上 界 
0. #limar/T=a>0, MAMB—-o<e<a, RNA 


(1.2.16) 式 的 右边 
<lim sup (Wot) -WOT -DRT E) 


Pewee (oe 2 Tee 


= gia —E). 
4ce->0, {JE (1.2.7) RE. EMH. 

1.2.1 .与 Wiener 过 程 滞后 增 量 有 关 的 为 一 些 问题 也 曾 被 
研究 过 ， 例 婚 有 世人 (了 ,加 ) ~W(P~ ar.0))Al sup _, WCT.) 一 
WT -£,@)|/d(T, D ROAR a ee Hanson 和 Russo(1983a-b); 
PERE. ALBAE (1986) 及 刘坤 会 《1985) 等 文中 都 有 
讨论 


§ 1.3 Wiener 过 程 增 量 的 进一步 讨论 


自 Wiener 过 程 的 增 量 问 题 提 出 之 后 ， 近 10 年 来 ， 某 些 增 量 
的 精确 收敛 速度 已 被 者 干 作者 所 研究 ， 


1.5.1 Wiener 过 程 增 量 的 精确 收效 速度 


HXO yf 这 时 是 定义 在 概 举 空间 CQ,. ,P) EAL. 
我 们 引入 下 述 定 义 。 

定 灾 1.5.1 BRM (OUCSORFUBL MEEK, ie 
fF a, CUUC(X), 4PM ILE MA OC O, FTE tom tdo) fe Hf AE — 
>to X(t} <a Ct). 


70 - 


1.3.2 FRM gztf)( 宇 0) 属 于 过 程 苹 (和 的 .上 下 类 ， 记 
fia, CULCCX), UIP AoC eo, HERA —t\(@) <2, 
一 了} keco iion), BGA GT, als t= 1,2,°¢'. 

—M1.5.53 BRAM atHGSnRrtRx Ow FLA, if 
fE ace LUC(X), BILE RAOCA, FER Ot Ht) 之 
tg tO), by-e oo (g oo), ERX U E aall) s tH lytta 

定 祥 1.3.4 KAK aOCSORFHEXCONM PF FA, i 
fka CLLOtX), HLERA OCA, FE 名 一 za(9) 使 对 每 一 
EDAX U at). 

Boxcar ST BT HERRA, E 

YP) sar sup CF CE tar) -WUY 
T 


YT’) =ar" sup IW C+ ar) WO, 
ia? Fora, 

YaTT) =a sup sup (Wito W), 
Mears. os Gay 


YAP) a sup sup [V(t+s)- Wl. 
On, f roe, ered . 


在 $1,] 中 ， 我 们 已 介绍 过 Wiener 过 程 的 谱 量 有 多 大 ， 在 些 
我 们 打算 进一步 研究 四 个 过 程 类 Yi:( 太 ，i 二 ],2,38,4， 给 出 关于 
Wiener 过 程 的 四 个 增 量 的 较 粮 确 的 结 末 ， 

定理 1.5.1 (Revesz，1982) 0a r STE øA: 

(i) gr 是 不 减 的 
(ii) Pfarct PRA; 
(HLL) Lim [1ogT ay) f/loglog? = cc, 
且 记 
Std eat, ES ogla + 2loglogT + 
(3+ 8)leglogT a,’ +(2+éjlogloglogT V", 
aT) = logta; + 2loglog? + 
loglog?Ta;' + 2logloglogT)'’, 


aKT) as (1,8) =(2logTaz' + loglogT as" 


= JỌ - 


vi aa 
一 Zlogloglogt + iog( ŽE- + e)) , 


AT a tT E= (2lgT az’ + toslogT ap’ 
~ ZloglaglogT —log(*#(+6)))'%. 


(1.3.19 Bt 有 全 让 人 人 
(1,2.2) axtpECULccy,), 
(3.3.3) AD E LUCLCY Js 
(1.3.4) aff) EG LELCCY,). 


证 1° (1.3.1) ARIE H. B F 
YTS min YIO YT YT), Y-T )) 
Emak Y EYD Yt Y GED S Ya O 
BUH A fp tte = 4277 A HERH aiT 
PUT cy = PAYATOa (TT .£8)}. 
HAli.. 4, RLE 
(1.3.5) PUT ,€/2)=O(ogT )~ogT ar) T Uoglog T) tT) 
=O log?) wE *ClogiogT ) >), 

Eher) = ogTas')/loglosT -WERT Hi ee : 


(1.3.6) (logT o (ot TH)) "*Cloglog? .) =} 
的 最 小 实数 .那么 由 平凡 的 不 等 式 logw( 了 I) 二 loglogT， 我 们 有 
(1.3.7) PCT 58/2) =OCR' Clogloe Ty) 715°") 


=OCR'Qlogk)' */?), 
Fh Borel—Cantelli 3} BARN 45 
PLY T O a (T y.8/2)i1.0.} 一 0。 
MRY DERMEI 
ar, | AlE err EAD) Sar A E E), 
即 得 (1.3.1? 式 ， 在 上 式 证 明 中 用 到 下 述 笠 凡 的 关系 式 ， 
OF gay (ar, SE DEPOT op) + J 


Ts . 
log ao =w T jloglog?, 


x +1 


- J] . 


+ OC CloglogT,)~*CwelT.) TET), 
2° (4.362) FTE BA. R ie he = 1 EH. 事实 上 ， 下 述 较 
mat RAE SRE BK EB : 
PLA, i.0.}=P{ sup wa Cs +a) 


T 
. k 十 1 


~ Ws) ) oral Tayi) io 一 ]， 
其 中 {了 由 (1.3.6) 定 义 . 从 (1.3.6) 式 我 们 有 Tr,- Tiar, 


由 到 理 1.1.3 我 们 有 


Tes T a Fag YE ar = 
P(A) =O Dinie] < ] Fest (IogT 3 
k ( | og ar, Te (logT te) 


Tey VO" 
x (log = } (loglogT 4,13") 
are 
=O Clogloc Tr) “el Day {log z) +) 
=O(( kloglogT a, DD =O((Rlogk) *), 
ix AE HA (1.3.2) eae. 
3° €1,3.3) WEHR. RAA 一 4 给 出 证 明 , 8 T= 
exp{k ,R=1,2,.，， Poi 
ZEk+1)= SUD | sup gt 


Pet ST par fry, esse, Tet 
x |Wi+s)- Ws. 
那么 由 引 理 1.1.4 我 们 有 
> PAZ CA) Ea TTo} =e. 
kal 
TX BE LAT a 
PIZ k andy) ico.) =]. 
由 于 
YT Ed ta) 
—112 . 
EBR a faen POO WD1, 


Mw (1.3.1) 8 


. $2- 


sup slip Vit ss) — We)! =la,” AMP eid). 


| rel i nee JaA 


这 就 证 明了 (1.8.3) 成 立 。 
4” 【1.3.4)》 的 证 明 , 只 需 对 ?一 1 给 出 证 明 。 竺 可 理 1.1.3 当 了 
EI AY AT 


PAY (2) <las(T.38)} 


<exp} 一 Seer Taz‘ aT exp{ - ZL 
= — {1—£) -~ -1-a 
<exp| -= 8G 4 3ejloglogT }< Clog? ) ， 


其 中 8 是 一 适当 前 正 数 , 令 Taexpch'’"), k=], 2,03 0620。 那 
aA, 


PLY AT) Sa l(Talp<cce, 


$ a= 
H Borel-Cantelli 引 理 即 得 PIV Te iD 一 0 雇工 ， 
< 人 

ar YT sup CW i+ ap) — IF CEY) 


reir, 


= sup (W t+ a7) — WON 
altaly Fay 


- sup sup LF Ce + og) - TP CEL, 


PEET HT 
REM (1.3.1) BU (1.2.4), EMEP., 
推论 1.3.1 arise 1.3.1, HARE iD Ee 
on BRT Fe EF 
cea l Gogl" _ 
(1 7? um- loplogT ~ ~? 


MARINA 
(1.3.8) lim (YT) - (2Qlog7'az')**)=0 aes. j=1.2,3,4, 
T 


- $$ ， 


注 1.3.1 ERPE Gili) ART. MACS RAR. 
atk. ey 
(1.5.93 lim (logran y loglog t =r > 9, 
T = 
那么 对 rz 一 1;2,3, 4 有 
G=lim (YAP) ~ (2loeTa;z')!/?) 


T — 


“lim (YT) — (2logeTaz')!/?) -一 eS 
T =+ on . . 


| o ry 2 
4761.3.947=0, fA Gid HRZ, WA 
lim (Y; (T) - (QlogTaz')?)=00 aes. i= 1,2,3,4, 
eH FR TRAE IE A 
lim ((2logT ar) SY (T)-1)=0 a.S. i=1,2,3,4. 


Ul  F#1.2.1) 


1.3.2 PaR RD RAS ee 
M.O RDA E, Wer sT RIA 
€1.3.139) lim Sup. WT y- WT -|/= 0 aes. 


Faw Wp tat 


Hanson 和 Russo (1989) BHI, HAR 因子 将 
$8 HIP aE AB IE BUA RA TER? 这 个 问题 的 部 分 回答 被 刘坤 会 
(1987) Breen. 

HE BY 520K, 1987) HO<ar ST ET By Oe Be 


(iv) lim (loot far) /logiogT =r Qs y = 00, 


那么 存在 着 常数 C, Co> Of A 


r r 
ous — 4 ima : 
(1.8.11) Ci 二- 了 = Cal 7 


其 中 
li=lim v loglog? sup. |W(T)- WOT -4)\/d(T 0), 
T op a Gfat 


ferS 


-Ad ， 


:一 1itn /logloeT sup sup |W(T) 
Tao TT tarr 


—~W(T-s) /R(T i), 
=lim y loglog? | SUP, BCTH IWT- WCE —-2) I, 


i; lim v loglogT | “sup Sip BCL É) 
| id" 


EAT EFE 
xIWT}- WT -ss)), 
我 们 可 取 Chae - 1/2 e ), Cs—=2ev 3.7/2.7 。 
定理 1.3.2 的 证 明 将 通过 一 系列 引 理 来 给 出 ， 
引 理 1.3.1 对 z= 二 1,2,3,4 有 
(1.3.12) Tite as。 
证 OA. 
1° BHT etj, dF 4) =(2t(logT /t+ loglogé)}> Le? 
是 并 所 下) 的 增 通 数 , PPR AE (1-3-1 我 们 只 需 证 明 
{1.3.13} lim loglog7 。 sup sup FCT} 


Per off Fe 


-WT —s)] /d(Z t) 
< lim  loglogT sup IET- WT -— #3] 
T-a ugt T 


JAT, 2e as。 
4T,=exp(s"), HERA 
sup |W(T.)-WtT.- O, dT nÉ) 


DT 


< wm WT) -WTE 
Tr Tn ALT npt) 


carer, , 12(T Te- DlogloglI a- Ta DPA" 


从 定理 1,].3 我 们 有 
(1.3.14) lim wloglogT. sup (WT a1) -WT ~8)| 


T wt 


十 


2 了 一 二 oilogiog(T — Pais} Pi A==0 ee 


- 85 - 


若 我 们 可 以 证 散 


(1.3.15) lim.“loglosT, sup WiT ao W - 2! 
TH = 加 - os rery~a-Ta i 
fd (TP ayt) <2e nse 


HAM (1.3.14) 和 (1.3.15) IARI (1.3.13) ÆI. 
2" 为 证 (1.3.15? 式 ,说 工 一 ar- 首先 我 们 来 证 对 任 -一 wz2e， 
存在 一 个 正 的 常数 N = N (0) ii NAT 


(1.5.28) Piv loglog? sup, apy <4 


map gg Be Fhe LTD 
Wh) =WT) -WT —£) BAIR)  OStaT} Wiener 
过 程 . 出 多 iener 过 程 的 增 量 独立 性 我 们 有 
(1.3.17) D =P{V loglogT sap BDA, i)e} 


> Pl logn sup sup NBO 


上 


{2etC in — k) + logh Oa} 


a II Piv logn Sup BCE) — Bte*) | 
k == eRe pace At! 


1 ( {2er k) + logh) p + {2 Cw -—k4+1) 
+ log(&— 10)} a}. 
广 意 到 对 充分 大 # 和 和 任 一 睛 ， 我 们 有 
{2e"((— k) 十 lopk)} YY? - 21 和 一 天 十 寺 ) 
+ log(k— 1))}#/? 


LS 


a 
> YS {net ~4)((a— k) + lok}? 
和 
| 
i sup BD- BCe*) |} ——{ sup 1Bts)1}. 
nt! 中 
ies 


- 3a 


(1.3.18) I Jf Piv logn sup 1B(s)| <“ 


bo 1s oe Reg 1) 


x {2e%e ~ Cm — k) + logh) ta} =t Fl Jase 


| e 
利用 不 等 式 20t1~- 呈 (0)) 夺 exp( 一 ww/2)，(g 祈 0)， 基 2， 那 
AX —- pj- aoken 1A 


e=] 


Jarl- 4( 1— (<<: {2¢(n—- ky + logk) /logn} ?a )) 


==] -- 2expt- <- 一 


Gag k) 十 logk) /logs } 


>exp{ - 2» an l ain- W) +logk)/log» }}, 
这 样 我 们 有 


l ain- k) 


(1.3.19) I>exp{ - 2-6 i exp {- < 


k =- 


+ logk) /logn}}. 
注意 到 当 # 充 分 大 时 ， 对 任 一 2 关 2e 关 于 % 一 致 地 有 


Leb y、 exp {~ < 


Hem 
s 2 l~ exp de log ° 


l a(l k} + logh) /logn } 


记忆 o 
1 f,_ _fe-De yy" 
(1.5.20) T=exp { - 5 (1 exp{ Jelogn ) b, 
但 对 任 一 & 这 2e 存 在 着 数 N= 二 N09) 使 对 每 一 n> 和 NN 有 
] -exp{— (e - De (4e"logn)} = Ce — 1)a?/ C Ge logn}. 
把 它 代 六 (1.3.20) 的 右边 ， 我 作证 得 《1.3.16) AW. 


- SF + 


最 后 ， 仿 cx= 2322， 从 (1.3.16)? 我 们 看 
P{/ l6plogT sup CT.) WAT, - 23} 
- TA F. 


I ai 


ACF ast) 2e} 
>Plv loglogT,. sup IWT Tast] 


Fae 


fdCF apf} <2} 
Se gg te 
fi Borel-Cantelli5| $8 Fie (1.3.15) 成 立 , 村 理 1.3.41 证 毕 ， 
引 理 1.3.2 ”假设 对 0<r< 守 2.7 条 性 (iv) BM. PATH 


有 | 
(1.3.21) Liine y [2 en] as = 152,324. 
Ww UL hs FET 2 
j° iko<ce<2e, Te. Bk ;人 来 证 对 任 一 2 汪 0 存 在 闭 数 
N= NC2) i 4G A ere? 
(1.8.22) Pi’ ioalog SUP, SUP SCE) = ELE s) | 


FG lt tan tage 
dCI, i)a} 
“egg t EE EFTE TIE ET: ia 


no= min{L logar], s ~ 1}; BO) =W -WT 2, O< 
<T MAH C1.3.16) AERA, Fe 
aas Piv loglogT sup sup IWCT}— Wu -s)| 
ost m! apral i ee i , 


ALI ,é) <a} 
>P (Voen, R, ,uD SBP 
Bis) } 
XI hk) t loeh PS 


=P {v logn sup |/3{s)| 


pet fae i 


<a{2e" -E Cin- m +1) + log (ota — IDH 


x TI Piv logn sup IBCs) — Ble*)| 


ton, ef ecece 


<a {2e*€(m A) + logh) yY {2e" Cn —k +1) 
+ hog Ck— 1)>}*/*} 
= Piv loga sup |Bis)|<e{2e “(Cn -n +1) 


mr eR Ma 


+ log te — ] } ) play 


F — | . 
x J] Pivtogn sup [BCs] 
AEn l Me E= Ce E k E : 
<a EDH gee) (nk) + logh) e} 


= 


=P sup (EGH <e Ze }CP{ sup | B¢s) 


el ae 1) f2abyr ™ , 

ent ~ p an. + lee TEP | yrs T 
TE hee, Fe AT AAA E (Pia UL Cstirgo 和 
Révész (1981) 的 定 现 1.5.1) | 


Pi supl hts) | <at> ( eo Bu ~ e ) 
Na Fa, 1 r 


Exp — 7/828") O (jus) 
从 假设 可 知 ， 当 % 充 分 大 时 显然 有 (n~ m+ Dflogn<r +e. BLA 
SY fE-— el OFF FEN = NC 6) 48 Hn NIA 
PAY loglogT ， (Sup sup WD) WT -9 


tT fare 


act No 
exp{— (r +e)mie logm)/ e= 1)a?)} 
te aie Lia? 
BU ARE (1.3.22) ACE. 
2° Meee >O, iBT. =exp(ni**y, 仿 显 引 再 1*3,1 交 证 
ARSE RAL €1.3.22, BNA | 
Lte (L+8)r+e)/a%e-1 O Aase 


总 由 5 的 全 总 性 得 (1.3,.212) 成立， 引 理 1.34。2 证 毕 。 


> 36 - 


引 理 1.5.5 要 设 对 0 二 7 记 oo 条 性 ay) RWE. MWA 08 
r= lI 
Tem) yle— 1) (C2 e) a5. t=1,2,3,4. 
wiara, FETA 
Tx el /2 a ) aed. =l, 2,3, 4a 
证 ”只 需 对 I 给 出 证 明 。 Ea 
1° Bo<ce<c1, T,= expl ttn )。 当 0<yr 和 1 时 ， 对 充 
Dki n ETA 
(1.3.24) inf sup B(T, ÐIWT) -WCT -A 


Ta, ETETg TS 了 


= sup Biasd) | WT) WT a s)| 


Mg SET n 


- sup |WC(T.)-WCT)\/(2ajloglog? a1)" 


Tp HTSTy 


一 = Ay = Bas 
其 中 
iM 一 sup Artia— ns a= int aT + 
Tg, “TST p Tigi, ESI y 
从 {1.3.24) 不 难 推 得 


(1.3.25) T=limv ioglogT 
T= j 
sup ACT. WOT) WIT — 63] 
Aparar 
== lim VY loglogT ,i Ala — limvloglog? nı Bas 
tS 
v loglogT s: Be=(120T a> Ta- Clog? ./(T, — Tas) 
+iogiog (Ts — Tu- DDH Aaah 
x, Sup WTD - WT, 9) a TT nd a i ana) 


BEST aTa 


Bin oonfz'. -T_e te 1.1 SA 
lim{2(T.- Far) Clog? nf/ (Ta Ini) 


8 se 


+ loglog( Z's -T a.1))}/ {284} = 9, 


= iğ +: 


eo ee O - 本 


我 们 有 


lim loglosT a.: i,=0 AeS.s 
如 果 我 们 能 证 盟 ，; 
(1.3.26) lim “loplogt ,1 An 


eS ee 


le o e oe 
An ef 14 C1 teed’ (1-—e57/44+ (1+8}(l]+r+8)} 


Le So 


MAM © 的 枉 意 性 和 0 所 7 = 1 就 得 
(143427) TR rte 1) (C12 g) Aaa 
若 lara, if a= maxr{arn T/logT}. MG. 3.2D HE 
EJ Lim Gog? jar) flogloeT =1, FTA | 
Læ lim v loglogT sup BUP,OIWCP)~ WP 8) | 
owe ) $7407 


A op — 1 GI a) eS 


2° 为 证 (1.3.26) 式 ， 设 T=" CBr 不 必 是 丈 数 )。 首 
先 我 们 来 证 对 仔 给 的 0D 和 < 1 存在 六 一 NI)， 使 对 每 一 人 7 SN, 
4-—a > OM Or eo 
(1.3.28) Piv loglos? sup, BF 4) LWT) WT) | <e} 


_ piifdasltent flee teit ra 
a 和 


必然 (1.3.28) 对 7 一 0 成 立 : 现 在 我 们 可 设 x > 0. an=], 
m=[ logar], BO =W) -W(T 8), 0ST., 4an RAK 
Ws RITAS + 2. iS AET EB 
(1.3.29) Jt= Piv loglogT 
x sup BOT OWE) - WUT} <a} 


Mpa nat 


<=Pivlogn max sup IFT) 


ho reckon 人 


~ WOT ~ 61 / (len! 一 天 二 log92))》 <a}. 


~ d] > 


{i 
Pa 一 logn’ sup 下 人 一 下 人 一 有 | 7 
(eln —k+loen')) ca}, 
Be=iy ozn sup BG)! (22 Cn -n+ logn’ yt 
aye ) : 
HPO NUH « 出 发 的 Brown 运 动 分 布 .从 Wiener 过 程 的 
Markov 性 ， 我 们 有 有 


递 捧 之 ， 得 到 


iv 


(1.3.20) Ig FI P {v ogn" 


kmt, +? 


y Sitp -JBI O o <a} 


= Il P { sup! BCE) <a}? 


È = 
k=, +! e- 1 


xiin” — 2) + logan’ logs’ }2} 


<(P { sup! BU) | <a4 2 i 
G tl g 1 


XL Ga! = no~ 2) + logn’ Vlogn’ bh a0 -1 
从 引 理 的 假设 ， 容 易 看 出 对 尾 给 的 2 二 0 存在 N= 一 N(8) 使 对 每 
— # >N 
n-m - 1 (1 —-e)vlogn’, Cn’ — 9-2) /logn’ = (1+28)r. 
有 从 Csirgo 和 Revesz (1981) 的 引 理 1.6.1， 我 们 有 


- 2 


fe PEs sup | BCE) | <a J ze i+ti rere} 


s[i oot it fuat kthe ir] ) ries’ 
r 


=. 
I= 


<<exp({0.25 -~ me 1) 16el t+ (1 +2)7] @} (1-2) vlogn’ ) 


{il st le eine ciate 


a 


de 
F 


Ltrta 


这 就 得 证 (1.3.28) Rar. anoll ie 现在 从 (1。.3:28) 我 们 
有 


2 Pi vogo a. Aa 


< RY (e—-1)(1—-8)¢r } 
a/e(1+ (1 ter) (1—e)r/44+ (lt+e)}(l +r +E) 
Soo, 


=a 1 


从 Borel-Cantelli 可 理 得 证 【1.3.36). 引 理 1。3。3 证 毕 。 
党 理 1.35.2 的 证 明 综合 引 理 1.3.1,1.3.2 利 1,3.3 MAEM 
1.3.2. | 


§ 1.4 网 参 数 WWiener 过 程 的 
” 增 量 有 多 大 


关于 多 参数 Wiener 过 程 ， 其 对 应 增 量 的 讨论 通常 是 比较 复 
Zu, RMA PW tener BAE NRS ARE 被 推广 到 PS Beer 
Wiener tt. 


1 ete] Csérgo~-R cveszii B 

HAW s,£)5 OSs, t<co} AM BRMWienerit MB, HE 
ER = yn Ey vole R ORL vw So, 0 Ry Ly 
OO}, 后 一 测度 


WOR) =W Cres ye) W Ces yd — Wes yd + Ces ya) 
a At F PPE 

(i) WCRJEN (00, MR) 其 中 ACR) =C w) 《ya 一 
Yi) 

Cli) WO, yW ie, 0) SD (OSX Yoo) 

GID {W (Cs 人 + 基 一 个 独立 增 量 过 程 ， 即 当 尽 ,， 尼 ，… ， 
REY RAS BEM, WORD, WORD. 0, VOR.) 是 相互 独 
ar Ry BE LEE 

Civ) EERI ©) 概率 为 1 地 关于 s,t 连 续 ， 

Bo<er<T, be eT ETE Rm eC Pio 
(1.4.19) år = {2a7(loel /ar + log Cogbr/ay + 1) 

+ loglogT ) p re. 

如 证 二 r 一 上 Trypr) CS RRL I =LI r br)) 是 定形 R=[ wi, ws] 
XLaiev2Je Drlbr). ACR) <a, (分 别 地 (不 )= 二 ar) 的 集 ， 其 中 
Drnis 9) arya, O<ixeby, Oxyd}. 

Csirgo flRévész(1978) 首先 讨论 两 参数 Wiener 过 程 的 增 量 
并 证 明了 下 述 定 理 。 

定理 1.4.1 (Csdrgo and Révész, 1978) {ik 

(i) PfardteT RR ee, 

Cii) ATH AIH RKS, 

(iti) Rt fE—e> OF Go 0l) 14 Neea 


{1.4023 limd.*/5e**! 十足。 
那么 | 
(1.4.3) lim sup 67/WCR)|=lim sup 67|WCR)|=1 
Tom KEL, Fee ger" 
AeSs 
谷 还 满足 
Gv) LimtiogT er + lee Clogdza7z7'/?7 + 1))/loglogT =a, 
en ae 
那么 


- +d 7 


(1.4.4) lira sup jr | WR =lim sup dr | WCR)| =] 


T -+ æ KEL 


Leha 


SPW (5,4) 的 下 述 重 对 数 律 是 定理 1.4.1 的 一 个 推论 . 
推论 1.4.] (Orey and Pruitt,1973, Park, 1974P RTIA 


F (ss,#) | 


= Lae 


C1. ae 5) Hm sa Er i vATloglogT 


IEX (1984) 首先 讨论 ATAW OHS FAR Biel 题 ， 证 
HH; FSF Civ) 不 上 成立， 那么 让 附 如 一 较 上 面 提 到 的 条 人 忻 来 得 
弱 的 条 性 下 ， 给 由 了 对 于 lim 的 正 风 化 因子 ， 这 是 Csaki M 
Révész (1979) 的 一 个 结果 ， 即 性 .1,10)， 的 一 个 类 比 . 令 
== {2¢7(logT az + log(tloghrar Y? + 1) "2, 
定理 1.4.2 〈 林 正 炎 ，1984) BRE 
(i) T/arÆT WARM, 
(ii) Arce TR AiG ae, 
(iii) MPfF—e>o, AEG =—o.(e)>1, Elea 
lim Let /hottl Z1 +E, 


fiv  limllogTay' + logtloghrar + 1))/logloglogT 
T æ 
一 DO y 


那么 
lim sup kr WR) | =lim lim sup.dr|WCR)|=1. ASe 


证 首先 我 们 证 明 ， 存在 正业 序列 Tk co (hoo) 使 特 
(1.4.6) lim sup hr WOI ASe 


Rom OLS 
先 设 sr 了 + OL ARR, ELO, dz] Ht 8 AS} pO 0 
Mis te SO com HB 
(1.4.7) (Wi 一 41-1) Pia, 
HP y= br OS 或 者 了 /ws 安放 + 1), i 
for mindi T yi< pr 一 [了 /gr] 二 1 


WAR, x) ST Or- a) 是 方程 (zf TTE, =ar 的 
He R. “owt 和 和 | 用 (1.4.7) 式 ， 由 归纳 法 易 证 

mE ETE E OCE a Tt, aiam l, 
Bih, Sbr NT OT an)” ot br RNA 
(1.6408) © alto — 24+ ogb logt T/ (T —ar}) 

=| Tay ] -1+ (losdi tT) /oo T/T ~ar)). 

SE BT STi bra <a} I. AT ibrar 2STaz'}. 

ARS EE TT AB 0 FED. a FR Civ’). 


CERE, 利用 (ii， 更 有 lim7Taz: 一 co) .进一步 ， art T ee 


cont, J&A loghra; Y =0 (Taz). Abar/ CarlogTar) Y —1. JE 
BA mw 二 [Ter ‘1-1, HXPEASPHRRBASR, WO 
KANT ET, BHA 

(1.4.9) P{sup hr |W CR) | <1-2} 


‘Retr 
ef ex sp 人 二 ee yy" 
(1 2) Zwar 2 ” ， 


l 
4 一 一 一 -一 一 一 -一 -一 一 一 
<{ A4(1 -Ev logT az! 
tTa- 11 一 1 


Xerpt 一 acon 2E 十 2231opT az} 


Taz") — —1y—ti-ge pr} 
<exp | 一 和 DT Tar y v3 


<expi- (Taz) he 


因为 当 人 了 沿 善 Ti 趋 于 ww 时 ，(1logTaz') logtoglogTr—=œ , BT LL xf 
— PEA AAT Ele, CogTa;')>(2/e)logtoglogT, Bl 


(1.4.10) Tar = CogloeT >?" 
ST1=0, Pee Ath) BYR OMT: | oo, 因 对 适当 大 的 
Ry : 


log(1+R SRM, 

AP EA ERA RFE St A Pe SERRA 

(14611) eari)" Gogiogy's)?= {log (Alog(1 + kY?) 
== logk'/*)*2=logk*. 

MERA (1.4.9) 式 右 边 的 指数 部 分 ， 即 得 


/ 
> Pisup, Ar, | WR) | 1 -e}<oo, 
F 


k =1 


Heh YS RRHH- CL, BARA. H Borel-Cantelli 4H A ef) 
任意 性 得 证 
(1.4.12) jim sup, Ar, WR) | =l | Aasa 


k — k}, frer, RẸ tT, 


ET Els, MAT braz AIR = ORo <<a 
情形 ， 若 2 一 0， 由 于 对 充分 大 的 工 ,1og 


一 —=log{ 1 + 


= 
了 一 Fi -a 


ÆT 
Eroa’ 所 以 我 们 有 


br /{ Li j> - pile, 
( log or | \ log pm = (Tar — 1)logbrar 
将 它 代 入 (1.4.8) 式 可 得 | 
(1.4.13) Pisup,hriW(R)! <1 -2#} 

REL i 


i 


= 1 - SSS ee 
<{ v 2 开 (1-8) B(logT az! + lox(logdraz'’* + 1)) 
xexp( — tl -8)*Qloel ar + log(logara;''* + a 


[Tar ]—1+ (Fay! — lloghrar 


~~ E. T 


< __ Par J 1+ (fay — logorar 
<exp { 20] ~ EI a (log lo ED 
x (Taz logbt rar 十 1 

exp 一 (fF Ær Lelogiræp  * + DG ha 


SREP C1.4.12) A, RALA 
(1.4.]4) lim sup Ar, | WOR) | 1 AS» 


kK — s4, IpËl; «Sit, 


车 0 之 p<<1， 那 么 对 充分 大 的 T，log 二 二 < log. MA 


有 
(toe) [lowe Te )> (8)/ (osr). 


从 而 类 似 于 (1.4.13) 式 ， 有 
(1.4.15) Pf sup Ar|WCR)| <1 —e} expt — (ogdra;'/7)‘}. 


RELF 
注意 到 0<p <1, 由 条 牟 Civ’) 我 们 有 (og lograr) 
logloglogT—» 00. BREA (1.4.14) A EE 结合 (1.4.12) 式 得 证 当 
piff, (1.4.0) ARI 
玉 面 来 讨论 2 一 1 的 情形 。 此 时 sz 一 工 (网 Csirg0 and Révész, 

《1981))。 由 条 件 Civ” >.Cloglog(bra7'/*)) /logloglogT’ 一 co。 #710 

af=(1-(CloglogT "OT, hs= 12grlog (loghrar ?+ 1)} 7, 
WLR Yalar =T) RLY. WB 
t ; | = (logloglogT })“'logérT `+, 

AT 


(logi;7"' »/( log 


WF (1.4.13) A, H- WARRT 
Pi SUP | Ari WCR) |<] -8} 


REL* 
_ 1+ 2Clogloglog!)” logbrT LZ 
=exp { 4(1 ~£)/logQogbra;y + 1) 
pt (logbrat * + por" 


<exp{— (logbrst'/*)*}. 
与 (1.4.18) 推出 (1.4.14) 式 一 样 ， 我们 也 有 
lim Tp, Ata | MCR) | =i AeSe 


BR Ar T+), 四 而 我 们 有 
(1.4.16) lim sup hr VCR) | 1 AS 


ka REL” ae 
Mid 
ai =T /loglogl, ht = (2a; log (logésa77 172 十 1 2 


6; =4{2a7UlogT a; | + log Qogbray-'!* + 1) 十 10gIogT )} V7, 
Lii kar Rar Lr. RPT GoglogeT)'loglogh,T ‘°F 


减 的 , 取 充 分 大 的 常数 C， 对 满足 Ti/iogTsC 和 了 工 >e” Hr, # 
EX oh BY 

f(T) =T GoglogT) “loglegCT"'"*, 
MRIFT, AMA CP) 0, Be eee T eR. A RAR Civ’) 
MRAART AT losT <br SERA EREA RET STT 2, BR 
Cur,» 我 们 有 


$ 


-和 
-一 -Los 
loglogT, oglogbr,t 


二 We 
loglogT, log logòr Wa l 


<ar] loslogbrTs 
由 此 即 得 57 aE A. HE, RAR Gii), AHE IRIE > 0, 存 
在 ;二 80t8) 这 1 使 当 1 < 之 9 志 Be 时 有 

lim OrfOl kt! ETF 
容易 看 出 Mr/67-*0( 荆 一 co0), 那 必 由 定 理 1.4.1 我 们 有 
(.4.1Dlim sup srIW(R)| ~=lim sup ôf | WR) | FF =o 


~ EELS 
deie 
结合 (1.4.16) 式 即 得 当 2p 一 1 时 有 
lim sup Ar, WER) | 


kee ve, ¥ 
Tk 


> lim sup Ar WCR) | -lim 4 sup Nr, | WOR)! 1 


k~ pep ® RELY 
re Fy 


这 就 证 明了 对 任意 的 ?三 1，(1,.4.6) 式 者 成立， 
共 控 ， 我 们 来 证 骨 ， 和 存在 正 整 数 寺 列 试 守 合 得 
(4.4.18) lim sup àr, |WCR)|<) assas 


$ o ELTI 


为 比 ， 令 
Di= {ir y)iny<fa;', Ou, y brar o 
iS R: RZD i, ALR E1}, 
KUT) =2 Clog? @;' + logllogbhrar “*+1)). 
H gtr Civ’) Mor POR Alimbr yar, =. 由 此 Hy A 


FETE RF ALR}, for, ar BI MA 于 ce。 由 Cs5rgo 和 
Révész(1981) Fey EM 1.12.6 A, He 存在 c,>>0 使 得 
Pisup (R(T ) JT IWR) |=1 +8} 


if. 
RELT! 


Sel gl AT, C1 + log? az. (1+ logbr are) 


bf 


2 
x exp{ ~ BEE logT + a7, + log (leghz,/ ar + 1)) } 


2e, (Twr ar, logbr,’ ar, 7)" 
FHL az, s lograr, t oo(k’-+co), EM 
ka= max{k" Tar a7 pr lOgbri dr <= aii }。 
那么 我 们 有 
lim sup (ETa Y TIW CRIS] +2 asSe 
re 


Wea CR S Rano 出 于 T,’ EA RE., BT A 
lim sup (KT YY) *1WCR)| 


| if 


Hi = Pt 


“= ]4+8 ds. 
Fe RE IATE 18 
lim sup KT FAWR) | <1 EPET 


i af 


+ BO ， 


而 


sim (KIV WORDS sup Ary WOR)! 同 分 布 ， 
RELE," REL” 
所 对 后 者 有 {1} ATA ar, WI .4.18》 ARI. 结合 
(1.4.6)50 8) 42 


(1.4.39) tim sup An [WO |= lin sup Ar, | WIR) 一 1 


， tom FE t+" ca L” 
3 Tk 


eS 


,我 人 ALAND A2 WRG BX 我 们 RDR supy 


EE. HET =o, FRRITTS Tris Wir CD ={R: 
RC Dr, AR) Sar- Ary a 5 
(1.4.20) sap: he | WOR) 


REL 


= Sup hrl WCRI -4 sup Arl FCR) |. 


gen Tr > Tiko 


由 条 忻 iD 易 证 rr，i 一 108>oo)* 由 此 并 利用 条 件 (i) 和 

(led IDA, 我 们 得 

(1.4.21) lim sup arfW(R)\=1 a.s。 
Rom REL, 


现在 我 们 来 讨论 sup Arl WO | PMB Rar —ar,>0. 


O<e<1, HCsörgoAl Révész (1981) 的 定理 1.12.6 有 
(1.4.22) P { sup Arl|WCR)| Se} 
REL LIE: 


T Ar 
_ o a} 1 —i h -H Ip s) 
S ar Th ( “8 Er FT} B arm~ @T, 


pe* ar 
até rar, 


x (log = + log( loge + 1))} 
Y T 


a È} Š 


ay T 


7 T 
og(_ 2 (1+ tog-—£—)) 
5 amr 一 民生 gi 


_ 227 AT Dr 
C+ ar -& log{ log Ww Ar +1) 
pr digg ar 
+ log(1 + log == + log a; an, J} 
~c,exp{—ditd.~ds+ dy}. 
ERB GD AMTARE, RIA 
(1。4.23) 1> Are spk 
Tati teal 
1 k 1 +t 
=(145 k ) /(1+ 5 k+l 
v k+l 
v k+1 +1 t re) 
A 
_ ar A h a 
(1.4.240 i (1 zza ( az 
二 1 -4 一 一 
rT) > 
因此 
(1.4.25) d,=ods) (T =c). 


MV log iar- ar, ) '=logTar' +logarlar ~ar, ) =od). 进 一 
+A 

(1.4.26) dos=o(d,) (Tch, 

把 (1.4.25) Ai (1.4.26) RAR A (1.4.22) Mad, BADE 
分 大 的 工 ， 它 不 超过 


(1.4.27) Ce exp{ — =a + dy) 


. AF à 


g? ar 
2+8 dT ËT} 


E + log log -2—+1))} 
log—— + | l = 二 -一 十 
<{ EA OB MB ar l 
<c,exp(—-V k ). 


Ea exp{ 一 


由 此 即 得 
于 Psap ， Arl IFR) | 党 8)<co。 
hea TE 
这 样 就 有 
(1.4,28) lim sup Arl WCR) | = 0 Aele 


PER (1.4.21) ZA (1.4.20) 式 ， 我 们 得 到 | 
lim sup Mr WOR) 1 g | AeSe 
Tm RELY : 
注意 到 ， 由 条 性 D RNA 
Sup 入 了 | WR) | = een NT ptt IWR) | “Ch TN Tl )s 


Tk+1 


(1.4.29) 


Mætt Gii) 和 {1.4.19) 式 妈 可 推出 
(1.4.30) lim sup ArlW(R) [S148 AeSe 


T+ 


站 合 (1.4.29) Al (1.4.30) 得 证 定理 成 立 ， 
作为 定理 1.4.2 的 一 个 推论 ， 我 们 给 出 一 个 关于 下 (站 的 
EHA, EE (1.4.5) 的 一 个 相伴 关系 。 
推论 1.4.2 (Lacey. 1989) 我 们 有 
1 IIF ís, f) | 
a "E 3E rors MV: a ‘lov log? 
诗意 ， 在 一 参数 情形 没有 这 一 极限 的 类 人 羽 鱼 论 。 事 实 上 ， 钟 
Fr Se) ET HE 1948) 指出 
Lim( Sostogt \"" sup IF FE}|=1 | eS 


T — 


= | Ha M 


= f 


推论 1.4.3 GLE. 1987) Rae AA YE SE ei 
(>. iD. (i ALEM). diray Civd IBA | 
(1.4.31) lim sup hr GO j| = lim sup 22 WOR) | = 


证 容易 看 出 此 时 6z 满 足 定理 1 4.) RWA RIF B 57 是 不 
JË ry FL 4 1 <a oe hy 


lim SGea/O,%+1=lim Aek Agatti tE ASe 
上 一 = 和 


Hob, ARE (iv) 有 
lim Nr/ér=1. 

由 此 从 定理 1.4.1 和 1.4.2 即 得 (1。.4.3t) 式 ， 

注 1.4.i 车 定理 1.4.1 中 案件 Gv) 及 定理 1.d.2 中 条 性 
Civ’) GE PRR Civ) MAH, 

Civ’) lim (logTaz'+ log Qlogbrazy'? + 1)) f/loglogT =r, 

Eat dag co 。 

FL C1987) GER FAR, HOS ars, beT eT 的 


py EB ee Oi) 和 GD 太 Civ’) Ma 
lim sup 907 WR) | = Tire sup rl W(R)| =a, 


| Pis r 
eS. 
| lim supri W (rR)! = lim lim sup 67|W(R)|=1- 
1 ree 人 三世 
os Se 
lim sup ke! WOR) |= Lim sup Àr W (R) | 
T =w RELY . REL, 
l == {t7 l aete 
其 中 
人 l parco, 
Z, = 
i “fo y=oo, 


1.4.2 BeBe 
Fi 22 W iener BY Se a] BBE AE AE 48 (19900, b) Bt 


= 64 : 


1 nlp OE nh “se 3 k.. l.. Ñ. rp: =., mo 小 


gl 


b, MY PR. TRE. 
定理 1.4.5 (Lu, 19902) bee Tse HY A RI. 
LeQj={RiRCD-thy), ARO =f}, 
Lr SR: ROD (br), AROSE}, 
d*¢T .£) ={2tGioeT /t + log (ioebr/t + 1) + loglogn pP, 
REY =T, D 1 满足 
(i1) Yr AASIN ay 2 
Gi) WEEE —e> OFF Hie = 8. (e) > EIRA aA 
lim Voa/VotstSl +E. 


PARMA 
(1.4.32) lim sup sup [WR I/O) p S] ase. 


' a 
T +o Om FT RELY e 


(1.4.33) lim sup sup |WOR)|/d"*(P,é}=1 aes. 


Tw gc pat HEEL»tF3 
证 1° AE 
(1.4.34) lim sup sup |WCR)[/d*(7T Rl] aes 


T =e co Oc rar FELE? 


Pino SIEL 十 E23/((2+2)9) 一 ;1+ 26°. WIKE 

Boe EXT, =u", ka=llln t logy) /log@l]+1, Xii ke WE 

理 1.1.3 定 义 . 取 8 二 2/8'、 ka =[ (log8) log(CT Clogf.)” 7) 1. 
对 尾 一 Toke? :使 T AT ST. RING 

(1.4.55) sup sup |WCR)| d"i, E) 


i REL pitt 


= $I Sup {2¢,(logt afte ,1 


P 
mmck eke —| REL, Ct ge Ope, 
3 + 


+ loe llog r, /fi + D + loglogte) } V WR) } 


= i Sp Aate 
~m kh i 


其 中 
Eras rsh = {RRC Dryg Crag ds 本 
一 了 < Ee + 上 ae ae Š 


注意 到 


(1.4.36) Lorna Cas bay JOE. Cau, 
Æ Fl] HHC Csörsz Révész (1981) 的 定理 1.12.6 BP ili’), 
MT FER ABI RNA 
(1.4.37) PAn >11 +E} 
= Pt sup |W Cid | /i C1 +e) 


REL t È } 
Tazi eat 


x (287 'ClogT /trstt+ log(logbr,/ Ei +1) 
+ loglogé,))}?/?} 
Ta yas T, ee) ÖT atl ) 
二 T 二 1 —_ 
Sen, Of, 1+ log fect 


-2U +8)" ( Ts ( 
x exp Ores la CR + log loge 


+ loglag#, )} 


-t 
< (22) (1+ logt) dogT a)" (logta) 172" 
4l 


kl 


居 照 定理 1.1,.3 的 证 明 ， 我 们 有 


y pí sup Anz +e} <o, 


| - mecha k 1 


由 记 orel~Cantelli 引 理 和 和 (1.4.35) BI (1.4.34) 成 立 。 
2° 为 证 明 (1.4.32) 和 (1.4.33)， 我 们 兵 需 证 
(1.4.38) I:=lim sup Sup IFR) j/a" T, H 1 


T e Gare, ft T ey 


ae te 


成 立 ， ide = LT ds 


Airam (82) be, (a t) a |x|, ined 


2=0,1, "aby 
Riim marti: nln 一 1)1D3}。 显 然 地 ，Ai EL*(1)， aic 
» Hi~cnlogbh fns 我 们 有 


= S56 = 


izlim sup |W(R)|/d*(7,1) 


~ æ 
T+ RELL) 


lim sup {2ilogin+1}-+log(logda, +IÐP -v2 RY] 


而 = rere) 


slim max | {2 og(#+ 1) + logQogba,,+1))}7“?] Cd。 
+æ lta ld t 


H AU BIE 83) ERE IFC 1.1.38), BNA 


>O P{ max (WA) | 0201 — 2) (loz (41) 
TAFTET 


E = 1 


+ log{logba i + 1))9 1} 


< 2 {i -expl -(1-eE)llogin+1) 


T æli 


+ log (lagbwa +1)) y} anlogts | fa) 


2 exp{- c(niogh,)*/?#} <oo, 


型 二 上 


因此 按 Borel-Cantelli 引 理 即 可 扒 得 【1.4.38) 成 立 ， 定 理 1 .4。3 
ike. 


14.5 WEH- RER 

HERMEEN RETE.. A a ee FREER 
RHR ERLA., MELEKE RESTA Eg eeb. 

定 迎 1.4.4 (Lin, Lu 1990) H dr, drii cr ET AE A A 
AW Ear + dr=cr >o 〈 当 工 -co)， 且 设 bz(32T12) 是 T 的 不 减 
be ie LSE TE GO 和 iii) AEE RAD OR RET 277 

(1.4.39) ar + dy Alari tdr), 

BZ, 

(1.4.40) lim sup SUP _ sup IV CR) | dti + Ver, = 1 
dew 


=- F - 


4124.41) lim tp A*r + dr, ar) |WCR)|=1 aas, 
i = keL tay! 


artiy 
B* CAT, m) ={2m. logM/m + ogllogbu/m :+ 1) 
+ loglogAf)} Y2 ~ 
#— F, EA EKEK 
(1.4.42) 


exp{ — (te Jog An +1)) J oglas + ad) }<c0, 


其 中 吕 一 bra ， 且 
(].4.43) lim rlar =iim drid tT] = 1, 
一 T = 
HA 
(1.4.44) lim sup sup sup |F R |/d* (f+ sVer, s)=1 


on. F igr FEL r+! tar 


As5e 
(1.4.45) lim sup stip 有 (er 二 dr, ar) | WLR )| =1 
fee ear HEL Ty fey? 
LSe 
注 1.4.3 4 1.4.41) Rd =) ~ar, 我 们 有 
(1.4.46) lim sup 6r|WCR)! 
T+ eit 
= lim sup S8*(7,ar)|W(R)|~=1 AaS» 
e= kaL Pta?’ 


FERS Hear k AREMA A 1.4.40) BRE PER HE dir) 
和 和 Gii) P16 468) AL BURT EA LK 说 zz 是 不 减 的 这 
一 条 人 忻 并 非 必 要 ， 可 以 去 掉 ， 且 条 性 〈ii) 和 (iii》 可 被 较 弱 的 
条 性 Ci) W Giir) BRR. ET (Eo ce CIR 
(104.427) 3) exp {—-(-( log :一 +] )) Joga} 


H= | 
<— OO 


« É +» 


P. 
(1.4.4377) litm adr/air,;=1, 
j] => 
Ra (1.4/4) +h iE H. 
显然 (1.4.40) AE 


-€1.4.47) lim Sup sap | WOR) /d*(é+ar,ar) <1 
Tos ie a 


和 ier 


] ‘ate, 

Pe ME 

1.4.48} lim sup sup WR) /d+ arar <1 
Pee mfr ay REL Tg cep? 

ae3e 


Zg Gi), Giir) ALARAE (a) apoo(T oo) 被 满足 ， 
-我 们 有 


(1.4.49) lim sup Sup IFRI /@"(i£+az,ar)=1 
T 7° 


=e AEAT- RÆL +a (a 
T 


A 
Tore terer- ar KEL Ty Cay 
入 时 


广 一 步 , 若 附 设 条 件 (1,4,42 泪 和 .4,43 丫 也 被 满足 ; 则 (1.4.49) 
和 (1.4.50 plim 可 被 Lim 代替 ,这 些 结 果 改 进 了 陆 传 荣 (1390a) 
:前 一 个 定理 ， 它 们 都 是 Hansonm 和 下 ussof1983a) WE 理 3.2B 在 
两 参数 情形 的 一 个 类 上 比 ， 

在 定理 1,4.4 的 证 明 中 需要 下 述 绰 理 ， 

引 理 1.4,1 BY: EE 理 1.4-3 的 条 性 《ii") 和 ii’). 
那么 我 们 如 


(1.4.51) lim sup ICR) | /Ao m=} 4 
Ho REL OP el i . 
5) EA Ag EAS + 4) SHE IG] 2161, RABAT. 
定理 1.4.1i 的 证 明 ， 


" BO =, 


1 RRE 


(1.4.52) lim sup sep sup |IWCADE/d*G + sVer,5) <1 


"T em bt =F REL pprt? 


‘Bade 


显然 地 ， 我 们 可 设 cr 是 不 减 的 ， 若 不 然 ， 我 们 可 用 
er=inf c, AECT. 


| APES B> 0, 我 们 可 写 
sup sup sup [MW CR) [/d*G+sVer,s) 


fat Ga F REL sagt! 


=(sup sup sup IW¢R)|/d"G+sVer,$)) 


hk Fur HEL pprt 


VC sup sup sup IWR) | /d*4+ sVer.s)) 


Ox rl tit RED, i Fi 


VC sup sup sup IY CR) | /d*¥Ci+sVer,9)) 


Ie CCSSH REL, ptf? 

=r:f],VieVds. 
MASMI. d.l, HERRES RERA AM B= BE) BLS 
1+e aes. 2HOD>1 {下 面 取 定 ) .应 用 Csirgo 和 Revsész (1981) 


的 定理 1.12.6 和 条 性 《iii ， 对 充分 大 的 了 我 们 有 
(1.4. 53) Pi >l +e} 


ay x P{ sup sup Stu 


p 
jeo j= 站 


(WR) | /a* (i+ sVer,s) 21 +e} 。 


<2 Pt sup IW (R)| (+e) 


sg jaù Baw fy 
i i REL itl gg i 


1 一 (于 十 
{ope-a( log aya} + log( log 2 8 ao +1 ) 


v Bg? 
Lf? 
+ logiogBo~‘i*" J} } 


ot eer 


git + Bas gH + Ba! 
< (1 + log 5-7— ) 


RÜ " 


f 
bs wag Tiel 


(4 8 Bo- 


i+ = fye. 
(1+ ogena ) gor er 


x loa Bas?” 2 E? } 


sc P tery o Neeg" 0 (Toe), 


ient jmo 


Bish, BAPE 1 +e} oho) A PA RT 
WRAS, A 


lim {TV Fs) =1+e e 


Tots 


这 就 证 明了 (1.4.52) A. 
2° 现在 为 证 (1.4.40) Al (1.4.41)， 我 们 愉 需 证 明 


(4.54) lim sup B*(artdr,ar)\|Wt{R)|S1 ass. 
| -二 党 + 


x% 
REL . (a 
a fds T 


EXN =], 
Na=maxin: aa + d,=0*} k2, 
由 条 忻 4.4.39) 我 们 有 
(1.4.55) 6°/A< (an, 41 + dn, 42)/ASan, + dnp. 


E, RHEE 


Pi: = lim an}! (Qn t di, 
We or 


人 坊 工 一 LC(R) BPR RABE 
(an, + dy, **"/(dh,bn,)<by, R= 
又 令 短 形 
Sb =Li li,i] XE y), yC) ] 


m) be Gata) m] 
7 iin, + ib, Ne? EN y 十 toa, N 


。 Å] 


(an, 十 Co | 
dy bn, 
fy (1.4.55) RREA XI fee oF ER 1M HO 之 6 之 1 
一 站 ;和 天 六 大 ， 
Cang, tdn i dn <0 / (C1 — by 8)/A<e. 
注意 到 
an, , tdn, = 9104) yd wt) yali) =an, + dug, 
且 当 8 充分 太 时 
ORE) KLEO E D ny DALDAL y D Ny 
:一 0 l; oy LBD =D., ten RERNA 


t=O0,1,°*-, L. 


SRT Dy,- Dey as 
里 对 每 一 此， SiC), +=, i, e LE RDA EE Ar AR 
EROE kaki ih 当 8 充 分 大 时 我 们 在 


(1.4.56) (1 — Ean, AOR) Say, 
因此 ， 
(1.4.57) #4 max BY Can, tiine any) | WCS;CR)) | 1 —-—e} 
-fa _ -一 一 any t+ dag 
==> 1 (3 2d } oj {2( log an: + 


by fz Eth 
log( log = + ] J+ loglop (an, + dva) )) )}) 


GN, 
Gu, t+ du, Ù 
> 1-{ 1~ (STEN lo bus +1) 
Fy. BY EN y : 


x log Can, + day) 7 i ia 


a l 
= ] 一 exp| - (As Ts —_ 
TNA + dy, losin, / ae fing + i 


* £2 > 


oh LEGGE 六 可知 上 + ae SE St loei, FERNS 


Sau, + du 


4124.58) 5> P{ max B* (any + dwss dnp WSKR 21 - 2} 


a= 4 bo fa, 


Ane Ona)! J; 
一 -a Oe 
cD. ( an. log an, + dng) 


x f log 2 Bat / l log DAT : + loa Sve ua} 
(hy, + in, (any + ans Ny 


. 1 
Se seep, 
pa log Can, + duy? 


ry he I Ek, WSCA) BSE PEM Borel-Cantelli9] Œ 即 可 
推 得 
lim Tl X gr (ain, TENs ax, )\WCS; CRS’ g Aedes 
+ oo a ee 


记 as SASAR) ) ACT. 4.56) Bldny! = any dy, Slane DPS 


lim sup B*(artar, ani WR» 


= imi max B* (aw, + dnp, dn CS: (hy] 


ees} oa pet 
~2 e sup BN as, t dvs ane) CRON 
tatiy Me 
at} — iE Ariy 
其 中 我 们 应 用 了 次 和 亿 于 (1.4,52) 的 结论 。 WM pcl 时 得 证 
(1.4.54) 37. 
其 次 ， 考 察 P slim ev layt dv) = 1B MLL 
Agi A AY BR HK RE 


(an, + dw, ME hn,s 
JEP M(=2/eo>1, Reva 
SAB LR IX lye), yati] 


s 64 # 


={ (ay, tdn Cay, + dw PMU 
Xian, , tiw Han, + dnp YM, 
(an, tdn PMO], i=0, l; phs 
注意 到 比 时 
angaa inp a = Ct) 48) aed) yes) Sang t+ deny, 
ON ga SE ba, OSE) L yi) SB N,» 
0.1.0, L 8S, CAC Du, De is* 且 对 每 一 上 SifR) EE 
不 相交 的 害 形 ,由 假设 Ps 二 1， 仿照 (1.4.56) 的 证 明 ， 稻 如 8 充 
分 大 ， 那 么 对 充分 大 前 和 每 一 我 们 有 
C1- Ejang Ell — ©) Can, + dng) SACS CAY) 


<(1-—) (Barry + dy,) 
<n, 
Hebe be KIERAN SOR Be By (1.4.54) 仍 
成 立 。 
第 三 ， 车 Pl 一 1 且 lim anf (in + RN) l, AD TE 在 一 个 正 整 
Br GIN" } 舍得 
lim aw /l@n¢ + dev )=1. H lim ane /Cane tdn El. 


oi ey ETERS. <M =I, FRB PRS Ra AR. 
立 ， 


2 PL max B*las, + dnp, anp) |W (S: [1 — e} 00 


Ny, 8G te fat 


N os 


A 
于 P{ max Bay, taney axe) (WSI) | 21-2} =. 
NG Oo f a 
因此 ， 这 时 “(1.4.54) 式 也 成 立 , 由 此 推 得 (1.4.40) 和 (1.4.41》 
式 成 工 。 


3 假设 条 性 (1.4.42) Al (1.4.43) 被 满足 .我们 来 证 


" §4 = 


(1.4.59)lim sup sug. BÄ lar tdr, arh WOT St 


REL (a? 


fray T 


Tass 
它 与 1.4.40) HARB (1.4.44) AM (1.4.45) KIL» 
WL=LCN) Fete PRR ABE: 


Lan t+ dye dk yin MP <l, 


fant dy)? NE! an ae Dod, 


PENR oa u. 
(Er) bela) bn] 


(an + dy? 
SHAN) =| x] oct, 
Cian + de)?M!, Can + dw) IM] 
\ XCO, Cay + dy) YM] Mp, =1, 
其 中 一 0，1，…， 工 .我 们 注意 到 
(EN “<i, 
MSAND =f 
(1-4)€an+de} BP,=1} 
í rtia tog PR 4A,<1, 
L 2} ` 
l re 4 P=}, 
BP ESIN), i=, 1, oo, L, FERRE, FU NES 
大 时 我 们 有 有 
Pi max 8% Cant dy, au) |WOS;0N))| 1 ~ 2} 


<l 1 — exp( -01-s)( log og (log 7 + 1) 
+ loglog (ay + AD) 


E exp{ - (= NS ea log Žž +1)) (log'ay + dyes} 


» AR + 


利用 条 性 4.4.42) 并 仿照 从 0.4.5 获得 (1.4.54) 的 证 骨 ， 


我 们 得 
(1.4.6) lim max sup "lant dman |WCR)| 21 一旦 
Noo Rd oot” ta 
+a, Nf 
我 们 月 恒 aeSe 
(1.4.61) sup Sup Blar t+ dr, ardi W ERY | 


REL ppa Tr? 


=* max sup Brimr+ dr, al WCRI 


Oe, Hand 
MN RET | , ‘4 ry 
T 


- sup sup B lartdr, ar) | WR] 
Ord Neh oatar-e iT) 


== t fi — fae 
FARA 124,52) MIRA 1.4.40, RIE lim j2=0 
Ss 综合 条 忻 (1,4.43) 和 (i11" » 我 们 可 证 明 


B* Car+ drr B" ace; té@etys A iT) J]. Oe), 
困 此 从 (4.60) 可 得 lim Jil 一 8 ac， 这 就 得 证 (ld.59) 成 
i.e ES, 


$1.5 非 于 各 Gauss 过 程 的 增 量 


W(X Uh 12 六 0 是 具有 平稳 增 量 的 Gauss 计 程 ，EXC) 二 0， 

点 (0 一 0 ns， 假说 
(1.5.1) QUA SELA OA AUN SEXIG SGA, 

KPRM CoO, Aadi. AR a S A EA 
Wi ASE Bee CoLPernique 1964). 

我 们 自然 会 可 :陈述 子 81.1 和 1.2 中 的 关于 Wierer 过 程 
He a ty — eee At T Gaussi i XO Re. WS. u 
#5 Ate ILE 


# 66: 


1.5.1 Gaussti#e{X (t}} 80 ae 


E 
ACL B} = sup sup IX (f+s)-X(D], 


bel re A OSs 


if ,A)=> sup sup |] ft 一 人 (| 


pt rt 
Ortega(1984) 证 明 着 对 应 于 定理 1.1.1 的 下 述 结 果 。 
定理 1.5.] (Ortega, 1984) BOCarS TAT HRS ee 
FEL... Gi) W Gi). BA 


(1.5.2) limBrIT(T aD =himBrH(T ar) 
tT. To 


—freir 


= limAr X(T +ar)-X(T)|=1 ass. 
T 


其 中 
Ar—i20 lar) (logTaqr! + logliog D P HF. 
此 外 ， 若 还 浅 足 定理 1.1.14 的 和 条件 Gii, MA 
(1.5.3) limBrI (Tar) =limBr ACT yar) 


=lim sup rl AG harn- A= a.s. 
T 


了 
在 定理 1.5.4 的 证 明 中 和 将 用 到 下 述 引 理 
5) 21.5.1 (Fernique, 1964) H{Y@): ELD 1 是 可 分 
实 Gauss 过 程 满 中 
ECY -YDA -eja 


JURA) BES. DRE. HES AC Ddue EYE 


oz "ARTA 


Pi sup JY Cf) ] =x r+ al Ala *) dis) } cea? | el du, 
Desf oi j 


Hct eM Aas 2. 
引 理 1.5.2 (Ortega, 1984) BEL X CA) a at 1.5.1, BAY 


= Ay = 


OAT Ee PAN RNA 


ot EST ae, 
BR Gogg)” 


证 Mee > od, se BENS OOR BA 
(1.5.4) PLCS 1 + Oxo) 


;i 
X{ -+ s) X( 二 | oCh) } 


. xf | 
+ PY max, Pate ] x(t + s) X(5 } 


>#0(h)6/2} 


rt max 


ta EA CNT] wench 


<(NI+13(P{ sup |X is) > se(A)} 
arch 


+ 五 { sup | |X Cs) | > woC1/N)}). 


04, 7 421 


BE THR IZ 中 理 1.5.1 的 Fernique 不 等 式 来 闭 得 上 两 概率 的 界 . 
BASO, BMYGISHXGA), OSL PAY 十 一 个 均值 六 
ORES! Gauss 过 程 ， 满足 ACV) -YG eoat Cléi-s|A) 和 
EY?(#)<07(A) AREA v logo at BUT A 


Pt sup IYO | 2v0( A) F(a, Ad} <ca"| ee #2 dag, 


¥ 


其 中 


< 
ea logd 


4 人 nay Too 
stay} 744 Jdal + 


所 以 若 x 二 vt1 2/0a"loga)， 我 们 就 得 


Pig, A=] + 


Pi sup |X (s) >s Aea] e Weds 
Bea ey ik 


2ax"%a° loga + 220° ) 
T hn Z a214. a? f? 


<ca2g(x)expl (? +44 "loga)* 


SEND Ce) = oe i, Ze i ae foe! 时 A os 


(doga)? H.2a?/(2 +a" loga)? =o. RROA EAR 趋 于 1 ( 当 


Pisup X Cs) | > KOCAY Se aH) . 


mE 


在 (1.5.4) 式 右 边 运用 这 一 个 等 式 丙 次 我 们 得 
PUI(T h) > (1 + 6) wxoCh)} 


MESES X MeD 


T 
=" T ~- 
SeN Ro doga" 


(Jog) s 
MEAs ll ti, MA 
PICE A) > 20k) } 


=| 
_ oT gle 


A ont Cogs) eren Tt ra) 
最 后 ， 选 6=1/7z， 得 证 引 理 1.5.2 胞 还 。 
引 理 1.5.5(CPBertnana。l1964 Slepian, 1962)#{X);j=—1, 
Zo: sn} 是 中 心 化 的 平稳 Gauss 随 机 变量 序 州 ，EX1 一 1, EXX; 
z= pie ile =Le o0), J: = ope). rE RI=1,2, 多) 
H FERH (GEL, p Hepes +t tIRA -I WAC 


nt, IA 
(i) 当 siei 一 ] 时 。 PLO F erR A Yee -1 


IER 


BY, 50) Si» AM PE is 
Cit) #44).7$1,2,--.s} KR -Paw, FA 
iP{ NP}-HP{ oe} 


EK ERG 


T >. y 2a eco 和 


tes J <i PEF PEK | Pers 


HRP, y :7 是 具有 相关 系 Bir HY PRE OIE As Birt 是 小 
a he hay iki —-P He. ) 


a ， 


1781.05.54 i {A Pla, A 


(i) 3} PCA, =o, 


1 


(iiy lm 2, (PLA Ð- PCA; PCA) 


n~ lei cee 


HX P(A;) ) =o, 
EBAPCA, i.o.) 二 1。 
这 了 化 引 理 的 证 明 此 的 从 略 . 引 理 1.5.4 的 证 明 可 在 Biliingsley 
41986) 中 找到 ， | , 
定理 1.5.1 的 证 月 
1 利用 引 理 1.5。2 FAFE E M 1-1-1 5 HE A (WLCsirgo Fn 
‘Révész( 1981) at fi E 4 (1980) 第 五音 定理 2.1 的 证 明 }， 我 们 


蕊 可 证 得 


(1.5.5) mT, ar) I+e aso。 
T +a 
2° FEIR FE HE , 
(125.6) imr X(T) -X(T -ap |>] aes. 
T+ 


| iW@=limea,/T. P=, AB AM 43 ar=T A | XT) -~ X(T 一 


an= XCO]. Be BOTS Ht (Orey1971) 得 (1.5.0 A R 
Well, ERT =1, Te-ar, STe (h>1).i0 
Vet SONG ~ XP a — ar) /OC ary)» 
JARFEY,=0, £Y,=1.8 hap me>o, 
A,=187,.Y,>01-€£)/oCar,)}. 


:依照 定理 ] .1.1 的 证 明 , 我 们 有 > :已 (4 一 ce。 所 以 为 证 (1.5,6) 


WOU. ATLA eu AoA (ii) 被 满足 。 

a R.S., FEY, Y0, MAPCAAYNSPUA)PCA), 
HEGDE KAEO. 5.1) ocas 时 是 正确 
区 所 以 余 于 仅 需 考究 (1.5.1) 中 172<a< 1 情形 . 设 keg +8, B 


.m id | 7 


EY; Y= P?" +G, RCO R”), 
其 中 


- ~ 
P= > Ty» V=ar;s R= aTa 


下定 


GIU V= PAU APO P UYI- PHV a 
tH Tavlor E M 


GO, R) = - PY + 2a(2@-1) P** “OR +S, 
其 中 对 某 一 0<r<1 


一 2 — P 2a -2 CO + RCP +7TO4+ TR 


-OLP +17Q)2273 RAP+ TR 3), 


GUO, R) <= — P’ +e- DORP, 
由 此 得 到 
ž-1 2(a— I} 
(1.5.73 BY Yi<cleras'-7f So ar, } . 
irj tl 


Eje, ARR APE FETT ta <1, Ha er./T rt; Bir 
Ar eC] a) HE ay ffar C1 -aV ar, AS kh 7+3 
时 有 


k-i a 
EV Ve<e(ar, / Y an) Setka DEN. 


更 在 我 们 来 验证 引 理 1.5.4 的 (ii)。 引 理 1.5.3 指 出 ， 
Podio 一 天 (是 站 五 (二 二 [和 


Ehram EY Ya; kx 一 《于 一 号 PT O ary) 对 于 HS atm, 我 
有 来 考察 


ss fi + 


mw &. 


T= 30 2 (PAD ~ PCA) PCA) 


Aum js] 
a 上 “i 
<( 2 2 + 2 rnb Oh beset) 
kom j=l tomjsa-v, 
=t f} + Is, 
H pr = [h nE 
n TF, ， , . | 
he | fik Ritha Zaharia } 
ral i ZC ri CEP 2(1—rti) 


> ee eerie PCA MCA) 


a-n, yiz 


真一 中 了 二 1 
riRCh} AR) 2hari x ~} 
xexp {i 2C1 一 和 
a Fy 
< = (1 - ye Se OCA IPA Erp IAN} 
kam j=i 


4H “4 gk 一 px 有 时， 

条 CR。 
FR EAH 60, Bites. Fare 的 第 
一 个 和 | 


ti a7, 
4.5.8 “<a y PDPA D PAY ). 
k=m jai k=i 


对 于 第 二 个 和 有 


Fikh A O Che or PL 
<5 X FEET PRET PODER arg J 


是 一 由 了 一 下 一 个 


oe x seam a i, 


k=mi zk- Lar l +y 


E Pr=maxir a LABS G =r OO +9). 


" rf— B ， 
L, 2 i Expl — Bhp). 


+ 72 a 


首先 让 我 们 考察 指 标 RC A= {kimk cae ((2/B) logk)¥} 
士 的 和 ,我 们 有 


(1. 5.9) 2, yo eh a exp - BRR) 


zy 1/2 
kē j= ‘1 ) 


ah) 1/2 
<e 0 fe) ST pA < WPCA). 


hed 1 pes 
当 REA = {kimak M/B logh} Bt, Ye C(2/B) 
log) ™ “T THH 7= k- YR, 对 Ae D> Oy Ag+ Dlogr HTE 
=t] tir 2PORM KA 

点 一 1 
lee 

1.5.10 2 本 ND expl- Bh) 

二 


H- 1 tt 


YY OST ag expt — Bat) 


i= Ymi rl 


F— į 


Se pa EAA) expt — Bh; xe I PA). 


这 样 ， 利 用 1.5.8), Ci.5.9)F0(1.5.-10), SHEA GDo, € 
TE m {H18 


r<o( DPA) ) +e} P(A,), 
IX eR TE CIGERAYEO<T IBS, GD BE. BPEL (1.5.6) Be iZ, BH 
(1.5.2) AHE. 
SoS ee CD BBE, COT) = Br ee SUP, [X(+ ar} 


Aj, RTRW 
(4.25.11) limG (Pl dsi 


T == œ 


MES Ha>, WTe=(1 +6)", WET) =T] -1, 
Fiksa) = CXR + lar) ~XCRar)) /Olaz,) o 
Aposk<ctT.), ne lat — Hk, nA EV kn) =0, EV k,n) 


» 73 + 


=1, RA t2’ ch el PRE. BPA 7 +t, 
i Talk P= EV CR VC jm clk — Fee 
Hes l/a MR. 

当 # 拓 172 时 ,利用 引 理 1.5.3 .仿照 定理 1.1.1 的 证 明 ， 我 们 有 - 


y PY max ,VC lM} oo, 


aa, PORE 


当 0>>1/2 时 ， 考 虑 一 个 来 自 引 理 1.5.3 GD 的 外 加 的 项 . 设 - 
e 充分 小 使 e<<l 一 4 这 241 一 82m>1T+r 其 中 YY 一 maxtrs CR, f) 
nls Lek GETS IBS 


w tT? CF gy? 


SoS D rek fb heehee BCBS 7)? 


ani 上 四 上 fek +i 


we CCT yg? KFA EiT y) Ch. a) 
一 - Val ivy F 
2 和 ( pa + 1 x a 1 -ractk, j)’ * 


~ ezpt TES 
Berber? 。 设 >>0， 由 1+Y 一 2(1 一 8)2AI+r) 定义 BR 
LRA PA 


ach >) 3 oexp{-(1+)(log?’,/ar, + loglogT «H 


各 


iF! EH 


< p(T) < 
第 二 个 和 不 超过 


a ETa! ETa’ 
coy aoe 
n=; k=] Jmk, I> 


= EET y 1 ET 


xed! 32 (4% ' 


d= 1 k 之 中 


-r erpi- hat eho/Ba “小 


a" j 
T “loa. pata. (GRO? 


ri 2) 
ao "ino 
< Ha (ri los? SOs 


- Fg > 


H H Borel-Cantellif|#E, Ba 


lim Ay’) max [hawt cel Asa 
OS eC NT? 


WAERT, aT <b nats BD AO Sar ar, rs Ar EL 
C(T)=8r sup |X(f+ar) -X)| 
ee a 


== By max |F Ck m| ICar) 
四 号 上 [了 月) 


— Âr sup sup | 六 (f+ 3) -Xe 


上 < 到 利和 于 
由 1° AOR, Br /Br FERRET 1, 得 证 (1.5,11) 


成 让 ,定理 1,5.1 证 举 ， 

1.5.1 HFA (1990) 讨论 了 Gauss 过 程 {X(f)} 的 增 量 
的 下 极限 ， 得 到 与 Book 和 Shore(1978) 同 样 的 结果 . PHILA} 
RIESE ta RTE (1986) 给 出 。 

TEXO AH Re 199860) MPAs (1990) 
所 讨论 ， 

定理 1.5.2 BiXC) fe osm, HE 1.5.) mm, BA 
(1.5.12)1iom sup | X(T) -NCT -#)|/d(P.f)=1 a.s. | 


Onin St 


(1.5.13}1im Sup Sup |. Xs} —-XCs—¢)) fdCT,f)=—1 LaFa 
T == 


oxlia,y taint 


(1.5.14)lim sup sup X(T) -XiT -s)]/d(7,)=1 ass. 
T 一 二 x 


a< Gorer 
HE HaT, d) = {207 Ct) Clog T /t+ loglog#)}'?, 
HEA Sa (UF EML. SAE G1, a. 
注 1.5.2 关于 Gauss 过 程 {XC}, A M P 1.1.44), 
(1.1.45), (1.1.72), (1.1.73) FA (1.2.1), (1.2.2) 19 SE th 
是 正确 的 . 


1.5.2 较 一 般 的 Gauss 和 过程 的 境遇 


Er D, ieo RRA Ti H Gauss TE, Eri) =0 ,假设 
(1.5.13) etisi=F(r+s) -Pru)y 


T 
| Th a 


Fi. fo SAEs a os) 一 9501187 Cst>0}, Hore 0.0,Cs) 
{es YB tt BE Ee. STIR — AR A OF A Gaussid HE, 
在 一 定 茶 件 下 也有 相应 于 定理 1.5.1 的 天 增 量 纺 音 

定理 1.5.5《〈Csaki 等 1990) Boce ETETEA, HEE 
理 1.1.1 的 条 件 《〈i 和 ii) Ai AAG), fo} 还 满足 条 性: 
MEMO abae 
(1.5.36) Ere -Prced db) —Pla)) <0. 
PARA 
(1.5217}lim sup sup Ër r+- rO =l] as. 


T =a ie tT a. MFA 


€1.5.18) lim sup frlPFl#+ar)-Fdi)!=1 ass. 
T -+ Ta tT a 
T -+o 


$< ih eB et B11 LR Se AEC), PB ATE (1.5.17) Al (1.5.18) 
th, limi} Mwlim. 

oF 8 99 uf A P CsirgoFiRevesz (1981) 中 定理 1.2.1 的 
TEAR, Ao p BH i A AW Borel-Cantelli5|##1.5.4. H F 
假设 (1.5.16) Rear, PRUE ST Z — ATE. 


- TH = 


Bom ”独立 随机 变量 部 分 和 的 增 量 


随 宙 变量 序 列 部 分 和 的 增 晤 的 几乎 必然 a.s.) 极限 性 质 是 
概率 论 极 限 理 论 中 一 类 十分 深刻 的 结果 。 对 .id. 序 列 ， 异 助 
Wiener 过 程 增 蜡 和 的 结果 及 用 Wiener 过 程 强 到 近 帮 分 各 过 程 的 理 
tt, ATE BRET ASEM aE. | 

{Xe os lbiti.i.d. MPR), EHER 等 于 
零 ， 方 闫 等 于 1。 又 设 14s} 是 一 个 单调 不 减 的 正 BH, Be 
TPR EF: oo 

(1) laas EN; 

GD N'aie fig ARR]. 


mws, = 5 X B= {2an (log (N / aw) t loglogN}}"™". 4c, Csbrgo 


fo, 


MiRevesz (1981) 考察 了 {5S.} 的 大 增 量 性 质 ， 证 明了 
定理 2.1.1 REN. A A 

(2.1. DEELS, EIER él Sio WET aoo, 

又 证 {as 满 足 条 件 〈《)，(i 和 


(iii) lim gw/logN= oe, 
N ot 


AB 

(2.162) lim BulSw.ay-Swl= Lass. 

(2.149) lim max By [Sata -Šal =] A.S» 
Næ n l nr ayy 

(2 .1.4) lim max BulSnee~ Sul =] Tes 


Ne Le tad a 


. FF a 


(2.145) lim max max wjn Sa] 一] Aese 
Now Leva oa, PERU Oy 


fi tas} he E 
(iv) lim(logN /as) /loglogN = 2 
Py se 工 
Bb 径 
{2,1 6) lim max Ca lS aan — 5S, | == Í aS 
eo yet na A - ax N 
(2.1.7) im max mix ËynlSa r S =l TE- 


fie 1l EN- a y le katy, 


SIRI AER eee Se, MRE A eA 
ETE, CsGrgoiRéevész(108l) TERS 

定理 2,1.2 RACY), <>0, HE-PRRHERMBS, 
FEF Fil Fe AF 
(2.1.8) EHC Ai} )<ce, 
(2.1.9 AHE RHES, lim Alex)/H i) > 0; 


(2.1.10) Meteo, s A) rA A a. 
(2.1 1Dx Nog a) BR. 
附加 于 条 和 件 《i) 和 《iil)， 对 {e 存 在 C>>0 使 得 
(2.1.12) anzzCCinvH(N))?/logN. 
那么 定理 2.1.1 的 结论 仍然 戌 立 。 
ae + podem. Hanson 和 Russo (1983) -F 起 了 i.i.d. 
Pa Lae et TB A — o aN e EN, AD 


= 4{2kClog (N/R) + loglogh?}*. 他 们 证 明了 
定理 2.1.3 BRIX SBSH... ikia) 湾 
性 荣 性 Ci) 和 ili), ARH 


(2.1.13) lim max {Sy — Swal /d(N, R=] Aea 


Mowe EEREN 


(2.1.14) lim max max /Snx-5n_3]/d(N,A)=1 Lee 


fa Bali d pyak EE fed 


=- TH. 


(2.7.35) tim max max %'!5,-S5,|/d(4,n-mjJ=1 a.s 
ee N Bayona 


(2.1.16) lim miis max (Se— Syl ditaa ~ te) =) 
Yorn Date pa PLA A A TF 


TL» Se 


ines (2.1.1) A GD SA A FRA IRE, 
(2.1.17 ir>, EEX co, 
(2.1.18) lim asllogN)/ N= > 0, 


AS 2 BAA EE 1475 RA AE 

Csörgő fl Révész (1981) 还 进一步 考 辜 了 iid. MA EE 
TP PPR 4) a ee Ay Se hay ie a. ee H Moguls’kii (1974) #9 
— Ph op he HE ae, TER OP ee 

定理 2.1.4 Pe LX Ai. .d PLS, Bi 0. 
FHL. MB fa} — PIRI P,P CD. GD 和 
(iii), WARIA 


(2.131.193 lim min max Yal Sar Snl =l aede 
ma Pac d ae a 


W -= ry 


slag TE 
其 中 六 一 ( S EN ext logiogN ) 。 如 困 叉 附加 条 性 {ivw)， 


Ey 


Al 


(2.1.20) lim min max PxyiSa.4—-Sel=1 Aasa 


i æo Lai Bea tekeay 


EEB ERAT 28 A a a, AK 
个 定理 可 以 通过 重复 Wiener 过 程 的 一 个 相 度 定理 【Cs6rac，RRE 一 
vész 1981, 定型 1.7-.1) BUTERA ICE. Re it wee 
那个 定理 的 证 明 a Csdrgo#tRevesz (1931) 3349—50 WE 
从 《1.7.4) 式 到 1.7.5) 式 的 证 明 ) ,完全 地 重复 Wiener 过 程 
时 的 证 明 是 行 不 道 的 ， 

在 这 一 章 里 ， 我 们 将 疤 欠 出 独立 但 未 必 同 分 布 的 脏 机 变量 计 


- T9 + 


列 部 分 和 的 丽 是 的 as 极限 性 质 . 这 时 的 麻烦 在 于 还 没有 象 1.1d。 
情形 时 那 样 的 十 分 理想 的 总 允 近 结果 。 林 正 找 〔 1986a，1987， 
1988b) 通过 直 控 的 途径 得 到 了 相应 于 定理 2.1,1 各 2.1,2 的 结果 
与 此 同时 ， 加 在 {zw} 上 的 条 件 (ii) 也 本 质 上 被 减弱 了 ， 

Hanson#fRusso (1985) HES 4h 7 1B 已 的 关于 i,i,d, 随 机变 
虹 湿 后 和 的 结果 到 独立 但 不 必 辐 分 布 的 情形 。 但 结论 是 未 够 理想 
Ay. FRIER (19880) REET TIM ERA, HZ ivi. 
形 时 的 理想 情形 相对 应 ， 

ABE (1989) 利用 Skorohod 霸 入 方法 进一步 推广 了 AE 
炎 的 结果 到 更 为 一 般 的 场合 . 

在 第 2,2 和 2.3 两 节 ， 我 们 将 叙述 并 证 明寺 述 结 果 。 

上 面 提 到 的 所 有 结论 (无 论 是 对 ivi.d, 情 形 还 是 非 i.i.q. 情 
形 ) BEIE CRAB TEER REE Pe. (HE, SER 
限定 理 《 原 则 .上 Fi BF RR ARM. PRES (1390) 
讨论 了 不 加 矩 很 设 的 独立 随机 变量 序列 部 分 和 的 太 增 量 问 题 。 证 
明了 的 定理 出 以 看 作 是 带 存 证 条 人 忻 的 定理 的 一 种 推广 CE, BRIE 
AER (1990) MPR RAE RHR. 

在 第 2.5 WP, WEHT AERE Gao 得 到 的 有 关 小 增 
晤 的 定理 。 它 不 仅 给 出 了 定理 2.1.4 HEHEA, mH 
推广 到 了 不 辐 分 布 的 情形 。 

Sakhanenko (1984) 通过 改进 Koml6s，Maijor 和 Tusnady 
《1975，15762 的 万 证 ， 对 狸 芯 非 同 分 布 随机 变量 建立 了 强 通 近 
定理 。 邵 局 注 【1989》 进一步 改善 Sakhanenko 的 结果 ， 作 为 强 
过 近 定理 的 推论 还 给 出 了 独立 非 同 分 布 随机 变量 序列 的 增 量 的 黄 
HAR. 在 最 后 一 节 中 ， 我 们 将 叙述 有 关 结 果 ， 它 们 不 iF 2.2 
2037 RIAA T 


§ 2.2 HARA Kk 
Sta Ma SLA RRA. 4 ATTA 


+ BÜ 7 


SAE ARN e Ka A RA, Be ALB NAS P BF EE 
Sony SS. ATHARE Se ee LX itty AG a Ok AR 
Hanson 和 各 民 usso(1983) 通 过 证 明 Wiener 过 程 相 应 增 最 的 极限 性 
后 (参见 第 一 章 31.1)，、， 对 i.i.9. 随 机 变量 序列 的 灌 语 和 首 容 获 
得 了 若干 极限 结果 .尔后 ， 杞 们 (1985) 将 这 些 结 果 推 广 到 独立 但 
不 必 同 分 布 的 情形 ,关于 i,.i,d, 序 列 ， 他 们 的 结论 是 接近 于 理想 
的 ， 伍 对 de ied tE, ATAT. JES (1988a) 改进 了 这 
些 结 果 使 之 达到 与 1.i.d. 情 形 时 相对 应 的 地 步 ， 

Te {Xn 0c i} 是 独 耻 随机 计量 Ae EX = (nl). 8 
S=} X.,,0:=FEX}, 0,,= 3" of fg (N, k) 一 Onwx 

p=: TETE E 
x {21 lop (N/A) + loglogh7}*. 

定理 2.2-1 CHK E H, 19882) PIN RERI 


m+ 可 


Ci) lim inf $ o}/n>0, 


E an i-m+i 
(ii) Fr > 2 pE ame>, 


» PCLX, | en) <oo 
ARTE scr Al din, 
E| Xa < 


I AAEE d 0, 

(2.9.1) lim max tSu Sual gN R) Sl aus. 
N-e gat? logic EN 

(2.2.2) lim max max |Sw-Swiilf/g(N,AI=1 ass» 
Mo 


当 了 证 明 这 个 定理 ， 我 们 需要 下 列 引 理 ， 
引 理 2.2.1 (a) 假设 存在 正常 数 guto ga MT. EI Oe 
TM A 


« Bi > 


(2.2.3) P{ max Serba r Pome SGT, 


1 E 
(2.2.4) PA max Sr 和 ET 
im k ager 


(b> RRFER Pd), Patl<k<nhine1, 


Pe | dSn, 


其 中 s= o WARES, FEYOM me), Sya yS 
. k=l 


YC!) Ad we) By Re 
(2.2.5) P{S,22Ps,) ee tee, 

结论 (a) 和 (pb) 可 以 分 别 从 Petrov(1975》 和 Stout (1974) 
H PREY 

定理 2.2.1i 的 证 明 。 


对 0<e<- --L, iz B= +t- +e, HEM a>o 使 得 


"+—20(r -2+ 1 a) 一 一 一， Yom Al Be, tye, tH ys 


E + = BB T. HB i=l, e, m 满足 


(> B)/Q~ Bid >{1+—) (其中 8-,=B。- =). 易 知 


B;-8;1.<e/2. WENO SUN E Jh & 


max = max Y max max 
an” pnogNchken? an" Hounchente stam Nei lSkEN i © 


AAA t.1<im, Bs kaw TH, RIKEN: & 
EC, oO, 


/ 4D - 


(2.2.6) lim max max |Sw—-Syis}/et(N ASL + Ce 


M= ifl e EN O Lja 


me S« 


iY =X Xe) <n? h ZX ola <)X,) <n), 


Ye=V¥a-EY., 25=2Z0-EZn, T=} YI, U=} Zi, A= 


im į i= 1 


VarY,=VarYishwe= >, AS. 内 条 件 Gi 易 知 


=t- kei 


YPX, Ynt Z)= TO PUXei Dn) <0, 


FAIL PLX,o Vn + Zoey Oe} SOM TG 
(2,267) SHERI PRADA EAD CY, + ZRF. 进一步 ， 
RRs SHE Gr + 2) /2<s<ly ,我 们 就 有 


PECY, + £i) | = Í XAP] PAE E e 


Ftil" 
由 它 推出 WARN, 
N N 
Do JEY; +Z) se SD Pige"? 
shiti I=N—Řk41 
=ole(N,&}),N-»oo. 


所 以 (2.2.7) Æt F 
(2.2.9) CHC PHADX ARE CY +’ ee. 
我 们 来 和 证明 


42.2.9) lim max ax |U'y— Oniil/gtN, ke Aass 
K-a Nijl- ARN) 1 
容易 看 出 
E p 
EZl*=E\Z! | rug z? | -r-a -Dgr pp rair ) 


一 下 三 


Wibe. os fxn “"logn 和 大 的 所 有 


(2.2.10) Eet#e=1+ < EZ}; + -E EZt 4 ÉO EZL an 
8 6 "9400" 


<1+ -EEZ {r+ ai £ 22g? oo b 


t T 


2 ate tye 
= 1+ Fen ae ting 


f? is tan 
=exp (E tt r + 


E 
Pyi= P{ max max |Uy- Uy ii|/e(N,&) ze} 


Mt floes ae a} Te fax 


<= P{ max Up- Unul =e min PLN, A}. 


1m feet gf? Wit lia, hee 2) 


& p 22.2.1 fp fsa RT = UN’ TlogN, oy NNT Rete, C= 


NG- DNY RBIN D oe<G),x=e min gN, 


NESIN id) 
ASENG -D log N. HEHREN, RITA O<e<GT. F 
Fis M (2.2.3) 可 得 对 充分 对 天 的 NN 
Pys2exp{— ce NC- 1)'4N7"logN} SNE, 
(2.2.9) FRE. 所 以 由 (2.2.8) 推出 
(2.2.11) wee PMA AXA SY R, 
EaR Ea cohf,./f,>1. AIL ARTE O M UD, £P 
fit 
(2.2.12) Hno}, HA, lxkxn, 一致 地 有 hek/One— eo. 
TÆ, HR (2.2.10), Hodis VO KR yn, 


f £ 
Ees =z] a Mnexp = mies expt 5 Ae CI sey} 


TON D =1 08; — Bi-DlogN/logB] +1, HPS> lei BAe. 


- B4 。 


FG 


(2.2.13) max max |Tv —-Tw-:| /Anxt2Llog(N/#)} 


NWif-ljekeaeNt LEjA 


+ loglogk i}? 


= max { max [Tvw 一 工 w-jl 
1 igo aweqger’—! yii- 


AN BETI N til] (2log(N/B! Nii- 19914? 


} z 
+ : max IYr + Fre +Y taI Nd- In | 
BETI wepe-pepetRa! Ntt -1) 


TAN. cat tii] (2log N/B'N (i ~ LE} 
m=n i= AT aa “Fete = [0 - Bia) t Cte + 1)? a-27, : 
H# 3) 2.2.1 中 的 参数 了 一 了 ree, 


a 


G=(1+e) J3 Ads w=(1+ ehs, nyy logn) 


ia Sa TE. 


FETA BBM Erat. Ai, H 2.2.3), BRA 
PA max |Ta,- Pe, il Cl EAn, a, y Glogae)'/*} 


<2exp{—- (1+4)(1 -8;_2) logh}. 
由 此 得 


(2.2.14) Tim max |T ay -Tagil Aaga, (2logm) 1 


k — ee i 


=| +¢& hseSe 


ay 
3S Uh, SL S= m FG (1 +e) > or 


pen pak ged ee) 
H=(14 Eda, ttt er ( 2log NR/ Bias — 199? Pn sikse) 
=[ (1 +E)B mG -DI. 我 们 也 有 0 志 x 所 GT 注意 到 
# / Bin, 4-1) 2n,/n,D~al , 
For DA RAA 
P{ max max Te Ta] 
repamicgy PEFEA ditat) 


z=] + Ea kd login B n, Ce 2 


.. EG >» 


FITE 


<y 2exp{ - (1 +e)(1 + £y Jogh)<o(loghR- tt o. 


1=1 
从 .而 
(2.2.15}lim max max | 并 -一 工 。 r) 


| -o TFET ees Paeopawiawg beet 


| Jhansi (login {Bete 一 ES +E HaSe 
HEBREAN, AER, Efm KNSm. FB 


了 一 了 
Aw, cell Nein (2lag (N/ BINGE — 1)) >)? 
IT, Ty] Anpngp Zlom) 
m Kopapa (2log ia)? kN, rgt 1 Je ET @log(N /BING ~ DY? 


Ta, Ens! 
on Hi, irda log One Br geld — 139}? 7 


= 


Mag, et (2logt nme/ Bi ne € 1 一 13)??? 
AN. tpi! nee in (2log ot (N/ BIN GG — 1932/2 


m= fua X fig tie, X fase 
利用 中 值 定 理 我 们 得 
ta— Nore e E l Bi 2) RAs wo 
CI- By.) (s+ Lp Pane, 
也 三 是 说 


(2.2.17) m NE Here 
pit AA (2.214) HEH Tine Inel +e aes. 利用 (2.2.12) 和 条 性 
(i), Gi PE <C <0, < OMA R-—m nw 


F } 


Cr > Ns DETTI 


pemp: 


RE -A H F N col} 
tee, f BONG? — 1) caa -a N -na mA, 
KFP SEEN i), —— F HE liin d= ig SADA] 
DiN 


F # = 


til 


(2,2,18) lim max I,,*7,-=0 ASe 
N= ee peru ry 


Fase eee TAT. Mfrs 7 Bae - 1}, 
m N+ iE + Blo nmi - 1) nk, 61,8). 


用 以 对 Ty， 由 (2.2.15) FEM 


(2.22.19) lim max mAX Ta Tnu 
MM gr EN its IEA tml 
E E AZlog (+e! D nali 1 l HE LaS 
XFS e Wg = C(N- CE Nii- DTA Gee — nk TE OQO=(N— 
LRU NG- PW (m-ni k,l). B 


3,* 3 十 4 ti 4 1 
(7.7.20) Eh < ha EN Aw. ta Mif— tI ho,9-4 
° " 人 一 一 -一 人 rr | 
a, Ce! tes he. BITI Nai- 


M(2.2.17),% N-* 00 时 Aa pn- NIAN. (R~ 1 tod — + 0, fit O~- ¢ 
the + EB le pie PER eFEC’ > oO, 使 得 


‘im ho.o-a/ An, raf! Windi) REE, 
He aX So A AC 2.2.20), WI e He Y 
(202.21) limi petias hyn. cot! mies SI AEE 
N= "y 


容易 看 出 
(2.2.22) lim log (ne/ BYirtt 一 1))7iogtAPINIE 一 1 一 1 
Ay == a 


结合 (2.2.21)},(2.2.22) 和 (2.2.19 BME, AC. >0, 


(2.27.23) lim max max fay X y 
N> cpn tir tajan tN) 
+e + C ete + Ca le Au See 


因此 对 (2.2.13) 右边 的 第 一 部 分 ， 我 们 有 


(2.2.24} lim max max Tu- Tul 


Nowe ELEN ers ERENTO Nea 
An. tats wn (Llog (N/ BENG — 1p) 
a} + (Ce- be HeSe 
对 (2.2.13) 右边 的 第 二 部 分 ， 配 


a a7 - 


Pi Max imax |Y kuty 十 ves 
1 


+ YR. cabinet | 
Aw, cat Miia (Zlog(N/ BING — EOU Se} 


mt? CBT Ni gat 
a > P{| Yk- tee HYR- mi mwa | 


tal pepe! tangas + 


Ehn, cai -lt miei, (Zlog(N/ E'NG — 13>?) 
AREARE. ST =(N- LEUNG- DI vers, 


N= [BiTi 
a 
G= > hj» 
77 N~- ta? we —1)] 十 


X= Ehn, tat) Nd (210g(N / BING - D 
我 们 也 有 O<e SGT. FEM (2.2.3), RBB=BO) 充分 接近 


Fi, RF 
PilYh_ +1+ 十 Yh rt! mem | 
S fhm, al~i we (2log( N/B’ NCG- 13) 3344} 
<20xp |- EFA, ori tog (N/B'NG 1)) 
N= LRT! Ne#—1i] 
rns 
ful — te Nd] +t 
ae S 2exp{ -e EIE togn }<N™, 


P{ max j- (Ytt 


1 EN td) P lioe JER Nt 
+e AYZ gei- ma nl 
Aw. taf- naan (2l0g(N/ BING ~ 1))) te} 
SNB -1B CPN G- DN SN? 
它 推 出 | | 加 


i mua f 
(2.2025) lim max max [Yr 
Now igiaN tp piv?! Miami EB NUN) 


十 *** 十 Yy- caf! meg- if 
hy, tail wt (2Zlog(N/B' NC -1))>)' se 


- #8 ， 


n 


get (2.2.24), (2.2.25) Al (2.2.13) 产生 


(2.2.26) tim mix max| Tw -Tul 


Nw tieN E La iat 


Awet2Llog( N/A) + loglogk] p 5] + Ce 


E (2.2.11) 和 (2.2.12) 得 证 (2.2.6). i 
类 位 的 方法 可 以 证 明 
(2.2.27) lim max max |Sy—Sy_;|/g(N.*) 
Noes an Te TSF 
<1+¢é | aS. 
Gx}, Bore > PiX Den} oom fe RB he> owe) - 
FEIIET SK EBA. (2.2.6) Al (2.2.27) 产生 
(2.2.28) lim wep, max , max (Sw — Smillie(N, KO 
Mo dh 1 imjaa = 
l+ iCat tE ASe 


EK RPT UAH 


(2.2.29) tim max max [Sn — Syal PEN R Sl ante. 
N~we MUZA RN lajack 


ER s f fc +8. 由 Strassen (1965) AY HRA. 4, 


Fe FE-PE ll EF ETE PX RR GREED 
科 一 个 相关 的 Wiener 过 程 人 这 ， 使 得 


Sa =W (tos) + ods logos») EP 
BRR GD, RIA 
Sa W (oss) +ou log) TEF 


因此 
(2.2.30) max max |Sn -Sun ECN, R) 


Neen IZER 


9 
= MAX «mak Wios- Wilapa 


; g(N,&) 


a eo, A 


1,1 hid 
tot Nt 2° / Wry We S 


中 定理 1.1.3 的 (2.1.27) ORE BY] 


(2.2.31) link max max Ll dand — IP Con _a weed] (dO in, Tne 
Ne yfcktgN gjak 


= 1 ASau 
HEP diad) = {2al log t/a) + logloga] 四条 件 《D A Ci), 
Mk, N'ZREN, HHA 


(2.2.32) LTr Tn) i (Fnn/Ons) + loglogd ge y 
ECN k) log(N/k) + loglogk 


上 一 De 
1 1 ] £ 
二 外 
工 4 i. g 
(2.2.33) of Nt as f Nt) =ol1). 


SE (2.2.30) —(2.2.33) 得 证 (2.2.29). 
为 了 完 威 定理 的 证 明 ， 只 需 验 证 


(2.2.34) lim aj, max [Dw —Sy_«l/2ON,2)221—-8 
tae ot A ik o ENGAN 
Fi s5 a 
H i (2.2.11) 和 (2.2.12), (2.2.34) 等 价 于 
(202005) lim 1, DAX Ts- Taal / 
MN of AT ti 
Awr12[ logt N/R) oglogh} /p18 AsSe 


Ap = [RTP] BR, A FB HERH 
TT 3 f 
(2.2.36) lim | Vator centr ss (2(1— =) 


xlogm) b>] -E Aasa 
就 足以 得 到 (2.2.35) SPI HEEM, HERRAR, RELE 
Fir 一 fin Ch — MEL Jee t l, 
“TA Tit ot — Doe — Lie RI RARAS E 2.2.19 Ci) 
SFE RRA F<, BM 


JY | < < 


+ 9c - 


Ah nri ly 人 在 Cr>0， 成 立 善 


Y | DRO ee C R ha, le] 4 1. 


By DL Pee a B2.2.3001) he d=cCr*e, r=(1-e){2(1- 2) 
fd 
4 log » KIE 


P{T., 一 了 mu- ra, T al 


人 MEE - 2 )logm)"?} 
i 


>exp{ = (1+2)(1-e):(1- Noga, >O, 


注意 到 事件 的 独立 性 ， 应 用 Borei--Cantelli 3 , (2.2.35 HHE. 
这 就 完成 了 定理 2.2,1 的 证 明 . 

考 谋 生母 画 数 存在 的 情形 ,假设 

(iii) FEED > OA B> 0S — RA iit, ETa. 

RTE TERRY] 

定理 2.2.2? 假设 条 性 0D 和 Gi 被 Ee, Rk| <¢.<s 
Ano, Pa/loga—co., MA 


(2.2.37) lim max |Sw—-Sw.el/e(N k=] A.S 
h y P ETEN 
(2.2.38) lim max max |Sy~Swe-y|/g(N.k}=1 a.S, 


异 助 于 定理 2.2.1， 交 了 证 朋 这 个 定理 ， 具 须 证 其 


lim max max Ss Sw_yl/ EtN, 2) Sl = BP: 


N= ERAN Ie ae 


E HE BA F RG e22. IPR, M. 


8 2.3 Csorgo—Reveszi$ BA 2 Ke 


Csiren-Révész get DS A 38 增 BER aA 
I Ame Pues CstrgéMlRévesz (1981) Hpi i.d. EJE 


理 2.1.1 和 2.1.? 到 独 空 但 不 必 同 分 布 的 铺 形 ， 辐 时 减弱 这 两 个 定 
理 所 要 求 的 条 性 。 林 正 炎 《1986a，1987 和 1988b) 首先 通过 直接 
伍 诗 的 途径 得 到 了 相应 于 ii.d。 情 形 的 一 系 FAR, BW 
(1989) 又 进一步 改进 了 这 些 结 困 ， 

设 {X nnal) 是 独 让 的 、 光 值 为 4 的 随机 变量 序列 。 记 


S= SIX, C= EX. RB la, n> RPE 整数 序列 。 沁 


i 1 
Oon= 5" Gis Bon = {203 ~Clog(N/ay) +loglogN )} *. 
june 
i mi- 7 
(i) lim int 50 of/n>0 Hfffee>o, HB 对 每 一 n, 
eds MEO lmi 


EIX, EM 
(ii) 和 仓 在 一 个 连续 不 减 国 数 As), 20, 满足 


(2.3.1) SER Me-> 34, > P{LH(|X, |) en} oo, 


(2.3.2) lim H(1-2)/H(x)>0, 


MH {aay EA 
(a) Fant, falin H n loan Easan. 
JARAH 


(2.3.33 lim Bus Snye T Sn l ASau 
N e te 


(2.3.4) lim max Bay [Seyo,~ Sal =] as。 
Heo Lana 


(7.3.9) lim max Bun | en, On| =I data. 
MN—m™ 1 


(2.3.6) lim max max Benja, On| =) LSe 
Noe Lara LKAA y 


92> 


如 到 {a,} 还 满足 条 柱 
(b} limlog(N/a,,)/loglogN =o, 


A az 
(2.3.7) lim max Ban |\ Suge -Gal =j LSe 
Nem NN w 
(2.3.8) lim max max Bew!S.,4-5.|=1 AS 


Nem LAAEN LEKA 


汶 了 证 朋 这 个 定理 ， 需 要 下 列 
52.3.1 EXE IJAH 0 PPLE. a> Oo, Laal. 
DA, SPHERES, 


F- 
FexptiXI CX Samj exp EX? + #**e"E I | evel 
HE FexptiX i(X <a} 


2 
=} +EXI (X Za) + 5-EX*1(X <a) 


+E} Fa rX<a)} 
j=8 


F- j= a 
SE: 5 EX + ef Ee — gre! xX [ets 


| 
= exp{ SEX? + t?*"e™E |X 3}. | 


定理 2.3.1 的 十 明 ， | 
首先 我 们 证 朋 (2.3.3) 一 (23.3.6)。 为 此 只 需 证 肯 以 下 三 式 就 
名 了 ， 对 任意 的 0<z< ， 
(2.3.9) lim max max Bvt Sask —-5,)<1 + Be aaSae 
Wm å 1na 1 
(2.3.10 lm max max Bensa- Sa) <1 #28 asa 
N~ Leta lake, i 
a! i 
(2.3.11) lim 有 vvw(Sw —Sv) 1— 28 oy l ns。 


令 为 一 个 正 数 ， 其 值 将 在 后 而 给 定 . 定 多 
Y= XAUXA ED EXT SA), 
Y= JOX, DA) -EX Xa >A), 


HÆF (2.3.2), PRN > 1， 合 得 对 任意 的 % >0。，! 


dH { x/2)>HC*) 


从 而 
a" H( 2°" a) Ate). 
后 者 推出 
2°™invilles)}sinvi (dd "ny), 
次 此 ， 在 在 44 汪 0 使 得 


(2.3.12) -LinyHimæ>invH (dan). 


A 
Hoh, HEED Ssa (peo), 
Aly) sd on (27x) 
a aoed ilosi d Ht 1) . 


HAS: FEIEB RD, CHY, RIHTER] >O, 
(7.3.13) HLAD Gg". 
AJA EX.—0f (2.3.13) TUER nE kA EXIOX. D> 


A )| <A<-invHin). 由 此 及 (2.3.12) 我 们 得 对 充分 大 的 条 


rm, i < d dli } 
PL Y:> <-invH (nw) } <I [Xn | = oq tnvil On) 


= PHX’, D dants 
Wit, WRAP (2.3.1) 得 


- $4 


(2.3.14) P{Y >- invH (mn), „o. }=0. 
IXFE— He, DT EHR (2.3.9), A uE U PRT, 


(2.35215) lim max max ew| Uae- Usl E1+E a5, 
Ne å ë LEPEN aA 1 


(223216) lim max max Buys (Pe. i a) Ee Aea 
Nome lems N iadkerd ,, 


上 先 求 证 明 (2.s.16) R GOs AEEA omo, tE 
— Bae laws AK, 


raf == Fl 


(2.5.17) Og) OF <a’ ss, 
?mm 二 1 
td 一 {day gt gg CI + ALM, = maxis nC As. RIA 
{2.3.18} max max Max nnl yki n) 
Nod Lae ieee y 
=. Max max max max enli age ia) 
Peleg er NEA, a ae LERSE ag 
<= max max Mex, | (Te To) 


{lng t p REM y Lae 
a{2? Yoo (a(log2")/2°s}'*. 


应 用 Tevy 极 天 不 等 式 和 引 理 2,3.1, 对 一 切 大 的 宇和 任意 的 EO, 
42.3.19) Pt max max, , (Tease Ta 


让 
of og (nClog2") /2°} ue} 
TPES 


= 2, Pt max, Hy -Tr 
j=s 


1a ea 
o(2!* bog (Ci + )log2!)) >} 
tae sts! s +h 


E D P{ (Te ra —T 331) f 


jure 


o(2" og (G+ Diog?) ==} 


ru pir?) bi 


<2 2 exp{ 一 -ta (2 og (Cj + 1)log2?))? 


SEFE 12 ， 
十 52 (三 EZ} + PPE |Z, t tetves vay, 


pe j2itl 


hed (i}， 其 中 的 
FETITE tjera? 
y EZj<2 5) E(X 7A <4e2'M/A*, 


| 二 了 上 一 


f . fy, 4 if 
Bed t= A E + Dlo | .因为 从 条 件 (a) 和 (2.3.18) 


式 有 


, 2 | 
max log Glog?” < max 2log( Mlogafe) 0 
PEM ial te < jeter fr fae am; 
te OO,» 


所 以 


max fii—"0, $2 OO 5 
PEM Ja +1 


RAR A, PRE 
Az (2M (32 /ae)? jH" 
到 对 充分 大 的 ; 
2¢7, Mexp{4tyinvl ((7+2)2/)/A} < 二 (Ce732)2。 
RSW RRR. se (2.8.13) Mee Ge), FEC DO, HB 
HHO pM, /2' +I, : 
Tt Doga a Ciny (C9 + 1)2"))? 


5 gi x 
SC og FT Die) E 
Pluk, JA (2.3.19) 得 
Pi max max, , Task- T ,)/0{2/log (al log3?) /2°)} 14 


LAEM, LE, oe | 


lil" 


Miata +a 


=c >. exp{-2log((7+1}log2*)}, 


f= 
下 此 并 注意 到 (2.3.18) BOAR (2.38.16). 
Wy DEHA(2.3.15>, BR ABE MOF, A= {i 六 和 之 
60%*!}， 其 中 9 一 9(2) 半 1 在 后 面 给 定 .Mi 的 定义 MA RR, AY 
F (2.3.18) 有 


max max max an| Un U anl 
Neh nN IERTA, 


= max max max, | 已 ss 一 了 | za 
iHlogge, 160€M, rehcel |) 


x {2log¢ CV 6F")) Clagd!)/07 71) } 144, 


etre; 

其 中 off= 3) of, PEL, (2.3.15) 可 从 下 式 扒 出 ， 
J=nt+et 

(2.3.20) lim max max, |U,.4-U,|/o%, 


frm EEM Lakes gf tt 


x {2log( (mv 0 D (loge) /eo DP P alse aus. 
4 y=r(eyygak. if RSL], 2—Cn/R] R. WS 
(243.21) [Ui 2-0, | 
S | Uar ~ On| + eae — ings, | + lUn- Ua, |. 


ei 
J +E 


WOM = SOF. (2.8.17) EEA i HB —rle) 


jot) 


RK, O=6e) 充分 接近 于 1， 就 有 
Pon lr) /OR SS 1+ 
利用 Koimogorov 不 等 趟 ， 我 们 得 


Pl max mary, oem 一 Do 
F 


10 


x {2log (Clog!) /6f*")}'/2=> 1+ =} 


< max max | pee —U pa | fot ae Or? 


Oe PAM TR pepe gh tll sg 


(JR + iloga VY E 
x {2log E4 Ee ) >1+ 
Ca . 
= È 2exp{ - (1+ )log 一 人 Rt Doge } 
j=# 
aef te 
由 此 推出 
lim max max, ， LO nag, 7 
{ aw be A a eT i 
x {2log (nm (logg) /0 Npe 1 + aS. 
对 于 (2.3.21) 右边 的 第 一 项。 因由 (2,3.17》, 对 充分 大 的 x 有 
iM+ IL FR 
osi/ max,,, VY SPLE Io 0/2") > 3b/e*, 
eka 1 


= 


Py max max, [Uae Uine /Os, 
1 


x {2log( (n¥0" ') (log0) /0 tI 


cM, +0" lye 


< E Pl max lIU-Url/ 


| 二 中 sR td +i 


Ii +i 


UE. 


= _ Arti Jti f tf? 
7} ) tog UR 9 oe JiogA } >2 } 


arr 
<> 2exf — 3loglogA*} 


a= 


+ SO 2exp{ ~ 2log (¢4/2" = 1) logé*}} 


jmt! +I 


» OS - 


a 


<717*2°**log@ + ploge = S| Ci€ 9/2" —1))7* 


pw th pl 
<7 "Ctr logh, 
RPCM RRR ARRES 
lim max max, VO mr Uno, os, 
| = Ba edt 5 latid" +h 
x {2log (aC logg ) /0 yp? << as。 


对 于 (2.3。.215 右 这 的 第 三 项 A mes 论 . 综 合 这 些 结论 即 得 
(2.3.20)。 这 就 证 明了 (2.3.15). 从 (2.3.15) Al (2.3.16) FE. 
出 (2.3-9)- (2.3.10) fy TESA SE Je von 

下 区 我 们 来 证 明 (2.3.11). A 02.3214) A (2.3.16), R. 
fie ULAR TAMET., 


(2.3.22) lim nsU n.a 7 Unle ASe 
JON, = 1. k2, EAN =N:-; tay ,注意 到 独立 性 , (2.3.22) 
AM FES, 


(2.3.23) y P{Bw nO ngriy ~ Un, 1- fo, 


| 


FXE., 


>. P{Bx, 0, ( UN eon, —~Ux,}21~e} 


kai 


> expt —(1-&)}lou(NeClozN, ay )} 
k=] 


È | 
A= C0, 


Net~ Ne ~ f 
> 2 -Niog NilogN, L -a 


(i, BRL U2 3223) AR e (2.3.1 DAE RE T SPOR EA. 
SBR, TA REBECCA ERE Le Wi Oe 2 H 


= yo - 


于 定理 ?1.2， 我 们 有 下 浏 
定理 2.5.? 假设 { 王 满足 条 件 WD 和 
GD FEA TEESE AIM PRA Cw), oO, WE 


(2.3.24) #¢760>0, PS PLN CX. |) Dp bn} Coos 


(2.3.25) s#/log A (Ca) FER RB 
(2.3.26) EERO, EHO Nao, 
M Be land He ae f 
(a)! FEE FPS, + cu， 使 得 
balin vH (9})*/logn aan. 
那么 定理 2.3.4 的 靖 论 【2.3.3) 一 (2.3.6)7 仿 Bm. RBM 
定理 2.3,1 中 的 条 件 OG), BRA(2.3.7) MM (2.3.8) 也 是 正确 的 。 
这 个 定理 可 通过 十 分 类 位 于 定理 2.3.1 的 证 法 去 证明 ， 需 要 
指出 的 主要 不同 在 壮 我 们 用 了 下 列强 理 代 蔡 引 理 2.3.1。 
52.3.2 WARY O 的 随机 BE. a>0,0<ce<l. 


(Rike/logH (x)(x>0) ABE, BBG, 对 0< tas logH (a), 


FexplixiI(X <a@)} 


= EX) {EX 十 ger edz, BX] ata yii oft ey 


x (EROX b. 


这 个 引 理 的 证 明 与 引 理 2.38.1 完 全 相仿 ， 故 从 栈 ， 
ARIE HR (1990b) 还 评论 了 Æ AOD) PRIN RP ER. 
定理 2.3.3《 林 正 类 ,1990b) R REIER IHX. eS 


(D lim inf FOX ag. ttt Xmyn)?*/ no Oy 


' E T > J 


Gi) FEAS ORN >00, E — p 4) Sht, Ee <b, 
Mies} A EE a a a eee, ARP: 


-~ [OG * 


(3) a,<nFla,flogn~o, 《20 
《bl n aE PUA 
(c) Oog(n/a,))/logloglogy-» co (4-*0°), 
那么 我 们 有 
(2.3.27) lim max Panl Sasa, ~Sal =] eS 


Al oe tarda Way, 


(7.3.28) lim max max Yan] Sap Sn] 一 | : 
Noes DENEN- -E y TEASA y 


其 中 Yew {203 wlog( N/@iwlogiogN)}7'!?, 
证 由 条 性 {i}, {11} Sa » MT 9647 ANGE PEO eset 


sco， 和 使 得 
(2.3.29) CTN SO ow CRN » 
HG RVI HE 
(2.3230) lim max YaylSero—-Sel 21 ASe 
Næm faa wy, 
记 


Y,=X.I( Xa <A( log 72) /( log g-Togiogn ))> 


其 中 4 是 正 的 常数 。 当 
din (log "pE )/ (1og oo < 


iN, A=Ale) {对 任意 给 定 的 8 之 0) 取得 充分 大 .又 记 
Za=Xa-Vny Yi—Y,— EYs, Z=2,— EZ 


U,= > Yis Fs= >. Zis hi = VaT V eshaw Anat toe 
k=l : $=] 
+ Ameo Pan (2) 3nlog(N/AsnloglogN)} I, 
Hy (2.43.29) A AIST FED ANGE EO eye < 00 fi 


(2.3.31) tay Shaw CaN. 
Pm FES Me, Han A ie 
(2.0202) lim ?wa 一 1| Se 


=” 101 ~ 


(GXBA=—ACs) BRA Ks 24 

. nlos y 1 

lim {10 og OS") f (os ta) 
fit, SAPRO O)e TE 以 证 明 


(Jadea) lim im AX max Yan! FaFa] = (} Ls5 « 
本 一 本 paces i jek a 


事实 上 ， 对 1 <cto/2, ARTE 


Ketek p p? lozi n/aslorlogn) 
-e "5a EXP] g4 “3 Togel (nlogn) /dr) J" 


aanlog CN /anlogiog N) 


dog ?¢ { NlogN) fax) 


ra 
ax log(N/(log*N laglog ND) an<log?N, 


f 
==4 logN loo N > 

Mtoe’ N favloglogN?}, Guz log*N. 

oer eee (Cad 和 (od) 有 
antoz( N/anloglogN) | 

(203434) log? (NlogN) /an) 
eh, FFG S| 2.2.18 (2.3.33) ch. (2.3.32), (2.3.30) 
iT 


(7.8.35) lim riax ¥en] U mra Cal =l aes 
we = (OMEN A 


Nw oo, 


号 
(2.3.36) Pt max PawlUnsey -Ual l-E} 


TEMEN- ay, 


EMfa sj -1 


= Il f — PUY an? w!Urenen— Uny] >l - ctf. 


y= 5 


fH (2.3.34) BDA SLY} Be SBE. 2.7, 9 
(203.37) PRP pan en Uuena Ogu 7E} 
sexp{~ ( +€)(1-2)*log(N/KG,,, wloglogN)} 


- 02 + 


由 一 
PONG aes ~(logiog N) /NY ‘See 各 9 


APE ICA (2.3.38) SF RE (c}， 对 充分 大 的 NN， 
(2.3.38) P{ max Vawl Uni, Un <le} 


DN 


TWEGO yli l 


1-a 
< (reyes) ) 


< exp{ 一 of 全- 


| } Qoglogn)'~' belog N N. 


Ta Ne=. H ERIE 
(2.3.39) lim mx a Vonel Usan ail ah 


Xt 1:24 By TE EARN, TEMER Ne NS Ne GB 
C2 40240) ITAK Panl Smee T ta 


É z, E i e @ ny 


= Mak ETTE Caney, -Uaf 


POA dy 


- max max Pamir Vry Ue 
Tae Paci a 二 


=—1 (Rk — 7408). 
出 条 性 C. Ci) eA pk ooh tin BR 
haned NuW gy, ls 
BRIE (2.3.39) 得 


(2.3.42) 2M Feel as。 
E kikik). E 
Ma=Nat any, "ay Men Misi HO EAT eeg mays 
出 定理 2,3。1 易 知 
42,3242) lim max max (Fine Ual Oad Cogs 


和 tN, 
+ 


(Mahir? + loglog My)}'/*#)}<1 Asta 
> 105 * 


出 关于 {a,} 的 条 件 容易 验证 ， 当 Ac 时 对 % 和 太一 致 地 成 立 
£4 MEg M/A + loglogMa)} 


wl 
My 


ag Wag Ox log(Na/ (an, 4, ~ ana) ) + loglogN: 
GN yea log(Na,1/a@nu,,,loglogNa.u) 


- Wes) ogno (log gS) > 
<e(1 Nest ClogNx) | log au,,,loglogNesi iP 
因此 
(2.3.43) lim Ih) =D AsSe 
We (2.8.41) Al (2.3.43) 代入 (2.3.40) FALE (2.3.35) FA, 


这 也 就 完成 了 (2.3.30) 式 的 证 明 。 
H KHE 


(2.3.44) lim max max Yanj|Sap— Sal sl ASe 
Noe JoFagN- Ay IKEA 


设 * 一 r(e) 是 待定 药 正 数 ， 记 


(3.5.45) Cy =Lay/r], Hi = iya 
g 
(2.3.46) max max ?awk 一 后。 


= imax max max y ab 
IGEGNICN My _ een, 1ekeay fan #4k 

~ Say + Sa Se D 

=2 max max Yan | Sa ~ Sn, | 
EFENI Gy Wy, ane, 


+ max max max Yer! Dert— Sal 


于 是 
(2.3.47)P{ max Town 十 如 


iene No ay KAEA 


< Pi maix max Pan Sa Sa, | ae 4} 
Veda Cy yy ST , 


¢+P4 max max max Yanl Sapat Sa | 
ise WiC y pean | LETA y 


“Was 


N | 
[7 max Pi max  Y.w15S.-5,,) 28/4} 


N lg iene Aa O EREN, 


+ Ow max P4 ITs Wax Fas Sa, +4 Sa | 
N 二 过 让 人 Hp panan, lek oy 


we] +e/2} 
==: J (N) + JN). 
ERAH. 在 定理 的 条 件 下 ,对 于 
g=lt+e/4, 
TET > 0, MRE RMA, il Esr 
HexpUiX,s,) exp (go pi?/2).» 
于 是 车 取 引 理 2.2.1 中 的 


Tmi 
者 一 一 一 MAX Vane G=g 3 Oy 
4 a paras y jean 
i-1 


利用 条 件 (a), NÆS KIN Oe SGT . BK S| 2-21 


N g” 
T =. > -L e —_ 7 gi 
JON) Cr ciency Exp { 16 £ Kaen, a 


-L 


x log(N/ažxlogtogN)) / ( , GJ )} | 


二 证 上 一 3 


<a exp} — c&*rlag CN /avloglogN) | 
~ 


if laglogN cate it 
< 7h (— ) E y xy (loglogN)?, 


“a 
a iv 


RAPPER rR ewe ARB ror le) 实现 再 来 估计 
JAN’ A, 4 Bir MBA, HEHREN 

| Comin oan) /{ 于 a) | < 六 
AETH U 的 估计 我 们 可 


' 106 + 


TAN) < max exp {~ (+ -上 min Gam 


1 GNC y pug est, 


wi 


log tN /Oewloglag NN > /( e > O; )} 


= y (2) dogiogn 1/4, 
HETAN MIAN 的 估计 代入 t2.3,47) 式 即 得 


Pl max aX Yaw | Sage — Salo] +e} 
1EAN A yg AER a = 


avd 


By, 
<2r(—*) (lagiagN)*. 


从 假设 (2.3,45)， 合 在 正 整 数 子 列 {N 站 使 


lim P{ max max Ven;|Se,e—- Sal Site =i 
j= PEREN OF yy ERKA y, 


由 此 其 可 推出 (2.9.44) . 


注 2.3.1 4SPRPRRCAEN, RIERA Gi BE 
(ii)? GHEFER PRM (x), «So, WE 


中 


WHE RMAb> Oo, DO MHUX D > Pin} ca, 


对 每 一 4 和 任意 的 8 一 1 
ECHC|X. lps? <Af<coo, 
yta, Woe) fo “是 增 前 ， 


wey Ato, $O GnvyH la) teco, 


HERS, lim Hier) / H>. 


A = -© 


FERE Cad 改作 
(a) aF aot 


atinvH (9)? /lopnSa, Sn. 


« 106 = 


AB AMUN TARE Ci), G, fab PR Ca)’. (hb) & (Cc) aif 
定理 2.3.3 的 缩 论 仍 成 立 。 


§ 2.4 Pea RB Aye E 


在 上 两 节 中 ， 关 于 随机 变量 序列 的 部 分 和 的 增 量 的 所 有 极限 
oF BEER BY A E H a FE. RA A OB RTF HE. 俱 是 强 极 
限定 理 CRIN FO RR eT RS hike Klassi Tomkins 
(1984)). HE A SAGA BRANES Cale, 
Klassff Teicher(1977) MTomkins(1980}}. WA Al Ay 33 A a.s. 
Be PS PE We BY CL EE TE A. a, BAIE 
BERE, M 分 和 的 增 量 有 多 大 是 令 人 感 兴 元 的 。 林 正 炎 (1990) 
首先 讨论 了 这 一 问题 ， 他 的 定理 是 具有 丝 和 条件 时 前 结果 的 一 个 挫 
六 。 林 正光 和 和 部 启 满 (19907? 在 很 大 程度 上 减弱 了 这 一 定理 的 条 件 ， 

Bix., >l EHER M mA EA OF, da, 


4 莹 1 是 赵 于 无 穷 的 不 减 正 整数 序列 , 记 S。 一 > Xn HBB.. 
. jati 
一 0，]，…，RN N=1, 2, -EEY HZH, EEn, 它 
关于 六 是 不 践 的 且 当 N 一 ce 时 关于 # 一 致 地 趋 于 无 穷 。 记 吾 w 一 Bows 
bn=21log( Bsre {Bs ) + loglogB: wt . 


MT 4 NARI n+ AEN Lant] tann A 
B= Basaran (Bhre = Busweay)s DA= 2log (BS pan/ B3) + 
loglog BW。 Xte>or ¥ 

Xir (XV ( EBIb’ TAGER) 


Nedy 


Pyle) Baia, 2, Var(X i), 


j=! 


n 
ra 


T mE) = Ba? a san > Yarl, 9), 


j=n+ı 
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Pl=lim lim Tsj AT ys), 


ohn AT ca oa] 
Ti=lim iim max Tn (2s), 
ae ee | Gan Fay 
假设 TT ,过 02， 
定理 2.4.1 假设 下 列 条 件 被 满足 ， 对 任 给 的 e oo, 
G) PO P| X. eBLEs}<cooy 


$s ath 
{id lim max max (58, you | F{N,IC|X;| 
ve ban ech ERGEN 站 


<e Bib; =o: 
nta 
(iii) lim lim max > EXI EB] b <]: 
EBRD) (CBS (Bayo / Bi, logBs "<0 
(CHEB o> Os 


z p 
(iv) Tim ( max Barasa I/S Sn Beynran’) © 


iv) MEAD OM BN 2 
Broa SAGw 140, $ B, =A, + 


1 N N-i 
UE A 
[Sw +a — Swi -T Sest — — Şa! 
1 


<a, aea 
il HEX} iid. MPLA, Faw 
PON =- 有) 一 下 着 一 ww p mar logn n=, 


O 1 “1 ae _ , 
寺中 a=—{ 3 alo) z PIR EX p= OO, Ride FE a Panak 


=2aklogloghks T Æ Baap 二 Zaa logloga,,~ZaN*logiogN . 那么 由 
TARTE 


' 10$" 


26N loglogN, bi —~2ioglogN;, . 


Bi ~2aNloglogNs i ~2lovlogN. 
这 样 
H-ra py H+ay Ce toe oa Dg et 
p> Var(X,. ,~ >. = Rlogk t 2 Filowh ) 
re gus+i1' ksi kota? ay) 


~ 2aa,logloga.e 
因此 T. = 了, =4。 不 难 验 证 条 和 件 0 一 (vy) 被 满足 .这 里 仅 验 证 
Gil) SOHN, h=ay, 


atk | 
5 EXB <j X,|<eBj 4) 


j= r È 


a4 F react agitoaboeg 3] 
2 
< 2 2 Hogi 
Fun + i ie cs tsj] 
mik z 
Zilog (2loglog 7) ) 
Sa ,log( 1+ Tog cera 


<< Tak 2E O8 08% ee k 
由 此 距 知 〈iiiy WE CAL BBA te 1989) - 
为 证 明定 理 2.4.1， 我 们 需要 下 述 引 理 人 更 部 具 满 ，1989)。 
引 理 ?2.4,1 BRE, mele Ree, FeO. 入 
设 {e，% 空 十 是 赵 于 无 穷 药 正 数 序列 . 假 没 存在 正 数 的 三 佣 组 列 
{Gane =O, l, «+, N; N=1, 25 ‘łe 
对 于 固定 的 n “ESRF NAR BY Neo 时 关于 e-Bay 
33. Aom min ot, ， | 
Gan tht N 
Bawn = {203a [log (Oo wea, Taan) + loglog@ia, tM? 
Ar YP Bil Se PP Be Te LE 
(a) WASO, Fon SAT, li 


(b) lim max x) HE i Ona ls 


fy — oe LAAEN >n- 


多 


- 99.» 


(c) Feoi 
Enj e{or/ Clog (Ot naa Ta) 二 1oglogGR s 


BRAG ciej (4e>0) A 
A+A 


lim max max 
N-a OG NGN LERGA y 


定理 2.4.1 的 证 明 

ARE, EQUA BET >. 

4. RNAS TT HEARS. 
ST FN fia, AN + ay ane REFE AN 


Ai + a 


E;| / Ban Sl + ele) aeDe 


fan 41 


"i 


dD, EX EB b < |X,| eB 0) /BS ay 
i=1 


"a 


< $O EXI (eBid, Aj; SER bB 
1 =1 


时 一 了 
7 


<A’ SS) EX}I(OBi 5, << LX,| eB bj /Bi 


R AELE 
ME ye in 
b Var(X je Baa, SAD Var(X Biu» 
7=1 jmi 


因此 由 条 件 Cii) 


N+ aay 


(2.4.1) Tim Tim YO EXHIB <| Xi | <eB1b4)/Bhsey 
*¢ 0 New i] 


Sa 


<A Tim lim max { 5O EX IEBIb 


二 


IX <eB1b))/C Bi, ((Bhsey/BiylogBt,) I } 
x (Bis. /Bi, logB,,)-"=0. 


又 有 


Mor E ag 


(2.4.2) lim lim $0 Var(X;.)/Ba+e, 


ao, N rn fos 


« A*tim lim max Tanl) SAT} oe 


Tii Wem ina 


+1105 


E MN minds B, ba 27}, HUE RI f 
it. bu; OTB, by je 


Ny] 

只 条 性 《YY }， 有 常数 C 守 0 使 对 每 一 太空 32 有 
buss Cin is 
所 EA 
Buy bn ACBay, Bn 

E. 

2'& Bay, hy ACB, 
这 样 我 们 可 得 
(2.4.3) Bey, bn/ Bey buy S2AC. 
it —-HF 我 们 或 者 有 
(2.4.4) Bay ue 
或 者 有 有 
(2.4.5) Bay <2", by att, 


$ (2,4. DIRLS, HA 
(Bay, By ;s4y,)* /log' + ‘Bay, | 


1 一 rt 
< log B.,, ) “ats <(+ flog? } $ 
5 (2ed . DEL’ KA 
lop ( Ba say Bap Dear — 1IogIog272 2 7， 


由 此 也 有 
(Bey / Bw sean, 1 /CogB., ) tta agus’, 


在 人 尾 一 情形 下 都 有 


«Til: 


(7.4.6) SOB, (Bw; logt Bl, ox, 


f 一 1 


Hob, GAAS CV) 和 和 (2.4.2)， 当 站 充分 大 时 


Na W—-1lte,, | 


> Var(Xi)/ >, Varl Xi.) 
p=] 


ful 
Mr a ny 


= (Brey FS ev 并 2, Var(X. )/ Bas ey) 


jou 


/{ = Var(Xs.)/Ba-ssey., ) 


AMAT ICT 1 /2)=4ATI/T?. 
所 以 下 在 6 盖 0 和 和 如 > Off ART 0 << RAT 


Wea, W-1t#_, 


(2.4.7) Him D Var(xy,) / Oo Var Xn). 


PHR, PSE EA ee e. 

SIT REISS Oo, Tdhe=e(6), VTE PPS. ER 
co=2 85h, s da=8Bib5, Xa Xais 

Yo Xpy EuR Len | Xal] Saba), Zee Xet Vous 


Si= SUCK, -EX}), Us=S (Yr - EY), 


k=l k=l 


Vi= >) (Zi EZ 


k=1 


BBA, 

Za= XI |X| Sd.) + casign X d Xa] > da), 

(Xa a| €| Xal FC |X.) >da). 

RERI (i》 有 D 

(2.4.8) Pika Zn 160049, 

RERE. RRB EZ. MA i), Gi) Me 的 定义 ， 
我 们 有 
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1 a+ a 

4 —1 

(2.4.9) lim max max p> S| EZ; | =0. 
Nem LEREN LERLE nasa ON 


于 二 站 十 
结合 (2.4.8) Al (2.4.9) WMHS SAT 
Vw, Fy! 
(2.4.10) po Tam hee TP 
M - + a DNN pa DN 
m Fa- a 
= lim max max Vek Val op A.S 


Nomi gua AA ay Bango ÖN 
第 一 步 ， TE 477 GE au 


—— 1 一 a 
(244-011) lim max maix IUa En 
News EDENA EREE Pinasa ON 


Wr =r(6)3k—P ERR, CAFRA 定 。 令 Dw= Bi Bh / 
By log Bi) fs Yo=0. E Mn, Nr aa F, 


=O TeSa 


k 
fir 一 max ki Y VarY /SiDy/r, 
i=l 


其 中 ;满足 一 Du< 工 Vary Hp h}. 


SU =0, 8 
(2.4032) [Una Us| | 

SO age Uan t Lay, Un +10, -U a, |. 
PE LAA, REE Civ), FLERE > 0 使 对 每 一 
NIR SF 


(2.4.13) (max Baase,)/€min Basra? SA 
Data Ù ay Fa 
那么 我 们 有 


2.4.14) Pl m max =I - Ua | -} 
‘ ) Pa max Max Buap by (Uae nel PCH 


i 
MEE 
< + Var¥yi/Dy + 1 max Py | Lig Fe | 
jes Peo + y 


‘3 
woe a I E 
SAC bs} 
a {13 : 


MA Gi 对 其 一 时 2>0 


Ntt 


(2.4.15) 3 VarY; 


=l 
fk Way 


<2 > {EX} ej Xs| <4) 


rel 


+05 Plo | X;| Sd5)} 
< 2M Bi. aye | 
(yit (2.4.74) By Dh oe A ea 
e=85/(16ACH*), t= pbs (48H) =4ACH*bn/ ð. 
WAM IGN+a,, RHE SEHB. by Fil 
Eexpii(Y; -EY ))/ Ba} 
di > 2td; 1 
S1+ Br Var 人 + 二 (全 )+ Ata +) -f 


aw 


E B a 
<=. ]+ 2 ary ;* exp{ os} 


BE 
A CIH Ari as ay? 
<exp ee SE L-e -p logB: $ VarY; }. 


+ Lamarin n .利用 Levy 极 大 不 等 式 我 们 得 对 牌 一 充分 
ERNA 

~ » . 6 
C?,4.10) Ë max | Uw =L ai “aces 


TI prf vr. 


d 
=< —i, | = ——— 3, _ tx 
2P Hs, Onl = CH en! i 


<2exp (-S%,) ri Eexp{ BY ~ EY, )} 


+ 1]14 + 


<2exp4d ~ 4625/3 + o€bn ) 
<< ((Bi..,/ Bi dlogBs Y 


这 里 最 后 第 二 令 不 锋 号 利用 了 n RE MBH Civ) 。 HA 
(2.4.14), (2.415) A (2.4.16) 得 


i ‘Jj 
{7.4.17} P| max I A Xx B N CEPTE 一 Uan SEN) 


Lato fy Ek o,a te 
<§eM Bi f Bae.) /og Bi DT". 
由 (2.4.6) 我 们 有 


P { re " — m 
2 ncn steht Banery BN; IU + U: +o, | 
eee 
YtACH 
得 此 即 得 
i 
(204.18) im max chery, Banos, bx, lege Uan, | 
SACH as。 


进一步 ， 注 意 到 (3。4.18) 中 两 个 mmax 的 变化 范围 适 着 了 的 增 大 而 
描 天 的 ， 利 用 (2.4.3) M (2.4.13), oy (2.4.18) 可 得 


me 上 _ 
(2.4.19 ]im max max -p p {Us Umm l KÖ aese 
Mec at) Ao Inte AE ny Plate op ie n a 


[2.4-]2》 式 右边 的 第 二 和 第 三 项 可 同样 处 理 (RRA 
应 用 条 性 GID O, 我们 有 有 类似 的 不 等 式 。 (2.4.11) BE. 
这 样 不 等 式 (2.4.10) 等 价 于 对 任 一 0<G<<172 

~—~ | Sra, — Sn! 


(2.4.20) (1 -—26)7 -Elim 


ty oo NN ga ON 


- +k T 
elim max max ~s- — 


R b <j +d)f, Aesse 
We RN E niiti N 
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容易 验证 ，{ 广 ，} 满 足 引 理 2.4.1 的 条 人 忻 。 由 此 从 工 ; 的 定 关 我 . 
们 得 (2.4.20) 的 右边 不 等 式 ， 
其 次 ， 我 们 来 证 (2.4.20) WEATER S 


Tran 


Vasa a > 5 | VarX$, vi = max Vins» 
N - W | N 
pone) 3 


对 于 7 所 N+4,， 我 们 有 
(2.4,2D |X} —EX4|<2c;<2ew yay 


__ svt 
一 了 有 Ra UN N pay UNN poy” 


注 辣 到 < 当 N 一 co 时 我 们 有 Bunya Bul UNN pa oo 
HEEROMA — NS] 


一 一 1 - 
LEBN 7 NN Gay tn piv + a vy Baws oDNUR .N+ en? {ye 村 


Bluth, e=: 充分 小 ， 我 们 利用 引 理 2.2.1Cb) 得 


i 


er , OQ? _ 
(2.4.22) Pp (Skry “SRI -0)T. } 


(146)(1-6)°T° BS nyanbi 
Sep {0 ) 
SUNN + a 
Bay ine Bs 
= =) es 
>( Bi,.logB:. 一 Bil, lobia. 


eT FT Ae. RT a eet (2.4.22) 式 的 右边 大 于 
(2.4.23) RUNN ee VaN ea JOZU Naa)» 

AH RIE—bHKT ORG Re. HOU GA CPTI /ATY) ,和 i 二 1, 
A TIEM Ne 

(2,424) Nep S min{a: tio t Manyan Vays on, 上 
那么 我 们 有 


(2,4,20) 对 每 一 -万 VONe i + NoNe Nant Ny | = TaN, + 4m * 
(7.4.26) Xt E — ne Nea Ten + tea tag Van, +ay,* 
ey ik, MY ES LENT N NAMING t any, > Net du, 
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-我们 对 证 


(2.4.27) 2 UN p: Np tay, / Vo, Netay, OBUR, Netay TS 


由 (2.4.26), MARSA RIB 
(2.4628) Vey i sen yet SPUN, 1 Vane 一 War 下， 
Ul ny E Bh LON, Svima — He? Big nar enabhi 


2 Ven, TUN p Naren, TUUNAN ZUN Nee 


MM (2.4.25) Al (2.4.7) 有 


3 
NR 


b ž + | 
(2.4629) 05.n, , +N, | a Ny 二 + 1 == C Va atany * 


PCPA (2.4.28) A (2.4.29), RNA 


DON, NAHON , fv NEIEN a logri NRAN a ) 
k=t 


iy Ces, NE+HIN = VON + om, ) 
tl 
k= 
= i 
As 


> 元 Vv, :NE+INE — Us, Wy j EN a. p) 


kel 


(03 lo (Ln )) 
av, | +n yy = m tM b.i ANa 


这 就 证 明了 (2.4.27) 式 成 立 ， 
信人 一 人 :N_i 二 Tc , }， K=ARN Nett aN, Z 

为 证 明 (2.4.20), 我 们 分 两 种 忆 形 讨论 如 下 ， 

情形 1 假设 


. tiv: 


(2.4.30) > Uny Neeay, / CUDNA ey, OBVE NE tan }== CO, 
keg 


— l t _ oe = — } 
(264680 DP Bol Sh oan, Sp (>A ar _ 
一 Oo, 


注意 到 {SK tay, Sh, REG) 是 独立 随机 变量 序列 ， 由 (2.4.31》 
即 得 | 


{SN +on , “ON, | 


lim z =(]-<d)T 7 laSo 
kao Nenet Na e 
因此 就 有 
f _ Ge 
Jim Suse Sel 1 aye Ase 


M > ot MM. a ny N 


R (2.4.20) WER. 
情形 2 BE 


(2.4.32) SODA we sey A Dota logy a NeraN, joo, 


kÆgJ 


mAh (2.4.27) 有 


(2.4633) PO ob wesey / (US wesay JOBUE weray ) =e 
ka 


从 (2.4225) MARREK 


(2.4.34) DVI, , +a y Voy, Sweta e’ 


因此 


(9? 4.35) {1 TION, Nesey , EUo Nesey. 一 De， + ag het 


= Us tow Pt Be og t a 
号 
[Seon ， x 


r aw 一 — Sf 
IN cay, OM ga tay | [Dv EAN 1 Sa, l = 


= 4s : 


a + SRA ST TE FE BH 0224.35), 84 (2.4.22) 中 一 样 * 
应 用 下 理 2,2.1ith) 我 们 得 


] 、， 
SOP {Shas -So ten! 


hEK Bn Naren PN, | 


Sa -9T | 


> Do (Bia (Bh, say 108 BR, eey DOT 


RER 


tK 


E the BY 43 


Sh +% - Sh q4 | 
(2.4.36) mo TT as- 
ich Bw Nesan, OW, 


利用 (2.4.34) FHRA 1<eTL/UT?, NMHEDAW k MPD 
的 # 有 有 


Shin, 
Eexp{ gp qe —— x4 EXD) 
aL, exp OP _Byaweean, f 
NE 1 
SEN * x1 
<ex Os a Varx;} 
P OT IBN rew aN 


= Exp ONGn UN Nesey, ja? PL Bx Ne tN, } 


<exp{40rjb,,/0°L -} 
srexpCby yn 


Pi, WAT AT Be, WHAM AME, RIT 


Sh sexy SIRO? f 


1 
(2.4.37) Pi 5 
p 


+d 
点 Wy 


bn, 
4 —_ d irs 
<exp {— adn, + bn t= Bay (Bx, cay log Bag? 
a 4 a? 
< UN pN, seu, / Van, cen, LOS T Ma 
“Dy 2 


a z a 
pring? Van,say, OE TaN een, * 


* |Y = 


fH (2.4.25) 


E -i ， __ È 
PN Naren, Us any Toy 
A c] z ž 
S oN, 40 n,m May. + Het ay oe 过 - 
n + Ny BE, tN ， 上 + Na 


HR NIL 1/2, ki A 


Un 


4 2 


此 一 1 


AFAR skh, HA 2.4.27 的 证 明 。 我 们 可 得 


i t 7, Š 
DO UN N, tang (VEN, ten, IOR UEN pron, IOs 


SOVA N pay AUR sag LOR Uo, gay AOO 
rex * t TR eoa 


TARR, M (2.4.37) 我 们 有 


(2.4.38) Im — tl OT acs. 
{+o l 


N Ngetan ON, 


$e (2.4.36) A (2.4.38) 我 们 得 
， | oN +4 -Sh l 
ml)T. asse 
tox Ne Nyran, Ong 
因此 
oy LS N+en 加 Sxl 
ht = N,N pag”! N 


斯 得 (2.4.20) Rep Sr RY. E REE 


(i ~- 20T a Se 


§ 2.5 独立 随机 变量 部 分 和 的 增 量 有 多 小 ? 

设 {X， 全 1 着 i.i,d, 随 机 变量 序列 ,EX1 一 0 有 下 下 二 4, 名 
JF RUS) 首先 讨论 了 max |S: 的 下 极限 ， 证 明 着 
(2.5.1) lim { Segre l max Si =l] aeS. 
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Csaki(1978) 指出 (1.5-1) 的 道 也 正确 ,Csirg6 和 有 EveEsz (1981) 
考察 了 部 分 各 的 增 量 并 给 出 了 定理 2,1.4, 我 们 在 $2.1 中 已 指出 
他 们 所 给 的 这 一 定理 的 证 明 是 行 不 通 的 .在 本 节 中 ,我 们 不 仅 给 出 
SCR RIER, ARAB PI AT AAA ae. 

定理 ?.5.1 (HB W., 1990) (RRELY,, si} Fh or 随机 
APE P, Rio, EX,=0, ENA SC > AHX i nel 
Sy FY fH. Me TE EE a {ant JE PUR PE 

(1) l=av= Ny; 
(ii) 4N>ooltt, ay/logN>oo, 


7+ 


Wows E EX}, Se=0. BARNI 
{=o+i 
(2.5.2) lim min Was Van | Sape — Sal =] ASe 


Woe OGIEN LERSE 


(7.5.33 lim max Fww!lSx,4—-Sn|=1 
Nw baa ay 


其 中 mx 一 {8(logNAav + loglogN)/x703,}1/?, 
去 还 满足 
(iii) lim ClogN/an}/loglogN=o, 
hi —= wk 


那么 
(20004) lim min Mak Yan | Sak Sal =] l Aade 


为 证 明 本 定理 ， 我 们 需要 下 列 引 理 ， 
引退 2.5, | iA. PH ALBE LSE ee a. CRUE HE E>, 
Oa EREA PS Lit Be Six 0 


(2,5459) Pi max |S.s|2exs}e, 
a -=a 


Hb A 


F 
(2.5.6) PLU max [Sne Sul <x) 


nog TEREN 


<— pi max |S, = (1 texta 
]— g oe oa 
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证 记 


五 一 上 max [Spn Salta 
Iq ka 


Ej;= fl dł max o [Sase ~ Sal > x} 


| E A a, 


Mi max |S- S; art, t=0, l;e, p- l. 
RTE a a 


F 
U { max [Se Su <e} E, 


F 
cl max [SA <a +e} L (E.N { max ISa] 
1 kN "=l is kan 
=] +e)x})) 


Z4 max [Sr| < tera} u(U (ALAM Y max 1S, | 


21+ ) 


u(U (EN{ max [Sx] > +e)x})) 


aa ji 


C+ max | 中 < 人 :8)4)}U (U (Eel max | Sl 


Hal 


22 (1 serar)u(U (EnN{ {Sal ss) 有 


Aai 


p 
Cl max |S a a (Ù (Ea { max (Saj >ex})). 
LEKEN be Laken 
FAREA max [Sal ext Rien, FRG 
PiU ( max IS aga — Sn | <) 


= 1 


È 
<i Pi max |Site + YOO PCE. PL max |Sel ex} 
a 1 E 


Leara lh == | 


<i’{ max |S] (1 +E)r} + a>" PCE.) 
Taka 


f 
= P{ max |S =} +E} +ap{ { max Saga 7 Si<x)}. 
bk ney TEREN 


得 证 引 理 成 立 . | 
引 理 2.5.2 WIN SEH? A Ee OBL SE E 


列 ， H in mia nny Ù H min Haw ae. OO {N+ ), 
LAEN ay A 


Wee Fa, linn, RHEE 


log Pi Mak [Ste — Saf SN away ho — 27/84 ane 
1 u T 


n2. 5. 285 LE BAH A AB a C1990) 中 找到 。 
定理 2.5,.1 的 证 明 分 成 三 步 给 出 ， 
弟 一 步 ” 对 住 给 9 之 5 之 1/4， 我 们 有 


¥2.5.7) lim min max Ven|Se,e—- Sol1— 38 AeSs 
所 


证 LX RE, ERC. > OLE 


(7.5.8) CEEA bE 
Hn iR 

(2.5.9) L01 HEC ACz 
E 


Hi={N: [8t] canal] 
Ma=max{N: NEC Het, 
D,=Llog ft inf aa) ]-—1. 
Nac 
(2.5.10) inf min max Ven! Sap Se) 


zL Oe peg 1a! Sadie 
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= inf min min max Pav! Saa — Sel 
丰产 DT NEA, PENEN ELEA 


= inf min max Yael Sa — Salo 
keD ema r e a 


H EY = {8 Cogita Vo t/t t + logloggttt) / wad rtt pe 


HE Da =O, P; =[C€°O*/32C log ( 74) Js $= l, r. s Fg IT min{ n L: 
开放 > Me 容易 看 出 


| 
(2.5.11) g = $ p~ GC oe70"/32C slog (jh), 


=o 


从 (2.5.8) 我 们 有 


lim max max ¥6,,./Vas=1 


ka pai pened i441 


FUE Lévy AAA, WEA 


Pi max (Sejai T Sq E min l/rar} 
aegis? | ' 4 pened ya 


as 


<2P{|Sesae,, — Sei! 28/400 4} 
820244174 R/O? 1/2- 


Elik, MFA S| BH2.5.1, RITH | 
(2.5.12) P1 min max Yh Sape Sal 1-32} 


MAEM pa dace 
m,n a 
= yo Pi minh mix Fils nad —-5,|<1 - 3E} 
1=0 TRIR h gigo? 
way, — i . 
<2 Pl max Phir|Seri— Sol 1 -€}- 
fot ies g ae 
M5] He. NEES (2.5.9), RPI 
(2.5.13) P{ max Va glide, ap Sga | Sel — 2} 
li i ; l 


= Pi + 


is 
<exp { sti Ey Jj tati @ yk 


sexp{-—(1—#8)7'*(log(giV¥ 0°") /8*"! + Lloglagé**')} 


{GY OG") /Ort logat ty ar 


1 2.5.11),(2.5-12)A (2.5.13), HB HCO) DORIC (8,2) 
>o RIE 


> P4 min max Teel Sani — Sal Be} 


k=l OFM, zgjat 


a "pm? 


<2 D {V000 logat} arn 


kmi gma 
<C(6) {ogh ae + D (jaoga e) 
k=] J= 
<2C(0) { 27 dogh) /ay 4" 
A= 1 
Le), 
A kL Ay 
lim min max YrelSeri~ Su| 守 1— 3E 3. 


由 (2.5.10) 得 证 (2.5.7) Wii. 
第 二 步 ” 对 尾 纵 0<E<174， 我 们 有 


(2.5.14) lim max Pawn lSn,e-Se| 1/1 eE) Zee 


ron UEA 
证 EN = 1 RAE Nea Net an, FRAG] EE 2.5.2， 我 
们 
(2.5.15) PY screen, Yann | Sve -S,,| 1/1 —E)} 
~exp{—(1—&)(ClogN,/ay,+ loglogN,)} . 
== (Ng. NO/(N JogN,), 
出 max Yv,a,l2ngie T Suelo k=1,2, + S25 z AY E. 
点 


Ds 


YO (Nagi Na)/CNalogNs) 二 co， 按 Borel-Cantelli 引 理 就 得 


(2456 6) lim | Prany!Ongga — Owe! 1A(1l =f} 2 s5a 


ke i w H # Na 


这 就 证 明了 (2.5.14). 
wP BR Gi Be, BARES foceci/s, 
我 们 有 


(2.5e17}lim min max Yew!/Sa.2—-5,.|/S1+2 A.S, 
Nove HEN Lekker y 


证 “容易 看 出 由 条 件 《iii) HlimN/av=o, W p: =p 


NAeanv] .那么 由 引 理 ?2.5。.2 对 充分 大 的 N 有 
(Ze 5,18) Pt min max Paw (Saya Sul 1 HE} 


HAN bead 
<=P{ min max ?,,, wlSiayee™ Sey [S21 tet 


epee 1 


= T111- PE mar Yran N Olyat ~ Sap Al E} 


j=e 


P 
_ ___ 1 NlogN N 
< Id exp ( ET log 


i 二 0 


F 
e fli- /NopgN)} 


站 一 和 


内 
<exp | - y Ca / NY /logN} 


<jexp{-— (N/a, 3 /loeN} 
=N t, 
Jt BG — PEER RCG) 推出 的 , 接 Borel-Cantelli [HF 
ASHE (2.5.17) 成 并 .这 就 完成 了 定理 2,5.1 的 征明 . 
由 定理 2.3.1 妈 可 写 出 
推论 2.5,.1( 邵 局 满 ，1990) {X 是 独立 随机 变量 序列 ， 


7 T2464 - 


EX = 0. B EiX nln 


Dr= ee {Noo}, 


i=l 
mA 
y Li 
{2.5.19} lim (So ogy] max | 3 一 1 Abs 


Aan T Dy 1. A A 


2205.1 FERRI (1990) 中 还 给 出 了 较 定 理 2.8-T 更 为 一 
AG AVS He ,在 那里 还 给 出 了 使 得 钟 开 菜 重 对 数 律 成 立 ， 但 重 对 数 
律 不 成 空 的 例子 ， 这 就 是 
12.5.1 ethic PL ep aX. nel RAR A 
PUX,=n"oglogn} = P{X,= -n loglogn} 
= (2%(loglogn)*)~}, 


1 1 
天 用 2 一 五 人 一 2 一 -一 -一 一 一 一 一 ， 
| 2} 2} 3  Sloglogr 


0 1T + . 
PAX ,= 0} 4  €loglogss}° + dloglogn 
EEX, =0, EX, =], Bix, n1}—- 7] H, 所 以 由 推论 
2.5.10 (2.5.19) Æ, B 


.  _ & BloglogN ) | Ly | _. 
lim as en LX: 1 > 
{AS FE— C0 


> PiX, | SC Cloglogn) 4} =o, 


T= | 


斯 以 


My 
lim | SOX; 


N eo pes 


/ (2NloglogN)"/#= co ASe 


这 就 是 说 ,即使 在 重 对 数 律 不 成 立 的 情况 下 , 钟 的 重 对 数 律 仍 
可 以 成 立 ,但 我 们 不 知道 是 宕 大 在 独立 随机 变 喇 序 询 , 它 满足 重 对 
数 律 而 不 满足 钟 重 对 数 竺 .我 们 也 还 不 知道 仲 重 对 烙 律 成 普 的 必 


" |2F 


Be TP AE oe A 


§ 2.6 fe Bp RI UXT BB 5} A EEE 


在 前 几 节 中 ， 通 过 直接 估计 部 分 和 的 概率 ， 对 部 分 和 的 增 
最 建立 随和 二 结论 .六 一 方面 ， 利 用 强逼 近 我 们 可 容易 地 得 到 关 
于 ji.i,d. 随 宙 变 量 部 分 和 的 增 基 的 性 质 (参见 sdrg6 和 Reévtsz， 
(1981)) Eq, Jaye se 从 Sakhanenko(1984) Way RS H 
26 Hh ay hs PLES A SD A Be, UR, BS RBS A 
的 增 量 。 


2.6.1 Sakhanenko © 


Wea Jen JC Sa? BE AE RR ES i ER BL 
Hho) A BY Ri Wiener ERN e. WERE Re, 
那么 许多 对 Wiener 过 程 易于 证 明 的 已 知 的 被 限定 理 对 于 部 分 和 
将 继续 成 立 。 关于 iid. 随机 变量 ， 量 佳 可 能 结果 是 属于 
Komlós, Maior 和 Tuasnady (1975, 1976) FJ- 

定理 ?2.6.1 (Komlós, Major and Tusnddy, 1975, 1976). 
{多 ,Nn 之 1} 是 i.i.d. 随 机 变量 序列 具有 EX 二 0, EX =, EX þe 
<0, f>2. PZRMNAD A -THADMAS A PR oe MA 
nl}, 7ER LA PW iener Fel (8 7 


(2.6.1) SO Xi Wind =o(n’?) ass. 


SERIE TTA — aa it RB A A, EA WT B WCsérgs- 
Révész (1981). 

RY RATE Fe] oe RPL AER, Sakhanenko (1984) Æ 3 y 
H Al AG ZR | 

定理 ?2.6.2 (Sakhanenko, 1084) és oD 1} 23h TER. 
机 变量 疗 列 具有 E55 一 0， 训 对 和 任 一 7 守 1，， 对 荣 一 % 守 0 
(2.6.42) RENE; etl Fr RES, 


"iva 


那么 可 在 一 个 其 上 和 定义 有 正 态 葛 机 变 其 序列 {anal}, I~ 

NCO, Vargas ieee By ESS SS a) bee EN Le nS lt, it 19 
f j ti 

(2.5.3) Eexp{Ch max | 2 E;~ Do: | Jeta 30 Vardi, 


joi j=l }=1 


TEPC AL a ay HE Be 

EPH? 6.2K iE +4, FR ARTEL BRT . Wie 
2.6.2, RHA 

定理 2.6.5 假设 (2.6.2) 被 满足 且 


> EES Beo Pre Oy 
K iE E ERTI, MARA 


(2.6.4) i SĀ- Som | <- logB. 全 Sn 
H=] i=1 


ee Blt, fF So Rico, MA 


fot 


= = log( 2 VarE de Se 


(2.6.5) | Er 一 DM: 
f=1 t=1 


证 Ay Ag {nC By So be ik A FO} TERE BL 
co, Mw HG E a 多 个 数 Ff 一 {his key } = Maxton 
mE Art ELAN Be 0 


. i i 
Pt max | SE: DN | > log Bay 
i=1 fot 


EET y 


=expy -il+ E)lor By} 


i j 
$E; -$ i; 


[=t j=l 


x Eexp{XC max 
Fee y 


J 


k 
<=expt 一 《] +e)logBa}+(1 +A Var5i 


i=] 


+ 129 - 


<(14+.B,,exp{ ~(1+28)logB,,} 
(1+ AB.) / Bat 


=i(] +4327". 
RE, A Bore -Cantelli5/ H EI 


, 3 z 
(2.5.6) max | Sai au! | = ite logBay : « 
iar, j=] LLG 


jm . 
TE — mel, FY BY SRG EA m E As; s Alte, Hm 
Fiat KAY 
i f 
Ze- ia | 
Ii 二 1 =i jai f= 


locB,, — jee, log2*: 


Se- Ea | 


+1 fara | [=i =] 


C Jog 2*s log Be, 


I +E log2*i*! 


SiC log?” 
1+ 2é 
= Y Aane 


由 (2.6.7) 及 的 任意 性 得 证 (2.6.4). 

定理 2.6.4 {Hid 921) 是 正 数 的 不 被 序列 日 {Xn 
宇 ]} 是 独立 随机 变量 序列 ，EXs 二 0, co 假设 存在 0<x<d 
=], C> 0 
(2.6.8) 对 性 一 2 半 0， yn PIX] EHn}, 


(2.6.9) 对 每 一 1 二 1]， ELX,|7 SCH (n° "EY, 
(2,6.10 对 每 一 pp 二 1， s ECH in). 

那么 我 们 可 在 一 个 其 上 定义 有 正 态 随机 变量 序列 {7:9% 守 1}，Y， 
~N (0, Var, (|X l SHOD MRA SE LB eM 
{Xan l, #1 
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(2.6.11) I (Ni -EXTON | SA ON- SOY d(H (a) acs. 


f=1 i=] 


证 由 (2.6.8), TEE > OR} Belogn—>coff Hh 
(2.6.52) SS) P(X.) eHh <oo. 


4>¥ =X ICN, | <6, (n)) EXA Xal eH 
Gn = TAX eH ip /logH@i), €.=X./an. 4 FR 们 米 EAE. 


F£(2 6.2K, TORE ATO <A <e/ 16 
(2.6.13) RE et Ral a | N/a EX:. 
注意 到 在 (0,00) Eate Fea Me A aneen /logH in), HE 
{2.6.9) 积 (2.6.10), 当 ww 完 分 大 时 我 们 有 
(2.6.14) NFe a! a| Mac Bet nl fen] Ral fa 
A Eelt Ix,,| Hogan! gitim |) | at a fai 
SiGe aadal is DP, [2h /aa 
LGA H (n)*4 Clog Fi tn E| Xe | of ean C9) )? 
LICH D TTEN} 
<EXi/2. 
57H, RA 
(2.6-1S)EXI=EXLIX, | cen) EXI | Xa |D ee OY 
SEX? -EXI X | >e, Hn)) 
SEXI- 2E\X, 18 /Cedita))? 
ENS — 2CH(n)* EX EHn)’ 
SEX i- C/H mM REX a/a 
gA (2.6.14) (2.6.15) BPE (2.6.13). By E2. 6. BR AT 
在 一 个 定义 有 独 We TE BS BE BL BE Be FE OF Ast, Maw N(O> 
Varin, WAR SSB bese R1o nS tl ee 


(2.6.16) | Di - on | ge tow (DE Verê + H m) A 
出 (2.6. a), 我 们 得 


= JJl- 


rid 
(EX!8) > SZEX, PECHOD TEX; 


EX? erie H fag) a 


YO Varé; + Ha) 2> EX i/a} + Hin) 


[=l =í 


VY (EX1/H (G) log H C) + Hn) 


ai PWC OW indi t HCA) 
RUS TTT yy ett 


结合 (2.6.16) FER 


(2.6.17) | 一 SON: | <1 (2+ -L jogH (n) AwSe 


48,5 3" Xi, a5 SO Rila = IE, Up= > ait, Vs = 2, T; a 
jor R 一 1 Foi f=! EE. 


" (Ss, 7-U, | = | Slat? ; -Ti-1) — >a: Vi- Vi) | 


加 -. 1 


= | aTa VD- D (Ti -VD aig ~ a) | 


i=1 


Eaa T,- Vaj +4. max |f- Fil 
1 


=a.22 (2 ~} Jiog iT (n) AsSe 


Bi il.a.log H (2) =o Hin) ) i 

«206218) Sa- Un =0( As) ABe 
设 双 .一 am， 那 女 { 人 wm 关 二 是 独立 正 态 随机 变 a, YaN, 
VarX IXs) KEH ())) AERP GER, > 


- 1a? : 


y (VarXol( Xel SAO)? g 

i ” (Varx,, TEA SEH) 

BAR, Yanal) IE AAPL, Ya NOD, VarX。 IXa! 
<(H(my)) MAy (2.6.12) 我 们 有 


5 Varty, -Yn S 


j = L/2 
a Ain)? L gor sri Var AA EH) 


n=l 


-Va X X| SEH nD YEN 


<L lr yi [Vara Xn l EHn) 


Haai 


—VarX,I {|X n| EH (a)! 


<L roy E {ENGL (2.8 nd < Aal 


SH n)) — CBX LE (HDD? —~(EX, IX, | 
LEH in): 


< yr or HOw) PX, 2 | Zea (n)}<oo. 
PU RASH KolmogorovIRA RE, RUA 


(2.6.19) | 5O (F: -Yl =o H n) as。 


i=] 


BAH (2.6.12, GA 


(2.6.20) Y EXITO X SH G EXT(I XH eH) | 


Jarl 二 各 

=o H ip) ) ABe 
和 
(2.6.23) P(N Xa Seely) 1.0.39. 
AK (2.6.18)—(2.6.21) BGRPE LER 


(2.6.22) | > (Xa -EX OA SEH GIH - > Y; | =o H(#}a.Se 


f=l i=l 


- FAR: 


<2 F265. dipe. 

AN RE E26 ABT OY t FR AR ay 

定理 2.86.5 itis cele a OW IE eB A AX 
== 1} fehl We RSLS RPS, EXO X 2c OAR PTE OSOS), 
a0, C,,C.>0, a> oft 2.6.8, e, Bibl, 对 每 一 % 字 1 
(2.6.93) Cin” SEXIE X, OP Cun’, 
(2.6.24) HDG Pr? 
那么 (2.6.11) 成 立 。 


2.6.2 部 分 和 的 增 量 有 多 大 ? 


在 讨论 应 用 定理 2.6.4 和 2.6.5 研 究 独立 未 同 分 布 崩 机 亚 量 部 
分 和 的 增 量 之 前 ， 我 们 竺 按 如 二 方式 重 述 定理 1.1.4。 

定理 2.6.6, (如 局 满 ,1989) 设 de Nl}, {1b NSl E 
非 负 整数 序列 ，{Y。3z 关 1 是 独立 正 态 戎 机 蛮 量 序列 ，Y。 一 加 00， 
Gade 


Be a= {20 5 nf logo erki Tris + loglogd:7,.)}7 17, 


Goan +o Me 
ean=1 20 s'ey { Log + loglogou,en + on )} . 


AAN 
RERE Bis BLA 0ER Na 
bw Batt 
(2.6.25) 5o a@i<A YY oj, 
. =b ya tE i= +t 
a um 
(2.6.26) Y oi A 5S) Gis 
f=] {=} 
(7.6.27) kim min O nian OO 。 
Now os y 
ABZ 
F- i 
(2.6.28) lim imix mix max Bae | $O Yi| =l aad. 
N- ER TYEE CM lajak | jinai 


| deg = 


ae els 


'(2,6,29) lim fen | ”| Y; : ==] asec. 
Noe i> 1 
ny 


He (1989) EHT TER. 

定理 2.6.7 设 {ags Nei}, {b o NS DAIA EH, 
{Hm}, ol}. {Xs nl) 如 定理 2.6.4 满足 02.6.8) 一 
(2.610). 4 


z 
中 机 OF 5 n I Ii2 . 
"k ={ 208a log “+ logloga’s vs 和 
2 


F 
a* ok -172 
y F. g & az i a 
aty={203. ap log tents + loglogcg sys tn) . 


yd 


TUL TE TE TP A> OR EE NA 


bg Aap be ay 
{2.6.30) 4). EX;<A }, EX}, 
和 和 =b yti 
Pth y one tema 
{2.6.31) >) EXISA 2, EXi, 
i=1 i=l 
BM0<n<bnAtt—-N2S1A 
上 
(2.6.32) H?(n+ an) <Ao*: sn log 2h? “#8 + logloge’, wn) 
fi. OM 
FBZ, 我 们 有 
而 直下 
(2.6.33) lim max max 有 ov | 3 Xi 
ND jonei 
1 
~EX: (|X; [SAG))) | =] as。 
Byte 
(2.6.34) lima*®,,,| 3) (CX, -EX CX SHG) =1 aes. 
vores 上 


证 ”证 os 一 VariTC1X is 号 (1 由 和 定理 2.6.4 和 和 2.6.6 及 
42?.6.32), 我 们 有 


a 355 - 


| 


2, (X 


(2.6.35) lim max max Baay 


N-wot Gah y Lja lapi 
- EXIXA EH | =1 ns。 
batty 
(2.6.36)lima@.nw) >, (X:-EX TC|X:]SHW)YI=1 asse 
Ni => mp 


fe‘ ei 
为 完成 定理 前 证 明 ， 只 需 验 证 当 M->co 时 
(2.6637) Baan/Bzuay rl 关于 06 二 9< 乓 加 一 致 地 成 立 ， 
(2.6.38) Gay nf EE yw Le 
从 (2.6.9) 和 (2.6.10) 可 推 得 
EX? VarX,1(1X,| <HG)) =e? 
SEX} -2EX QX; HUD) 
SEX? -—2E| X| /H (i) ’ 
SEX; -ICEX HOY /H(i) 
=EX 1- 2C/H(1)*) 
SEX! (1-201). 
从 这 些 不 等 谍 , 我们 可 挫 得 (2.6.37) 和 (2.8.38) 成 立 .定理 2.6.7 


LEP 
作为 怎 理 2.6.7 的 推论 ， 我 们 可 写 出 下 述 结 论 ， 它 的 证 明 窗 


定理 2.6.8 RHD 93 二 是 不 减 的 正 数 序列 ，{e， s> 
1}, {bs n= FASE RAE PAL Xs 2 芝 全 是 独立 随机 变量 序 
fi], EXn=0, EX. RAE O<6<1, O20, Cis C> U, 
am Of Ph (2.6.8),02.6.23) ALP RI See, 


(2,6.39) Ëy — Dy- Ady, 
(2.6.40) by tay Ala, + by, 
(2.6.41) FR? C95) fos? *° FEAST, 


ACh, + Fr 
| (by + aw) (log IT + loglog (bs +ay)) | 
wi 


r 


IRA 22.63DA (2.6.34) 50 VF. 
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第 三 童 ”无 穷 锥 Ornstiein-Uhlenbeck 
过 程 导出 的 过 程 的 轨道 性 岳 


a § 3.1 引言 


一 个 实 值 ,平稳 Gauss 过 程 {X(f) ,一 < 之 tf 之 oo} 称 作 参数 为 
VYALRCY, ADO) 的 Ornstein-Uhienbeck (O-U) H, WE 
EX(t)=07, | 

(3.1.13 Piss} =EXCOX( 5) =(P/Aexp( -Alisin 
EXO) BBO A, G—1,2.--) 的 相互 独立 的 OQ-U 过 程 ， 
ETA MEO-UH RY OSX c” XCD, --}.9f2042# FH, 
出 于 它 其 有 各 种 不 同 的 应 用 背景 而 被 广泛 地 加 以 和 研究， 例如 它 被 
托 岂 于 手 述 虽 受 陋 机 六 的 物理 现 稼 (Dawson，1972 )， 它 也 上 出现 
FEAL iB RA SOR ie st (Miyahara, 1982), th OAS 
ee et ar Me A i OSE EA Dawson, 1972; Walsh, 1981). 
RAE PAA ie eA AntoniadisflCarmona (1987). 

Dawson (1972) HÆR YC) fF T FIFA RELA 
FRAL SIRI I DD 

1841.2) XG) = AXi dt + (27 )'dW 7G), i=l, 2, 
FO WG), ~co<ticcop Sha GA Wienertt Ber 
DO Yih co ,那么 当 参 数 t 被 辐 定 时 ,YCf) 几乎 必然 (a.s.) 是 


FE =- 1 


— ite Ay O-Uid (EYO 二 To), 当 对 所有 的 A. Y=" LE 
对 所 有 有 充分 大 的 1, FefEO<e<d A S6> 0, 机 ei'*? <4, <cdi'*, 
Dawson (1972) WEHT YO) EPP ka.s. 连续 的 。 因 为 ?学 标 ” 
O-U O EESE, h Hilbert 空间 的 理论 可 知 ， 为 了 得 到 
(0) 的 三 这 恋 性 ， 只 需 证 明 实 入 过 程 x(*)= 二 YG) 是 连续 的 。 


+ 7 


Tecoe 和 和 McDonald (1986) 和 Schmuland (1988b) 发 展 了 研究 
后 一 过 程 前 技术 ， 在 条 忻 Po<ee 上 附加 假设 L= Drs /hi 


Ja, ERTZ Ee, ATTRA TY C+) AEP PEST 
PH AREA Pee RSE AY. AU, Iscoe, Marcus, 

McDonald, TalagrandÑ Zinn (1990) WEH SRP wale: 如 

FA INP fe ooo, Ha Pe, max?s( Cogs) V0}"/ 


OVD, PBAY (+) fza.s. PIER .Fernique (1989) et 
为 一 般 的 场合 下 完全 解决 了 这 一 连续 性 问题 .他 的 定理 的 一 个 等 
PIE, See R, EDS {REN Y> hex) AAC) = 
supin REKOD}, PAY (DCPs HMM, MAMAS 


co 且 | Clog (DIV Ode <co. Milk (B Ml Fernique (1989) iE. 
fl), Ady C) CP a.s. 连续 的 ， 一 个 死 分 条 镍 是 


SO (Pe/hed (1 + logro VO) ooo, 


AHHH. rA Reza RY C+) Fee ESE PE Se A 
gus .利用 这 一 条 忻 的 变化 形式 ，Schmuland (1988a) 对 天 中 的 
YO) QER 1 建立 了 Hailder 连 续 性 的 各 种 不 同 的 阶 .在 TI 过 
copy eee PF, CsörgäfiLin (1990b) 得 到 了 z.) 的 精确 的 如 
‘Hay Lin €1990b) 对 它 建 了 了 一 个 对 数 弄 的 定律 ， 

另 一 个 与 了 ts CPR RMR XC) BAYO) 产生 的 
HR 


(3.1.3) X=Y XG), Lodi, 


k=1 
IPRA OE YORKER. BMA EEA F F 
ij Gaussit E. Aik € AE Bit AHR Gauss 过 程 的 研究 
RWLA. RA, XCO 是 as。 连续 的 当 且 私 当 它 满足 对 
平稳 Gauss 过 程 的 连续 性 的 Fernique ES FF 【参见 Jain Al. 


， (ë> 


Marens(1978), V.2 49%, Ej 2.5), ERE W, MARMARA 
E EIXE- Xw =el CEM ole) 在 4 之 0. 上 是 -一 个 增 
me Bt, oC) Glogau) 在 零点 是 可 积 的 ， 利 用 这 一 
Ze, FRA OCEA XC) APT he. 
40, 4t.=1 Ch=1, 2.0) Bt, TAA REBA oft) SARL. 
BRE Y COP Ay as ERE ERRORS. 然而 在 这 一 请 
Jé, Iscoc@iMcDonald (1986, #33, H Dawson 给 出 ) dail, 4 
SOREL COff SAG Cloghe) = co (PIARA =k Uog?) 时 ， 
t=1 k=1 
YO) Pa., ERM MYX (OE Bi BRITE A PF Fernigue 
条 性 , 男 一 方面 我 们 有 

EY -Yll =E|X@ —- Xs) |?. 
因此 ， 一 般 来 说 对 于 壬 信人 、 平 稳 、 零 均值 的 Gauss 过 程 交 (:)， 用 
以 检验 其 a.s., 连 续 性 的 Fern ique 的 充 要 和 条件， 对 于 疡 中 的 平稳 、 
零 均 值 Gaussi ff YO) 药 as。 连 续 性 来 说 也 是 充分 的 .事实 证， 
Csáki, Csörgő, Lin@iRévesz(1990) MARY, 如 果 对 某 个 5>>0， 


成 立 着 > Pe Clog Cae Ved hcc, ARA Gauss HEY CO ) 


han 
率 1 连续 ; 同时 他 们 也 建立 了 OX) 的 连续 模 性 质 . 后 一 过 程 的 
FE SERINE JR HH MS BeCsdreo A Lin (1990b) 研究 过 . MEX x) 
的 研究 一 样 ， 对 于 三 (*)》 的 研究 除了 因为 它 与 Y('》 有关 之 外 ， 
TA SEE ELAR. 例如， 在 建立 神经 感应 系统 的 数学 模 
型 中 就 曾 利用 了 了 过程 XX(*) (Walsh, 1981). 

研究 YC*) 的 O-U 过 程序 列 { 芝 x*)} 的 另 -- 种 自然 的 途 生 是 考 
窒 它 的 部 分 和 过 程 六 (+,…); 


(8.1.4) XG, m=} X), Sodio, Hol 2 


k=] 
HANER. tHE TENERS AERA) 上 的 两 参 
HEH TE, EW Be REM XG.) HO. EXC, =), 
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Tig EL HA be ae 
(3.1.5) TOM, sst) HEX SALEH) 


are it, t 


az SCV /Agdexp( hli -sls mAm=1, 2,066 


451 
当 对 所 有 的 天 ， 和 ?Xi 时， (3.4.5)》 AEN 
Dimana b etn Aars.f), 

其 中 Ps 六 (03.1.1) aM, XC) Se eT LA 
Wiener 过 程 ; 关 于 1 可 以 看 成 一 口 -U 和 过 程 。 因此 它 是 通过 特 i. ied. 
一 参数 如 iener 过 程 求 和 导出 两 参数 Wiener 单 的 一 个 类 比 ， 也是 
Wut} i.i.d.Brown 桥 求 和 导出 Kiefer 过 程 竟 一 个 类 下 (SH 
Csdrgd 和 Revesr (1981), 1.11 M1. 1S). XG.) RT 
ae HE A ee a) Wiener 过 程 特性 启示 Cs5reé 和 林 正 炎 {1890a) 
沿 善 Csirgo 和 和 Révész (1981) 中 第 一 章 的 思路 去 研究 XL Cad 
的 样本 轨道 性 质 。Cstargo 和 林 正 炎 (1988a) 得 到 了 了 它 的 一 个 重 
对 数 律 ， 邵 启 满 (1990) 进一步 改进 了 这 一 结果 ， 

WX G) 的 另 一 个 动机 来 源 于 经 虹 的 Mtntz-Sz6sz 定理 
Coline WRudin (1966)， 第 15.25 节 ) .该 定理 指出 MAJE FI] 
(3.1.6) {lxh gute gee, OSA CA 

的 一 切 有 限 韵 线性 组 合 在 空间 CL0,1] CERRO Prise 
REEM =o, Sue’, AY Miintz-Szdsz EMH A: Shs = 
ook RB RF e r EC - co OP RRM, Aha eee 
(3.1.7) feo, ett, er, eha OCAK 

Æ CCO, œ) 中 稠密 CEA ARIS -el=supl fO — g@) 19 


EERIE EG. LD 与 两 参数 Gauss 过 程 XG) BEA A 
(3 ,1.5) 租 联系 可 以 需 出 ， 一 大 类 平稳 Gauss GER PA TEM 
Xt.) 的 相 度 性 质 十 分 类 局 ， 只 要 后 者 的 参数 妈 中 BAAS 
AR. 

在 本 章 的 景 后 一 节 中 ， 我 们 将 引入 一 个 比 较 一般 的 两 大 数 
Gauss 过 程 ， 它 是 通常 的 ， 如 两 参数 Wiener 过 程 ，Kiefer 过 程 币 


- [40 - 


由 {3.1.4) EXGH XU: n) 在 连续 参数 情形 的 一 般 化 ,这 类 
过 程 的 软 道 性 质 将 被 研究 于 这 一 节 中 。 


§ 3.2 hamlet 


46, BNE EAG,1. OF NARS Gaussi BING, 
nj oio, m= 1,2,--} HEP. RHR EAE, 
FP ee th is 2 BS TE EP Ae aR. 


3.2.1 KAŽ 


ABSA FIXG oD Hae RAMA, RIE PA 
iM Beh ABS. 
从 现在 起 ， AHR AHART RA AAN 成 立 的 . 记 


o= J A eh), Oh =h), 
f 


f= 


AP id} IER, 
iy y7 N 
lon = >, 4, fi 一 3 Yi ag tS max Aj. 


p=1 i 
33.2.) 假设 存在 常数 A> oe 
(3.2.1) 37 Y/N SAk ST yp 4OSA<Ay. 


1a. 7 EN Le. fee 
Ag airs 1 | 
那么 对 每 一 N 在 (0.4m) 上 ca 是 的 增 汕 数 ， 共 中 
1 
一 了 


证 SCA = fx(h) SOR) / A MOA A RAT 


f= (ee) + Si vshe te) 


goa ^i pe 


n 16] + 


> + Ah K Yi + -Jt 5? y: \)>0, 
EN raga 

wh) A PE 

六 得 直 理 的 结论 成 立 。 

引 理 3.2.2 iil wt Atlan} de E BORA As ye BE ee 
(3.2.1) i ABA Rime, Fe EC = Cle > 使 得 对 任 
—v> OR BR ae 
(3.2.2) Pi sup sup | 二 人 二 SN) 一 是 人 本) Secon} 

| 
= vo a 
a(t »/hxdexp{ STE )- 


证 Oty 5 3.2 AAA oi Ok ABS, Hoh 


Qs a - Rr=rle RIER OF Me). ori = ind t= 


Lir ro’ RATA 
(Bele) [Attra N} — ANOLE LACAS)’ N? —A (Ct, ND} 


+ YOIX t Dan MND ~ XCF s) ri N) | 
j= 


+ xO IX Chey egies) ~ AX Gerr N} + 


jaa 


y ”= 一 ”fie) BPR” MLE 
(3.2.4) Pt sup sup ÆC HS) N) =X N) | 


IIET EEA 
u(tl —- e Dnt © 


AT hy (- v? -)< ( - vw -) 
Sr exp 7 +E CT y/Anlexp TE b 


(3.2.3) pi sup sup PIXE Seat ND 
1 E 


(ET py SEA 


-N((tts).,,,N}] 


et 


> Dowlut + opy/arerrn ya} 


<I Pi sup Sp TACE +S) ra 3409 N) 


ppa ET yp ME 
~ACCE+A SY NY] 
= Oat Co + BF) 2 1 ve i. 


x ties 
<2 AT w/in) 27°77 exp ( -| 


<(CT n/ hn) exp( -—"_), 
法 人 悦 地 有 


(3.2.6) p{ sup sup S2|XCryter9N) -XU N) 


== > ilot BA/20 Moy) 
=e 


=i (CT y/Anjexp T Dye r” 


TRR. 我们 可 仿 设 v 宇 1， 假 如 + 二 ri8) aK, WA 


j=o 


二 i 
ea ere a (ss l}? ] = 


i= 


Ve 


2 


这 些 不 稚 式 得 证 13.2.2) 式 成 江 ， 
3 .2.1 AE hya, IBA KE (3.2.1 自动 地 被 满足 。 


进一步 ， 我 们 有 
引 理 3.2.3 对 应 于 (3.2.2) 我 们 有 有 
(2.2.7) P{ max sup sup |[Xits.a) -Xl 0)! Sven} 


oe e E IET y HE AEA ay 


ep v“ 
L] v/hvrexp{ 一 


2+e 


时 二 C =C Ce) omir, Hho (3(log2C)} fe， 而 C= 二 CiE》 
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由 (3.2.2) shia. 
iE Ex 
E,={ sup Sup | X¢#+ 58,1) -XG,1)| vex}, 


I mA ay Ve Fa AS 


E:;={max sup sup |XG+8s,D- XG, D | Etn 


Pad lri Ekg ERA 


= Sup Sup iX(é+s8,¢) -XD lh =p Na 
Pe lea ERA 
对 0 之 2 之 1 我 们 有 


Ax: ={ max sup sup |X(it+s,%) -Xm | Sven} 
IBN [r fh BEA y 
N 
=| j Ey 


7 = 3 


C{ sap sup |A(its,N}-XG,N) [| 201-2) ven} 


Le ima, Cera y 


AT — 1 


U{U (EN d sup sup |XC+s,N) -XO N)! 


F=] | EA ag GFA y 
一 (1 op 
Cisup sup {XGit+s,N)-AXG,N){2(1 -€) ven} 


| E GA gy OTSA 


Ai—- 1 


U(U (Ent sup sup (XG+ sN) -X N)) 


‘tay PPA gp MET ELA ay 


NE ran) —XC,2)) | >evon}) ). 
oe Pe {CX CE +s.N) - XG, ND -CX G+5,9) Xn) 


l¢)<An, Ocean} 和 Es 是 独立 的 ， 利 用 (3.2.2), Baie’ > 
S(loe2C)/e*, RNA 
P(A v) <Pisup sup |ACi+s,N) —XG,N)} | 


fleaAy tf GA gy 
= C1 一 号 Or 
Nel 
+> P(E, PX sup sup |X iite, N) 
J=] Le lay, EA 


a dà» 


SPY sup sup |X lits N) —-X(E,N)| 


EA py betas 


zt] —€&)vey} 
N-i 


+C 2 P(E,)exp{ - eyta (C2 +E) 


Fi f4 maiat 
xo 人 一 en v))} 


= Pi sup sup IXGF SN) XG, NI. 


| aay Dat ee 
> (1 —2£)v0y} + PC An) / 20 


由 此 即 得 
P(Aw) <2P{ sup sup |[X#+s,N)—XG,N)| 


| Gas de ta, 


| (1 Edn}. 
从 它 即 可 推 得 所 要 证 的 不 等 式 。 

引 理 3.2.4 设 {Tsh {danh 1AM MAAN} 是 正 数 序列 ， 
av {Bw} 是 不 增 的 且 BF (3.2.1) 被 
W AL IBZ BPE eA ae 0 FF FERRE C=C Ce) > OF Ee > 0 
不 等 式 
{3.2.8) Pimax sup sup, IX (Cfts.a) -Xim | 


el | or aT y fee Ff es 


{Onn SI oË + (2+ e)loglog (aiy(s) + On is})) 12 


+ Ons) =l} 


<(CT wht /hb rexp( — =): 
其 中 o.e(s) =0,(s) + Eo (CAs) 
证 、 设 r+ 一 r+(8) 蚌 正 数 ， 其 值 特 往 后 面 确定 . 令 ri 二 有 /2*， 
时 计 二 [frr 此 尘世 可 写 出 不 锋 式 03.2.3) .由 引 理 3,2.,1 《由 于 
Lin} BIG, BOME—n= NA Anh) 容易 看 出 ， 当 ?充分 大 时 
(EIXU +g), n) RC) 
EELU m LAX a rye 
+ CECX (i,m) -X tr m 


a 145+ 


=9,(8) +0,(7,)=0,y(s). 
固定 | 入 三 Ts 和 0 所 8 所 有 ,对 任 给 0 之 ge 之 1/2， 设 0 二 1+8/16， Ay 
={n, nN, O0, i LpA 
tin ks) =O,nn(s)le* + (24+ Eloglogld anis) 
+ 75h 45) I+ ants), 
alk) =" (v7 4+ (2+ e)loglagg! tf! yt, 
MA, HERR iX, DX), nell 是 具有 独立 增 量 


的 序列 ， 我 们 有 
(3.2.9) Pl max | X((t+ sy nm) — X(t.) | tials) 1-2/8} 


< P{ max|AX((f-+ Ri 一 
& ned, 


<= 3 exp { 一 ae -二 (oz+ (2+ ejlogloge!*')} 
t 


are 


2+e 
由 此 即 得 : 
P{ max sup sup, | CC 人 ES 天) — Arn) | tals) 
fy 


le ntag hi [eter Gnade 
>] —-e/s8} 


a 
K (oT vhi fhi2)exp ( — —) . 


现在 我 们 来 处 理 (3.2,.3) 右 过 的 第 一 个 级 数 ， 再 次 应 用 引 理 


3.2.1 我 们 有 
Gni =E ALt S), pt HD —~XCC4+8).4539))? 


Laz (hi /22""? ) <a(e)27*? ah Cah) 
< 0(E)2 "e204"2, 


其 中 dte) 2782 o, kae) 完 分 小 使 得 


F ratez Tt Meg ty? + (2 + e)loglog(o :ts) 


i740 


+ oats)) 二 2 


2146: 


E 
x --— 44,05), = 


16 
只 要 x 充分 大 这 是 可 能 的 ,那么 类 似 于 (3.2.9) 得 到 


P TThket & y | i? + slr, fy #3) ~X lit + Seis) 1 /tea(s) 


Im PON Lg 


xb / 16} 


<2, 57 Pimax XU Dnne X taan] 


k j=t " 


OE 27427) 2e7 let hy? (2 +e) logloge ttt 4 grtstzy vay 


< a > exp { ~ + (2+ &)loglogg!*! + artta) 
fur À 
<e} exp {-(4ers zn VN 
HH JE HE f 
P max , Sup SP, LIKE Yr 


XUA Denim ert) e116 


<y C2 人 区 ah?) exp{ - - (4-0 pga )} 
才 一 里 


€ (eT nåh ReXDTY — v2), 
对 于 (3.2.3? 式 右边 第 二 个 级 针 我 们 有 类 佑 的 不 等 式 。 综 合 这 些 
不 等 式 即 得 所 要 证 的 (8.2.8). 
引 理 3.2.5 对 任 给 的 0 存在 常数 C=Cfe)0D 和 和 ne)20 
Erosoe) 成立 车 和 不等式 
(3.2.10) Pimax sup [Re | eer 


agra js | 


<C] +T xP w/Tow exp 一 =): 
证 ”我们 来 证 对 任 一 p>0 有 


a 47 + 


(3.2.11) P{ sup | XC4,N)j morii} 
A 


2 
<CU + TaTis/ Tow) exp( ~ SS ). 


团 这 一 不等式 ， 用 类 似 于 引 理 3.2.3 的 证 明 可 得 (8.2.10) sk. 
4 d=6Ton/Tins 其中 6=er6d。 那 妇 
(3.2.12) P{ sup IXa, Nl rig 
F T 
S2 TDP sup I AD | ris 


2 +AT DP] sup {|X (dt, N) | Sore}. 

注意 到 
N 
ECX (dt, N) ~X (ds, N) =2 Y. 


于 一 下 


EIT wid t—sl =tA*Cjt-std. 


(1— ag tga ltl y 


我 们 有 


| Ate dy = | (20 nde?) d yera 


利用 Fernique 引 理 ( 引 理 1.5.1) 我 们 得 
PH sup ‘LAGE, N) | eet 


< P{ sup [XC N) i > (ret al Ace” ydy) Y 

tf 1 1 

| 
Pit] +8 ds 


代入 (3.2.12》 得 (3.2.11)。 相 理 证 毕 。 
RE LOE E 


7 
gyi! a — _ Yoo 
y 。 _ 
= dy <cexp/ P Lp ). 


ii 


Ni 
(3.2.13) SO fhe P NET oy 


i=. 


[hs AE = 
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引 理 3.2.6 MEA o<e<ci/2, ACER BeC=—Cle)>0, 
FE “Mat 2 Cog (C (2)C1 + Tw fOn(2e))))>1¢* NT Be Se 


€3.2.14) PA sup |XG.N) | Sor 
Peat E 
， f u? 
> C(1+Tx/@n(@)) exp (=y ) 
证 ” 设 {1 了 三 站 80 了， 是 独立 的 标 谁 Wienecr 过 程序 列 。 注 


w 
REMIX, N), OSETIA Y CaA) YW (ez /eter, 
=i 


0<t<<Tw} 具 有 相同 的 分 布 ， 我 们 有 
43.2.15)P{ sup IX, N ery 
te PT y 


>P{ max (|XCjéy,N) | eens 
IW 


eel pT le 


= P max 


(sey wen TAESTTE sity | 


ecjaryity | Toy AM 
Sorig b. 
> 
al Y. \LS2 | 
U= >. (=) Wilet atin yeta lN, 
i= - 
Vj;= 37 (证 ) wie P-L NY fl glen, 
1 二 7? 
具名 的 定妆 容易 看 测 
N 
U; ~V ~N(0, Z eee een) ) 
j>1 7 
=NCO, (1—-@)F ox). 
TAL RAT AT 
PY max |V; earn 
Be iT 
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= ff max {Ul! 


EJE ET yit a 
Lur U IT yl # yl -V Tay Py + Vit w/@n l| ety 


=| PAIU Tyltyl V ET yt g + y| <P td PAV F A nt 


ys Max [IU ters 


=; CT Mri y) 


-| {oli aar) os) 


x iV ET yi? yl < Vs max jc; | <ul ony 


et eee gi a 
a 


<| {2 ef- o(a ) AP 


x IF Tyit y) Ny max I | <Curin 


ecg (Tle yl 


=f 1 - 二 一 | ed pi max  JU,)<org 
iii VP 


Ot Oc fo dn] 


< 一 Ce max | 世 站 < ， 
w? 


h-E fan LY gf? 


这 时 我 们 利用 了 下 列 事实 ， 

《3 [rp ~ V Ty yl 和 {VY CP yf a yz] 2,090 w/On] 
AB, | 

(b> 对 性 给 y Axo, Dir- yj- pln- yaba- 
Pl- x). | 

(cj SESS 6-0, ATE CS) > 0 使 对 任 一 # 主 0 


| gR ERIE OJ Ut OEE, 


F 


ety R 4B ee dogtired + Pf ba dl ene 
(3.2.16) PL max W, £ar} 


Ba fac far # a, 
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< {1 — OC eye ra at Er yi bys +i 
< 一 上 (ESE) ( 1+ GE aa 
| Ow 
从 (3.2.15) 和 和 (3.2.16) 即 得 (3.2.14). 


7.7.2 增 量 结果 


现在 我 们 利用 .上面 给 出 的 大 个 差 不 等 式 来 建立 若干 增 莉 比 
E .这 里 将 同时 对 充分 小 的 Aw AUPE ACAD Aw 给 出 证 明 ， 

ce 23.2. 1(Csirgo and Lin, 1990a). 设 {Tw} 和 {kn} 是 正 数 序 
BY BL BE {Tw} FEAR A EL fo} FE AAS oA ES ,2,1) 被 满足 ,又 设 
(3.2.17) lim (log (P'w/hw) )/loglaogN = ce 


那么 我 位 有 
lim sup n| X(t in N) XG N)|=1] as 


vom Iri Sal ny 


lim max sup sup An X Gts, N) XG, N) |= 
Naw LEREN HI) Ery aera 


HH) LaSo 
an= {20 logT w/hn + loglog (gs top) ]}7'?. 

33.2.2 E Noo 时， 一 0， 这 一 定理 可 视 作 Wiener 
it Pa Levy E RAI — FP BES BM Cedrgo A Revesz( 1981) 
的 定理 1.1.1 和 1.14.2)，, 若 当 N 一 co 时 ,jirv 一 cc， 这 一 定理 可 视 作 
Wiener 过 程 的 大 增 量 结果 的 一 个 类 于 (参见 Csireo 和 及 6Ve6sz 
(1931) 3 HH1.2.1). 

定理 3.2 .1 的 证 明 。 

首先 我 们 来 证 对 0<<172 有 
(3.9.18) lim max sup sup CE -Xii n)! 


fy e IENEN (tl ara TATEA 

=1+ aS. 
SEM {Anh ep. ER RT A R ew= (20%, 
Clog x Tw/Aw + loglogoy ]} RAI 


+737 - 


{203 TogT ATtozrlogfI + oY 1 4, 
S6-1+e/2.8 M 
Hu={N; #<Ts/ hgt t, Peoia th 
Meum maxiN, NE Hyt, 
=i j) Hat OD}, ori=minions NE Haya 
Hy AE 


Ak RN A 


(3.2.19) lim max sup sup @y{[XC+s.0) ~ X(t, %)| 


N= igsal jel wiy Cray 


< lim max max stp sup 4, |X(i+s,) 
pe TE NEH, | in, aay lef “aT yy CaF ade ng 
< lim max Sup su 


k +o o beset, hal aT E 
j ema tk. E« È j Md x j lip} 


LX Ci+s,2) = Aim 1/4204 flog (6* Loge!) ht? 


= lim max su sup {XC +s.) 
Rei pga TEMSM UTE SET yy | PEDER My 
-X m)l 
. [1200h jlogl (0T uy, /hur loge! I. 
利用 引 理 3.2.3 我 们 得 
P{ max sup sup {(X€i+s,n} -XG,n) | 
LEREM | PI ST ty URERA ay, 


/120 oa logl (0 了 log’ jj 7 =l 十 €} 


, s9] +e)? i 

(CT u, flim,» exp{ ~ E ogro ‘Tu, /hu,,)log9"3} 
SCT u, flea jlog) i "i 

CO glove t, 

这 样 应 用 Borel-Cantelli 引 理 ( 它 在 两 参数 情形 的 推广 是 平凡 
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Hp, M (3.2.19) BUFF (3.2.18). 
AK, RVR Ant EDIE EN 
再 一 人 有 < Ma=maxiN; NENs}, 
tte miniN: NE Hat, wa = dh, Hat}. 
显然 有 
lh /hu E md T mf hu Tu VSO 
那么 
-8.2.20) Jim max sup sup nl 和 (TS MD) -Xn 


一 iri <F xy enema t, 


< lim max sup sup (1+ 34)|X44+s,0) 
Tom 1a9gN dti 6b, OIZA y | 


— Xt, W |T (0.05) + eos (hr) )(2loeT w/ he 
+ (2 + 2&)loglog((d,45) + EO Nn)" 
+ (COS) + EDn Aw)” 79) 7]? + Gals) + EO0. hn) Y} 


<= lim max sup sup (+36) |X +s, 4} 
Rk Ty hi ey 


— A(t, | 

Le 人 CS) +6 nh, )}(2logé" + (2 + e)loglog((o.(s) 
+ €0,Chimw,))? + (0008) + EO nia, ) 7) 94? + Os) 
+20gChu)} 


AAJ 3.2. 4RN BA 
Pi max sup up |JXCG+s, m- X, %}| 


le Pel ET ry t PGB ay 
/AL(Gs {8s) + EO fy, )) C2log6* + (2 + 8)loglog( (grts) 
+ €0 nC hy, ))? 


+ (4,09) HEOak DOEN 72 + Ons) + eo (hu h el + e} 


201 +2}? 


(CD m Ama Ag, CIPI 2 pe 


log@* pace: ‘ 


HE., A 3.2.20) EO (3.2.18). 
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綦 后， 我 们 来 证 
(3.2.21)l)m sup wl X(+ žy, NXG, N))1-2 avs. 
Nm tt ST, 


SIE BA, j, | 
ECX(G +1) hy N) — X Chn, DOCX UG +1) hy, ND 
~ AC tins N}) 


N 
= 53 ELAGE + Din) - Xal tA CLA F + lAn) — Xi fh) 


Fed 


Af a 
Vr ， _ 
=} 7 g Apitn (ped Pn gigi Ab 一 Bt, 
E 


这 样 、 利 用 Slepian 引 理 ( 引 理 1.1.1) 和 过 程 的 平稳 性， 我 们 得 
(3.2.22) Pi max dy [RI Awe AD Xl kin, N) | S1 -er 


| Ty 
<(P{an| X (hn, N) | <1 Ep? Taa 
ai{i-—Cexp(~ (1-2) logT nf) )/ 
Glog T u/i) I TRY 
<exp{—-2¢(9nx/hy)'? SN, 
Ph AR SRE dF et 2.17). 8.2.2 RIE ST .更 
¥e (3.2.18) (3.2.21) M4 ES. e. 


3.2.5 BUR 
定理 5.2.5 (Shao, 1990) te{T a} 是 不 减 的 正 数 序列 ,假设 
Ci} u Wi oo fi, Fon -* Coy , 
(ii) FER Md S 1 NS 1A n aA ons 
(ili) 23 N-cofttlog(T aT iw/Tow) = oC loglog@ sn)» 
ARNG 
lim sup (XG, NY|/(2TonloglogT aw} 1 Aese 


Nam jel EF, 


lim max sup |X, w))/C2Ponlo_logpTaw)**=1 ash 
Wm Lea lp . 


we Joa + 


证 E (3.2.18) 的 证 明 ， 应 用 下 理 3.2.5 我 们 也 可 证 明 


(3.2.23) lim max sup |ACt, #)|/ (2TovlogloaT o 
Noo i125N HEj CT 


=] MaSe 


A “iF MBG 
我 们 来 给 出 不 等 式 


(3.2.24) lim sup (Xt, NI /C2PovioglogMny)'/*z1 一己 
~ TF N 
e 
(O<e<t1/2) Ai. SN =1, £MNe=minis: Fos (10d 
fev"; ae Gi, RANA 


(3.2.25) (10d/e?)*<Pon,,, <aC10d/e*)*. 

此 外 

(3.2.26) lim sup |XG,N)|/(€2Postoglogf o)? 
Nome itl ST y 


= lim sup X(t, Ne) | /€ 2 on, loglogT onp T 


km ri SE yy, 


=> lim sup (XG, No~ Xit, Nx) 


kr itl Py 
(20 on, loglopgl ow) 
~ lim sup |X(,N2z_1)|/(2len,loglogfo,)'%. 


l k ecn itl <I, 
利用 引 理 3.2.5 和 条件 (iii), 有 
(3.2.27) P{ ,Sup XU, Naot) |/ Cro loglogr on p ?2/2} 
t Ny 

<C (1+ T nalinga TN g: ) 
xexp{- (°F ox, loglogTon,)/5Ton,_, t 
C(I + 10T wT ine E Tong) Qogan > 
ek mT, l 

南 此 即 得 


= 155 - 


(3.2.23) lim sup |X U0, Ne- D/o loglogT onp ?EE /2 
it~" 


Miele, 
aeSe 
现在 我 们 来 证 
(3.2.29) lim sup |[XCt,.Na) -X Nedi 

i (tt ery, 

(20 on, logloglon,)'/?=1 —e/2 : 
tt Fon, 一 Pow, , Pon, i ~é7/10). RONA EMM. BM 
On,(&) 是 方程 - 

Na 
s (Yi hae FA ri N" "=€(P ow, — Tong. oo 
=N, et | 


的 解 。 利 用 引 理 3.2.6 我 们 有 
Pi sup (AANA — XC, Neol 


Ie OT yy 


(2F on, Joglog?lin,) 721 -£24 


> C(1+Tw/0w( -用 expf -(1- 5-) 


x (Ton, LoglosT ov, }/ Won, ~ Ton, -4 >} 


=C ilog on) TEE CR ure 
Pat ak 从 Sup Ats Ne} Ali, Na Dt, k=l, AHE, 
Ne 


EJ AT yy 


我 们 得 (3.2.29) .把 . (3.2.28) 和 (3.2.29) 代入 (8.2.20 A 
得 (3.2。23) 494 (3.2.23) A ,2.24) 有 即 有 定理 3.2.3 的 结论 、 


$3.3 无 穷 级 数 


这 一 节 的 主要 目的 在 于 研究 册 (3.1。 3) 式 定义 的 过 各 ， Xí} 
AHERE APE. EA” 34 C 
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(3.3.1) Pe= Y Yf hioo 
{F1 


bt, WH et, XG) ETAN, FEA ras. 77 
限 的 Gauss 随 机 变量 。 然 而 ， 似 仅 在 Poco WRF, XO) R 
PREI ERERa.. Ei Gaussi eM FE. Ah, RNA 
ARG RX (+) 的 存在 性 和 连续 性 。 然 后 再 来 建立 它 的 连续 模 绪 
H. 最后， 我 们 将 给 出 一 个 对 数 型 韵 定 健 。 


$63.1 存在 性 和 连续 性 
TE. 3. 1(Csőki, Csörgő, Lin and Revész, 1990) ik 
对 某 个 6->0， 
(3.3:2) S Yrllog(M Ve) Seco. 
kot 
IBA, FEMA KR bt — Re 
XA) asse hoo, 


定理 网 结论 等 前 于 ， 对 HE BA eo, T>0 Al JL PTA P 
ocn, PETEERE, T, 0), En nkt 


33.3.3) Sup XC 0 -XC#,@) | =e. 
Fy it aH DAREN PE Pee ie: 

推论 5.5.1 FEAKHEG.3.2F, (XC, o<} E 
E 1 连续 。 


我 们 证 明 (3.3,3)。 为 此 ,根据 It5-Nisio 定 理 (1968), H 须 
TERA; sup | 站 (下 加 一 (Ef)| 二 sup | 52 Xx) 依 概率 收敛 
leleT l:i &] Roney 
Too, HMA, TERE > 0, 
limP{ Sup | 区 D XA) | >s}=0, 


所 者 六 等 价 于 ， | TE JE fom mole, N), 16. 


* I5F ， 


{4.4 sn > nS nol » 
(S.0e04) Pt Sip | m él oeb<ty, 
ila 


其 中 nf 二 “了 有 (2), 它 是 一 个 平稳 的 、 均 人 入 为 0 BY Gauss 


三 本 时 二 十 


过 程 ， 


EXialt)= D, Yaha. 


hoa + i 


rri 


EX ml DX ml D= (ee)exp -hli —s|), 


kanyi 


ECX walt} — X unis) J” 


=2 > (FiA 一 如 站 DT 一 人 | 下 一 二 | 3。 


APA+1 
MERTA Fd Fernique 5] E 5! BH1.5.1) Pure xX C4), 
1EL-T.T], Kiin<mAT> ORME. Ob T 能 应 用 这 个 引 
再。 我 们 首先 证 明 ， 在 条 件 (3.3.2) F, REM 


( > (P/O expl - htt) ) js 


全 此 二 江村 I 


(3.3.5) PUTOO e 


nilogil/s) y” 
此 时 这 一 积分 的 有 限 性 等 价 于 对 于 


Aa) =(2 2. (Ye Aol -expl = nate)? jv>， 


sad +t 


避 理 1.5.1 中 的 积分 
| Ace? iyc, 


EK = {hha VNE 1.9), Kom {k heu VM n+l, 
GREER (PAo C1 -— expt -hn Ete, 


+ 164 + 


MAG AGN, : logh 从 而 对 任意 的 6>0 


21log (ArY e, Dn ra 


_ _ ok 
(Yafa) (1 -expl — A229) = fe Voeu 


因此 我 们 得 


A a= 2 JO, YaMD CL- exp — Aa) 


kon +l 


log OV ed) 
<2 (Ya Au + 2 72 (Arog 
ot iii ae log (1/u) 


2 DO (a/r) (2log Oa Ved)'*4 


kantil 
X Cell? + doga 797%). 
出 此 有 


if at 


Att) 
(8.3.0 | sot md 


1/2 
<(2 st? Gy Clog GeV e))** +) 


kuanti 
tig 


Ca"? + ogu O OPA a 
~ f | #Clog(1/1s))'"? 


=D(2 3 T2210og CV oyt j, 


kon] 


其 中 五 是 (3.3.6) 让 入 一 个 不 等 世 和 这 的 那个 积 分 所 om HA 
Hi. | 
现在 我 们 可 以 诺 用 引 理 1.5.1 来 证 明 (3.3.4) 了 ， 沁 那 个 引 理 


ig 


Ata) 2 
hiha—e, exx( r+ 4 | atlog(i/uyy7™ 让 Her 


EX2.0)= 32 te/hee 内 引 理 1.5.1 和 和 (38,3.6) 式 ， 我 们 得 


kantil 
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(3.3.7) P{ sup |X m (O | >} 
Ca E 


< eefi -pje/T af” AC) /eeClog (1/1) zaw} 


1 


<a 


<et {1 -afe/(( È v/m Y 


H=f+1 


ita + 


+ 4D(2 SO ORAO ( log(haVe)) ) ) 


keni 
PHA EG. 3.2), Haco, LAAT O A, Hee Se 
程 的 平稳 性 ， 对 ~ 切 充分 天 的 %， 我 们 有 
P{ sup |X men CE) | eE} 
“A(T + IPI sup, |X mD etn 


这 就 完成 了 定理 的 证 明 。 


3.2 HZH 


为 了 证 明 关 于 连续 模 的 绪论 ， 首 先 建立 凡人 个 大 偏差 的 不 等 
st. i 
(3.3.8) LD = ELX UG +5) AAK) 

23.3.1 假设 满足 和 条件 6.3.2) RBH... 
HoP- TRAER, ES ARIE ASL, PRA. 
(3.529) O{sj=s7L(s), €>0, 

ERLO) Sb eS Ba aR, Ae A. IE, 
ELXT BTA A> 0 

limL (Gs) /LG) =1. 
BA, IES, FEAM C=C AOA, 使 
{R$ —Ylo> OPO AACE), RE 
(3.3.10) Pt SUP , SUP, XG+ -Xv 


~ [85 = 


C _ ov 
<p exp ( =) 
证 ”对 任意 的 正 实数 7 Ht, itR=2’, ¢-=(21/2. BF 
(3.3.11) |Rt+tsy -X@)|<|X(0¢4+53,) -XG,) | 


+ 2 [LA CCE+ Sdeg iar) -XC + Sees) | 


je 
+ >) |X (fea tatd —X (8.43) | # 
p= 
ROTA a> 0, RITA 
(3.3.12) PL Sup Sup IXa- AX] 
a 


fo A 
uolh t R")}<2R(RA+ 1)e°*??, 
(3.3. 13) Pl eb Sup LX CCE + Seay) 一 +S) | 


] fal — A On et 


— $25) 10 (Qe FON 


ae 
=<2exp ( 一 HEAD \oiicsRe* carey 


和 
(3.3.14) P{ Sup sup [ef — Copa | 


和 
S + 7) 0 C2 LARe O2 ey. 
因此 | 
(8.3.15) Pf sup sup |X(#+s) ~X(#)| 
1E igi A tear 
uailh RT D+? D+ 2D agro) 
jmo 


a PRCRE+ 1) +8RD e "e, 


HPD=S/e)!. WR BARD 4 有 ， 其 中 的 4 是 将 


在 后 面 指定 的 正常 数 . HALO) EATERS. 所 以 对 任 RAS 
的 0<2<1， 只 要 了 到 > 充分 大 WATR AMA), RA 


gtr JL mp 7irtj+ be 7 omit iy 


- [61 + 


SCL ejg De egoti 
=. {1 + eyitlgrtrt st lea F EDT) 


a) 


mE a EL: F. =S =| a 
2 (2 1+ ; hhh) 


2 * mr 
一 一 ] i ) T aal EE- Fo- . 
í +- jir) 2 oCh) 


于 是 我 们 得 


(3.3.16) wo(h+ R) + 20 (H+ 2g) utag t+) 


joa 
woth) (14-2 )(14-2) +22) "(14 £) 


x (ut 24) QE Dafa hy 


j= 


<ua (1+ = (1+2) + (4) Davee | 


+ IESE + = och) Z Co ge (Qe vals, 


&u=v/ (1+ i 


小 Ay PRHRERI SH Hl, BUA 
BAM TS EMEA, (3.16) 右 端 就 不 大 于 
woch)(1+-£ )=vo h). 


此 外 ， 
(BID (L2R(RAF+ 1) + 8RD)e ag DIAR eT 
EPD’ 二 2CA+1)+ 8D。 和 将 (3.3.16) 和 (C3.3.17) 代 入 (3.3.15)， 
有 即 得 待 证 的 (3.3.10) 式 。 

注 5.5.1 引 理 的 证 明 没 有 利用 过 程 的 其 栖 分 布 。 因 此 、 对 
于 任何 as 连续 的 Gauss 过 程 ,只 要 其 均值 为 0 人 3s3。8)? 中 的 2 > 
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3.3.9) ,那么 引 理 的 结论 仍 成 立 ( 参 见 Cséki, Csérga, Lin il 
Iévess (1990)), 
3.5.2 (3.3.10) 可 改写 成 
Py sup sup |X¢its) 一 [的 | vol} 


E m og reaa 


= 


cr y? 

E.J. 2 CsäkiŞ, 1990) Bee XC) H ES E 3.3.10 
R. MAREE 

[X(t+ 8s) — NCE) 
en ep, SP, ath logh) 
17 Xith- XG} 

sD, TOD (Blog G/Ay) VT arse 

证 ”利用 引 理 3.3.1， 如 Cs6rgo 和 Reévész (1981) 中 Lévy 
连续 模 定 理 的 第 一 部 分 的 证 明 (参见 该 书 26 页 })、 我 们 能 够 得 到 


Xito- X)| 
(3.3420) lim | sup ， ees oh) (log fay =? heme 


四 此 ， 为 了 得 到 定理 的 结论 ， 兵 需 证 明 


IXGtA -XOL ~ 
(3.3221) um P ar O(h)(2log(1/h) yy? a J a 


AOE 
(332D E ACE 1h) -XGA 14) -X(9h)} 


= 52 Fedha TTO ee 


=] AS 


>= 4 
BU, FS. 1. LRA 

P | eee, 
(3.3.23) {snp » OCA) Clog OA ~ Toe; 


<P { max XN(t¢+134) - XN CfA) 
TERTE FiA) 


< (201 —2)log(1/4))™2} 


<{1~ 局 上 一 17A] 
~~ GT 


hot 
= 一 一 
xP { eriei} 


信 P 一 凡 一 174， 则 由 于 面 的 不 等 式 推 得 


y XG+ -XG 
ord GU/n) logn) (1—8) coa 


Ai 


TEM Borel—Cantelli 4] i f7] 


Xtian- X)| 
号 3， 2 | 全 地 二 17 8) — XCD 一 二 yt 2 
im SUP om Glog le ase 


EBI nt DRS In RETA 


XG+ h) - XUY) 
rela Oh) (2iog(1/h)) i 


sup -ŽU tlm) -XWH ,_ I/M logn)!" 
i F111 地 OCL/ n) 2Zlognm)! F oth) logih E 
一 全 sup sup tt) ~X id 
( J hog (nin + Ly) 


_ 1 I oO}, ———— 
Oa, fal i 二 


e 


1 
9 of sy Kogn +1) 
Gih 2log{l/ A)? 


ADIO) FREE RHE, Wt 1) CR / eet 
(3.3.25) liman) logn) / Co Ch) (2log(1/h) 4) =} 


各 


， 1 
1 7 (一 
(4.35.26) limo nln eT) 


fol) 2log(1/2))'/*7)>=0,. 
综合 (3.3.24), (3.3.20) Al (3.3.25), (3.3.26) SAB, H 
上 面 给 出 的 不 等 式 即 可 推出 (3.21). SREB. 
注 5.5.5 问 顾 注 3.3.2， 我 们 能 驶 将 (3.3.1 引 和 和 (3.3.19) 改 
SMT: BEET A On Hh eT ACA Ee eee, AT 
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1 -.}(2log (st m+ 1)))¥2 


Xat- XO oy 


————— oe 
(8.3.27) limn sup SUP, gn (Mog (T,/h) a 
<3.. 28) lim sup XGA — XC) =] AS. 


aeeteier, OC) (2log(7./h)> i7 
(CsdGrgo, Lin 1990b). 


3.3.3 BERR 


IFW iener f {I (4), 20}, CstreoARévész(1981) & 
JAAA BRE RE 
-一 一 ITF CE) | 


E br 是 


imz Zéloglog(t/t) — 
| Wis} 


(im mkv’ Qstoglog(/s) ‘ene 


(Csirgo 和 了 Evesz (1981) Mi. 3.3). Aife FMS 
读 挫 通用 于 前 一 式 ， 对 后 者 是 行 不 通 的 ， 但 可 直接 给 出 证 明 . 对 
DBIX(), po} HAAN RASAR ER. 

定理 3.3.3 WHR), eo} (3.3.1), (3.3.28 


4320029) n= 3 Picco, 

那么 我 们 有 

(3.3 80 Tin sup ao ea Bede 

(3.3.31) lim Te B ss。 
证 首先 来 证 


IX) —X C0) | 
43, -$.32)lim sup OD Noglog(1/ #) 


joY(so= Xs) -X(0), Ossi, E Gauss it, EY (s}=6 
H, 


| Aese 


=» 165 - 


(3.3.39) ELY —¥(s) [22 3) 


Taj T 


<2 Alel =: A l, 
HEP ACO=*"47/ 2 WES... RYO 


(l-exp( -~Alé--s|Aa}> 


(3.3.34) FIV?) | =2 La ~exp( -Ehh S26 hk = T? 
J 


#=0 

| (r'>0). 
另 一 方面 ， 由 < ceo， 直接 验证 可 条 

limo*(h)/2rih=1, 
SUR Lese>0, Moh) 的 单调 不 减 性 ， 有 加 >0 WER OShS 
po 有 
(3.3.85) (12 E/ DIDAS S2r yh 
对 于 给 定 的 2 二 0， 有 充分 大 的 4 使 


(3.3.36)4| Ala” )da=4/ 2F | a "dye Th « 
4 | ~ 


由 (3,.3.33) 一 (3,.3,.36)， 利 用 引 理 1.5.1， 我 们 有 
P{ sup |X(s) 一 到 (0) | /202oglogtl7 有 =Q +2) °F 


< P{ sup YD |zare(y oT A 


+ a| aca? jiu }v Bloglog 7%) } 


coe | wo (tt 


(14«lviegiog a 
<ca@(log(1/h))'**. 
éshe=O*, 0>1. HBorel-Cantelli 引 理 得 


—— [X(s)-~XCO)| 
gue actos oa) v 2loslog(1/ M) 


WCB ho, Hkh Shh, TERS 


+ Joo: 


=< (1+e} tla S » 


(wogiog(1A 


LT mo ZOO _ ow) 
,hh Bloglog l/h) “Cin. 


OESS LVA 
证 -=*0;6->1 得 证 (3.32) 成 立 。 
Hi RPE GE 
(3.2.37) lim XA -X (0) N/V Ba" (hyloglog /hy >l ass 


Lelia =e, 记 
Y a= (XCha) —X(0)) /O he), 


Ae={¥ (1-8) Zloglog(1/ha) Te 
ECR TT ao 


(3.3.38) >) P(A =O. 


om 7 


为 还 (3.3.37) 成立 ， 只 需 证 P{dd i.0.}= 二 1， 由 引 理 1.5,4 只 后 验 
证 引 理 1.5。4 的 条 性 (这) 被 满足 。 由 (3.3.35)》 SFP AEN, Hin 
=> Nol 寺 | 


(3.3.39)01- EI aAa I Rn) Ser Ay 
Et 


Te= O {PAd — PCA) PCA} 
Legd aA 
N71 A 


= y 37 {P A) — PCA;) PCAs dF 


jon #=>f+ti1 


m t-i 
+ O MO {PCA Ag) — PCA) P AD} 


t=N -1 GSN, 
met Ja CNO + Teal Ny). 
AEN Fe. 
We Nace Nop Witte =logk, Hy [81.5.3 


t-i 


(3.3.40) [fal Nol = 5 > fr lB rr 


ti 


+ — n, 


A Ł-1 
{E LE E) 
Aon, IFEN, eH ati i 
Eats ( AG +hE — hikers } 
Iyer <P Dl 一) 


=: fia No) + foe No), 
JUN ee EV Va, S= ~€E) Qloglog(1/h;) =O -2) 
XV Blogs» rte 0 4r 2H, H (3.3.39), 4I<hAT 


(8.35420 0<re= BCX CAD -XOD CD- RO Yo hoai uy 
<0 (AO/C Anpa L Ee =r, 
所 以 
ms 


3.3.42) JaN WY ZE pave) 


t=m 1 pay, 


1 a 4 . 
ms exp{ 一 5 CA; + x) — ahur 2) 


= >) Dt expr sche PN PN 


2 
Erp PE = eee exp { — s ). HE (3.3.41) k jóu logh 


iy 
ray ee < iR] --Ẹĵ p 
zph leor ha 


(303249) ri exp 7 phe) CO 一 区 , 
PEAK (3.3,42) 和 (3.3.43)， 当 让 N =N V Ns 时 就 有 


- JÈ > 


:3 "44) TRNADSe( PD) ye 


”ni e+ TS LEJ REKER 


~ (3,83.45) © JAISkS&j + logje 
”所 以 有 7 
B -l 'F lcg rah th) 
3646) Te NE OT. AEE 
363646 Jr NSB ey Son V 
o, I Ny 
Che 一 Yr, tha rieh). 
x exp { - aA 
<= b Clog p tev 21og7 YA) 
PON, Ey its 
iZ fimt 
ww q ier i 
acj P;). 
fmt 


将 (3.3.44), (8.3.46) IRA (3.3.40) 得 
Mas (Ni) <P, >) + ey PCA). 


j=l jet 


t 
[ri | TINIO PJ. 


j=1 


这 就 证 明了 引 理 1.5.4 的 条 件 GD 被 满足 。(3.3.37) 得 证 。 


$ 3.4 DRAPE 
OBE Fy id FE ( +) EP ae 


RAGS WY A? SO XT), -fo, 


g=4 


WIRES S FRR., Cte — tb aa EOU LY (Fy 
—cox<ti<toop={X,08), -—co<ti<too} 2, 紧密 相关 的 过 程 .已 经 
有 若干 学 者 研究 了 它 的 轩 道 性 质 . 因 为 X:(*) 不 是 一 个 Gauss 过 程 ， 
所 以 我 们 无 法 应 用 那些 对 Ganss 过 程 的 研究 十 分 有 用 的 性 质 Ci 
Fetaiqte 引 理 ，Slepian 引 理 ) 。 

附加 于 re<co， 我 们 还 需要 条 件 F:= D Yi o, 


kmi 


2.4.3 EBRA 


为 了 建立 六 (的 连续 模 ， 我 们 也 需要 一 些 大 偏差 的 结果 , 因 
AER BE RGus AN, Alea RA CT 自身 的 意 
义 . 记 MM 一 max Yi M. 


引 理 5.4.1 HRN Hrne. RAHE eo, FE 
上 Er0 和 CC 一)m0， 僵 得 对 主意 的 了 全 Ale), AAE Miso, 
vor (8/e7?)(PofM'/?, Be re 


2 =y? 1/2 dl _ T 
(3.4D PAIX +h) =X) oCBAM) Y?) -exp (~ i) 
和 
(3.4.2) P{ sup up [POEto -R |ev(8hM)'/?} 


Jilt TÄIE 


CT ( y 
=. z exp 一 3). 


证 TAM.= max YY/h, OLS E(Xe(t + 用 + Xe (OM 


Ti =E NX Gt A L A EO T 
(3.4.53) ECXiti+ 4) —XiG))'=aie%? 
=A Ya ha Cl expl ~ 2As2)). 
ps 


fr (w= pt | SONG G4 A) XL) SU BAM oY? 
` for 


17a © 


首先 我 们 证 六 ， 对 充分 大 的 n，w> (8/07) (2/2, s 
(3.1.4): exp (- is )<p.(v) <2exp (~*—}. 
& ho FICHE -- PRE, EFS Ve Arom Mail 
y= Vy XG+- XIU- (CREE) -XL H). 
因此 Y 和 XX (+h) = X k (SEM Raa. XA 
SOX (é+h) AFU 


¥= 1 


= SCX Cth + Xj) CX E+ Ah) - XG) 


j= 


JE Xt PRAT. Fr EL 


(3.4.5) paw) =2P{ 工 (XFCE + A) - X ODD B0(3hM. 7} 


S2 P{X i +D -Ni DOGM.) s, Yao} 

=IP{X k E HA) -Vet VAM d PY So) 

= P{X2,4¢+h)-— Xi O BAM dhe 
ROKAH REPX G+ hh) 一 信守 v0404} e fA PL EA 
XG+ h) — XCEL) EE ee A aG A A) + AOM Xel + A) 
-XL ETE, RIA 


1 
M=], y exp{ = 35 y? -apj 


huk SHEARS AH ERE, Hawa Ahe E 
(3.4.6) P{X{G+ A} Xiva) 


et 
下 GAOIK Ja y dps at “EP 20 ay? k 


k kà 


2 
A EXD {- -sr fey 3 


y 上 y* vioi ž y7 
we) (1- Znj {- ay? - ry 


" IFI 


< 


EFE 


= 1 Wa y(1 一 + jexp { 一 


Ty F 


| ž 
- J 


aip gist 3 


a” a 
> or | exp( -和 ds 


fa ! 1 


1 . 
ma - _ Jt Lijit 
pelt yp lt exp { 一 (3 +g t2} 


TU 


BTA T ERA v/s yH (3.4.5) 和 3.4.6), 
+i BEB Hoh} 


Trk /(8hM,)—~1, 
每 证 (4.4.4) 左边 的 不 等 式 。 
于 页 我 们 来 证 明 (8.464) HAARD Ome 1/10/04), 


我 们 有 
Eexp{ix( X iUt k) XFO} 
=FE{ElLexp{x( X(t +h + XOU +h) 
-X (DY Z; G+ 404+ X, COT} 


=Eexp{ "(Xt +AA) ya} 


' 一 
—{1 ~- x0 oj 2, 


PLAS OS al / (Ong gg)» ML 


(3.4.7) pal S2exp{— wut 84M, 723 TT (1 — 280! ai tye, 


f=. 
dy n= (= 89 29/ CF k ko) 因而 
oho, <(i-e/2Y<1- 32/4, * 
LARA FITA: Wo<e<iflo<y<i1-a, 
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48.4.8) l- yore, 
由 此 我 们 得 


a 
+ 一 1 4 
Ita ~ OFT) Vc exp — 38 x? Satay" 


r=1 =i 


exp LL GO, FOR Ok, rh. 


f=1 
HERA 3.4.7) RRI ev (8/27) (22 Ma 2, 4A eS 
时 就 有 
pov) <2exp { — (1 —€/2)v(8hM a)? (Orko) 
一 Salas /oo ) 


Imi 


eZexpi- (1C— 2e/3)v}<2exp| - EF ). 


这 就 完成 了 (3.4,4) 的 证 明 ， | | 

HRE <o” MHRA Aa, WM. BA X 
Win, deo MEM HH MPEM AY, (3.4. 000 RM 立 . 因 此 
HY (3.4.4), them BED T a M, | 


l. ( -一 人-j=< 2 - x? 
(3.4.9) EXP ET JEP{| P+ A) XC EY | 


1 
zea BAMI) <texp ( - ET ). 
(3.4. DRT PERM (3.4.1)-K8 8.4.9 的 右边 的 不 等 
ee [3.3.2 ESR RAR, OB EGE (3.4.2) Fe a A. 
me 23.4.1 (Csdrgoand Lin, 199b) Er cco H P.<too, 
MEET pe MAS ORNATE eS 
. xD NE) 
lim sup SUP. (ahM)" "loa fh) 


CT xh HER HF 
(3.4.10) (log) log (lA) =c, Ao, 


=] ASe 
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[Xt + S —X7C#) | 
I i S dA st Tar A Pr 
bie sich, rarka (BAM) *log (I o/h) 


=] asSe 


lin su [XE+ S PAGED 
+o Irj <F, (AID og s/h) 


证 “对 给 定 的 0<s<<1， 令 所 满足 


Rebs 


3.4.1) y ha- Ta Foo, 


#= i 
BH 3# i> OORT 
(3.4.12) (aal na) / RaT app) l. 


53.4.1, RUIA 
P{ sup sup Utp- 


iri STi, en a 
m(14+ 28)084__ MO loge (T/A) t 
CCT yf Ae. enD {- = log(Ta4/Ita-1)} 


EC aiT a's 


HE5 (5.4.11) WBA Bal 
了 一 一 |X2¢¢ +9) — X7C2) | 
lim TN ei ae (Ban 1A) log Cha / Rai) 


= 1+ 2e 上 
dye, FRA AA (8.4.12) 产生 


一 -一 一 x+ XE 
3.4.13)1 -二 
(3.4 13) Fris ict, ecsea(8hM log (T/A) “1 


AY SREP, ARIE: 在 条 性 《8.4.10) F. I 
TEs 


tha Sy 


Me +8) — XFCE) | 
= 由 1 Xt —t ce 
(3.4.10) im SUP TAM vio F/R) > a 


HAr oo, XEF (4.13), RRAK=K (€) ZK. BA 


“1 了 是， 


| SOX E+ hy ~ XE) 
(8.4.15) lim. < TK =e 
seen Le (RAM)! log (T/A) SE, Aese 


Iel ar, 


固定 长 充分 大 ， 由 (3.4.15), (3.4-1 等 价 于 
| Du CX CE+ hy 一 KRG | 


(3.4.16) 1i -= ee 
Te iter, (84M) login) ZIE a.s. 


ale Iiri wo Fg 


定义 名 使 但 Pa [hate ETH Xa (E+ 1) hn) — Xela) s 


MEH Xe b+ D) + Xa Ae) AT 


gn = ESTP = vane. — #2 ka), 


at :一 ECT = SEE (3 teite), 
k 


Muir, 
Of, t= FEE = 2 


"lt aia T 9 —_ ao its Ein 


TAA -二 ee +eikin), 


=Enint=—*e 
he 


Ye _- - - 
ir t= EEt Is = +e RPA {girn — aiia) 
种 


Cpe, TŽ, -一 一 Ti, hÈ 
"i T 

k ER _ 1! k £1 点 

Le? i” ot = a® Ni» 4%, =$ 一 


容易 看 出 EL MACE, aK, 吓 相互 独立 的 .入 


are 


ay 一 :一 号 * 一 Cj yt 
1 


m 


ëi? _ Citi (EX2 


Deme yenna + 2 -2 
kei Coy 
AVY Th th ante 
一 Eini + i “gi 3 ge Lert - 4 
atat os a (až 


set) 


Tr a 
+ Sr Gi t 
ki 
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A 
i= > Es 1 + Hys | at 
Mid 7 es 
Am™=mintay,s SK} O, 
LSL" hn) Noga, /hls 
A,=(1-€)(8heM)"?log (Fs, [Bade 
我 们 有 | | 


r k l 7 " l 
(3.4.17) P| max- | DCX +18.) — XG (4p)) | 


Hep S Ty fae k=1 


<A,} 


<P{ max | 
bac f ST y tha? 


<A,} 


| 
D XKGL+ Dha) XEGLA.)) | 


kmg 


<P{ | SCXECL4 Lhe) — X2(LAw)) | <A,} 


kmi 


x 
Der hk xz | 


k =1 


{ maz 
ra, j <r, the p’ 


Allt | [kh 
十 五 { max IH | ATs, fhe) “} 


了 J 
1T — 


我 们 先 来 估计 上 式 中 最 后 的 那个 概率 。 考 霹 H 中 代表 仁 的 一 项 


y (ok fox eins. in =a AL 一 (T, fa CDS E B Gt 是 独立 
knl 
的 ， 且 有 


EMA =at, iL (ti i L/h. 


易 基 估计 2_ (Of je/AO 和 RE 站 的 楼 率 可 以 代 之 以 估计 2 (OÈ jr /OE) 


È m | 


x E -人 的 相应 的 概率 .模仿 3.4。4) 的 右边 的 不 等 式 的 证 明 ,可 得 


-kh76 > 


(3.4. 18) pi HOMI | >- AATs_, [ha } 


k=l 


<2exp] - e (1- Z) A. (T a 


2 Jha) if 


k= | 


CON ICO IE, = CEN /om 


+ 1 (5 ot ed oh Mah. a CT) On) (os pot 
=í 


x (ats Tt cake Te Yo ) 外， 


『 二 i 


其 中 
{ak Pe aes ee t= (oF, }” (g$) ! 
OC CVeae (Da, BDO aha) ) 
= OVA aL a), HP 
at pn CTE pm) ON pi. 
MEHTA 《3.4.18)， 对 充分 天 的 ”得 到 


P{ | S (ok fos yet at, 


kel 


1 Hin} 
<2exp{—chs log r, [Madd S(T, [iad 
因此 我 们 就 有 | 


K 


> ln Rn/ ORS) nt, 


ka1 


Pi wax 
t-23 T HLA ] 


> Aa Pagi [ha ) 


ELT p | /hn) 
对 于 互 z 中 的 其 它 项 ， 了 世 有 类 亿 前 估计 .这 柱头 证 明了 
Pi Max |E jz | A /he 1} 


,LH 


ici! (La, , (Fad “4, 


e IFF = 


类似 的 程序 也 迁 用 于 全 计 GAID SMBH AA MRR, H 


63.4619) p{ imax HEA yg! | yet hae | 
hoy | kes 
= Aa( Lt Dy | [ip a 1} ， 
<P} max An, <A, ar ad” yt 
TT 


+eL Ta, hos, 


将 这 两 个 悟 计 代入 (3,.4.17), 并 且 对 (3.4.19) 式 右边 的 POKER A 
lal 2 Ay PRE. RE eH, BA AS 


E. . 
37 (XE + Dha) - Xf Whe) | 


koi 


(3.4.20) Pt 


max 
| | < [了 y MEULE E 


K 
< TI pi | E CARGL + DA) = X EGLA) | 


jml 


SAI +AT ay /he b+ eT apy /ha) 


<(P{ 
Ek LI 


<(1+2)ap) cerry, sho 


Fe = Kee) she, UIP G. Ad DORRE. 4010), HRR 
fies, (4.20 0 G i aa heat 
Pil xh.) — X700) 4 


<(1- (sh M) og Ts, hs JPY Ta 


ST (XE ha) — XLCO)) 四 


t=] 


1 £ 
<(1 ~ glog a, a (Fad P {- (1- +) 


Le 
x log (Tap, A/p) “7 


。 FR» 


sexp{~-(Pa fad SL '}sexp{-Tat" psn, 
3.4.10 HIER PRO EG IDARA EAR A, A 
Re .定理 证 上 毕 . 
5.4.27 对 数 型 定律 
Bt. BNA FAAS 的 BiR e ihm = max? )/ hs. 


引 理 5.4.2 WBL. PAE eS 0, fo Melo, 
成 立 着 


(3.4.21) PAX (4) P20 evzexp[ -一 二 ). 


如 果 还 满足 条 忻 Pa<ce， 那 么 存在 上 = 一 Ce) > 0AM vme) >0, 
{EASTER AIT > 0M, Bowe 
2 ` _ v i 
(3.4.22) P4 sup x (2) > 2nw} <CT exp Tse j» 
证 《3.4.22) 是 Tscoe 和 MecDonald {1989) 的 定理 1 的 一 个 推 


论 , 因 此 我 们 具 人 须 证 明 (3.4.21). 
IDa = max yz， Te 一 Pi 首先 我 们 证 明 ， 邓 任意 


j=l 


Alvo, 


(3.4.23) PL IX} > tmp ovzexpl — = }. 


记 襄 是 使 得 Yeoh 二 rms 的 正 整数 ,又 记 Y= SOX ~ AXW. 


笃 导 二 4 有 是 独立 的 .由 中 心 极 蛛 定 理 ， 存 在 go， 使 得 对 # 莹 徊 ， 
PTY2EY}3- 因此， 仿照 (3.4.5), 再 注意 到 下 ts( 芭 /orn 服 从 
他 分布， 得 到 


(3.4.24) P| SOX) > 2m) > PAX} lE) Smo} 


j=1 


=-1 | ] tf 2 yt2 
3 | ,avi I © dy 
RFJ) 


jz irae 
A -| ¥ 8 dy 


E ' i 
po qifze. _ =). 
a: pt j—é 


(3.4.23) FRE. A Aico, pa C3.4.23) BAG. 4.21) ee. 
定理 8.4.2 (lin 1990) BETH Pa 


E XECE) 

(3.4.25) ia ier aaog ts 
a XCD 

(3426) lim SmlogT 一 TeSa 
证 FUL 03.14.22), FEDER 

-一 -一 ES 
4.27 8 一 S. 
(3. 8a!) tim HET 2mlogT SI Tes 
因此 ， 为 了 证 明 (3.4.25)， 上 内需 对 任意 的 £ 计 0， 验 证 
(3.4.28) lim K) gae 1S. 


Tae ltt er 2mlogT 


BY Po < 00 By Hl Lim max? ;/1;= 0. [A ELF 8.4.27), 以 证 
HW: FF FEIERE MK Ate), 使 得 


(4.4.29) lim sup Z Xi (4) mogt <e AeS- 


Pwo ipi = 


fal ERREK, H (3.4.29), (3.4.28) EF 


(3.4.30) lim sup eee (£)/2mloe? 2l-e TEP 


T s itl aT ka) 


K RK 
AT ISS ga WX NEC Ge TI, Bea SO Xai) CMalti-— 


f= 1 w= 
Kale eM ye Aa? Mia = Cal ase ile OL =i, 


* 180° 


:二 min hee MP esc MEEK RILA Ad L 
LERSE 


‘ e/G 
EON i LS Tm Pt TARR “tng PR ature . 
a As Aa 


WA, PAS EX G Ree RA) 一 Xa De aA, 
A= 1, fg - TR, FALKE YN! (2) — 
#cl 


~ 263,44 个 世 是 狐 让 的 .因此 


pi Sup xt (£)/(2mlogn) & 1-e} 


fet ann 


<P {max Tx (¢)/(2mlogn) =1-—€ e} 


pn 


K x 
<P SJO Xn) /2mlogn) <1-e bp {max( EXE) 
. k=l 


p 
E Èi 


一 Šri 一 En }/ Omlogn) “lE + 二 


+ Pl max Ernst (2enlogs) >} 
fain on 
=P} 


-4 2a, EO >f ¥ of a TE t >- 一 一 } 
(2elogss) < 1— E+ sled maxkai! (imloga) so 


A 


X ita) / C2mloen) = i-e}P {max 32 X: (E), 


Hl = 7 [es] 


~ £ 
+ 2P max Eni! (2mlogn) 2° — 5 2 
HAE 
A. 
(3.043) pi sup > Xi COmlogn) <1 -el 
Tl = HT he | 


E 1 
站 =] 
Z 


< Ti fs 3 


pod k=} 


` IB} + 


+ P{ ma -d } -E } 
S maxX jaa t/ (2mlogn) > T 


32] 


+ sp {max En,_t/(2mlogs) > 一 一 T Z) 


j=1 


= Pas + Bart Pase 
在 (3,4.21) 中 分 别 用 E AD XR ERC. 4.29) 


AD’ MFRS A Hee A faa 


1 m z” 
bar <{1~ -r loginexp (- (im 28/ 2) 2/2) ogn) 


1-2/6 
<exp(-#'"*), 

对 Pes 利用 (3.4.22)， 同 时 注意 到 (3,4,31)， 当 x 不 很 小 〈 例 

Mren OR, BA 


x if “it 
Pimax ža 1 Ee Pma} <cmexpi 一 e* ‘Kos } 
gay /~ 1+¢é 


k gi eis! n, 
+ Ë 


<onexp| ~ 
因此 


2 1 ~ elogn arat), 
Pasen exp] - Tai ten” 


FRF Epa EEA D aG — Xa ge t eni 是 
HAH, HOSA A ay e O eT TOS A 
EexpiaXi {MXD 一 Xa je a PaT a P 
=ELELexptaXe€ i Kake) — alghe Te) 
Xe TOPEKA 
=Eexpj- a Xi) (Pei ha C1 - i jerzy} 
— (] -P Y h G — gT PAETE a 


if2 
令 a=(1 一 二 yp gt OUD | 利用 水 等 式 (3.4.8) ,对 7 2c 


- B2 - 


a” 8A 


K 
Eexp (agi) = TE {1— a (Vespa) e73 T Yg Ey? 


t=l 


K 
a as aha P01 一 ee 


km 


expira Em’), 


<=eExp 


HRAD, =J y/n ee。 AER- jen Maen 


nF RA 
PL{E;; > 2x} [expt 一 Pex + Is /2957} 


4 ， 
<exp {-—xe4 Kn OY, 


于 是 
paca mexpi — FORA aren 


fj 一 1 


<2n?"*exp | - flog ,a gt tEn my 
12% 


WRN Ps a MP T D (3.4.32) 得 到 


Pf sup SO XE)/(2mlogn) <1 — el =< OCexp(— n'f) noo, 


In} EA py 


由 此 即 得 


(3.4.38 )lim sup Sx (E) 2mlogln + 1)}>1-8 nas. 


"H aro Aci 


3x PAE EAA YT (3.4.30), USER 3.4.28). Al (3.4.25) fh iE. 
(3.4.26) WERF M (9.3.29) 推出 (3.3.30) HIERZ H 
(3.4.20 Fj. MEAM 


§ 3.5 HAEHAA Gaussi tg 
6263.24 ERE ES Gaussi eX (i. WAG 


(8.5.8) K(f n= > Xal) 


k= | 


= exp(—M(f -es)) (2%) dV C5). 


Fol . 


HIEN SS PRAT SK M Be NGauss iw tE 
(3.5.2) (to 一 | | exp -My a-s) 


CAP ya Cea yds 
Eyy) 与 h(y) 荐 [oscc) LKR EE SE A $o {W (x y)s 
00} ep n A S i Wiener i a CHE 
Csörgo, Lin 1990a). H-P RR E A ki T AH Gaussi tE 
[XG vh ER, vo RR}, 


T) As 
T 


(3.5.3) X=] i Tuva, yA Cx, ys 


RRRA or, y) ÆR x 忆 上 关于 Gy) FFAA HR 
ay BAX Ge) fe—PGaussitfe., HO, WA ERAON 
(8.5.4) Cove Xiu), A(s,1)) 


7 


=| | P(t. x vor (su, 8, vodedy. 


id 
Hisn = EKG +50) ~XU,2))?, 
XRS DOS XIE su ta a XG, + a) 
— Xita v HAY), 
Hilisem ADLAR St), 
$ As 


- FRA: 


(3.520) Hittss.0= ff (TIFf+ sys, V) 


ePi tss yn dydy, 


(3.5.0 Hi (ty 8,5 26) = | | 《了 《和 十 和 名 十 如 8 第。 4) 


-Tt -rE Suway) 
+P'Ci,0,x, yp dxdy. 
PRAT PAIE ERRA. 
PL ETG, y) = Dirty x te to, 
Doe， 那 必 
AE =W Cr), 
Hist) =S, Qas, 
Hiliss,t,w)=s0, UES, uoo 
PA2 车 T(t vy y) =I torga ter Cs y) — EE tos x tnea CY 
y), OSEK1,0<v<0o, BA 
XE) = Wye) L eH C1) 
是 区 jefer 过 程 (和 参见 Csirgb6 和 Revesz (1981) $1.15). 
Hissi =s sv, OSs=1, 
Hilfs vt =s] -sn OSE Eudo, 
Fa # -odio Anco, 
下 (和 
= To xinea LEs pexpl -Aly 2) CAP y) TE, 
BAPAC) Ariy) 是 O, œ) FIERA, BAX G) 是 
《3.5.2) 中 的 两 参数 Ganss 过 程 ， 具 有 


Hi(é,s,v) =2) on (1 -expC = Alx) Jda, 
U -+ i 
HiS Y, w=2| Ko 一 exp ilyo dx. 


ERT P, RIHI G. 5. SEXA AG, 建立 连续 
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H. 为 简单 计 ， 人 仅仅 荣 些 特 殊 情 形 被 考察 了 . WH. RIE 
Xn 关于 ! 是 平稳 的 .因此 我 们 可 写 
五 下 全 全 3 Holstin) = Halt, s,s tt). 

关于 连续 模 和 大 增 量 的 一 般 结 论 训 在 Cstrg56。LIin 和 Shao(1991》 
中 找到 。 

lth AER PRILA RH (sn Tse DE, Halst) 
关于 s 和 4# 是 不 减 的 ， 品 tso) MH2s,v.0) HAREE 
Hy 。 


3.5.1 KRE 


下 述 引 理 是 Stepian 引 理 的 一 个 推广 。 
引 理 5.5,] (Gordon, 1985). HiXy}r, 人 7 了 一 二 
站 :1<1<p，1<<j<<m} 是 中 心 化 Gauss 变 景 的 两 个 集 ， 满 足下 列 
ae TF | 
EX), SEY}; (t pCi, 
EX GN KEX GY prs Cte gs CREI, 
EX GA EY Yr, Cdoghs CL, ACH, tat. 
那么 对 所 有 hi 这 0 


(3.5.7) PÍN y (Xa >y) } 


forywi 


=P {N U (Yaha). 


ia, jail: 
引 理 5.5.,2 RACR o> 0. REE. s Mey 
(3.5.0 ECX Ss D S ATDA ts) Xii) 
ELX CE +s A n), 
HEZ eeek ETEA, asas SSA 
(3.5.9) HAS TAYS SEH Sna TSi. 
AAR EE MOCe cl eR T co € Meh C—Cled>0 使 对 
se — ae lA 


« 1236 - 


(3.9210) pfs sup sup sup JAC + sf) -AXATI 


1+ 
red jel Sa Nr, Hile A) =] e) 


CIs expt — wx 2), 
HAT *=sup{Ti T EA}. 


UE ZT 是 一 个 独立 增 量 过 程 ， ZT XU +S T) 
~XG,T) BAEZ =H: T) AWTS a (3.5.8) 
EZ(P)Z(T') =H? ls, T) 
ECX +s, T} -XTX 45,7’) -XG,T"')). 
AP. DAAH T) ET RRB. A Slepian 


引 理 ， 我 们 有 有 
(3.5.11) Pi sup AGAST- -AXATI >] | 
, é& 


“it ils, T”) 
<P{ sup HERETO emn 3 
erlar: GT ow rap a8, = 


IZ(T)! 
-eb xH ls, T) 


iE teys= ER As IAI 5/2", j=, 1, o H RA 
(3.5.9), M4E—e>0, FEM >04 


<2P {sup 21} <dexpt —x7/2). 


| Hise. Tda <E. 
Kf 


Apel, ##Ferniquef) —> 44-2 (424 Jain AlMarcus(1978) %2.5) 
Wat, AHEAD, AGI) KP riéa.s ESA. 因此 我 们 
Ws 

(8.5.12) Ts) AXO SINCE + se, Dd A k | 
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+ STUN CC ei DO ~ KO eet) | 


j=% 


tO [Xeno O — AX eTO]. 

令 K=2"" HH ST 的 定义 及 条 忻 (3,.5.9) 易 见 对 充分 大 的 名 

OSs A 

(3.5.13) Hittt sy ~tyf) Ais. 7) + 2Hi(s K,T) 
<(1+2¢ ER JH (sd I +te/2) H(ts, 1), 


(3.5.54) Hiit Sda; — GT yi) 


202 Hits yf) 
还 有 


(3.5015) Hiltegi fenan PS 26,27 
M (3.5.13) 和 (3.5.11), BINS 


— [AUE +s)a- T) T-X D = } 
(3.5.16) Pt rev Pres ties, {i ty 48/2 wif ty T*) l 


atti 


Hils pd) 7 


= 62? s,texp( —#7/2)., 


类 位 地 ， 由 (3.5.14)，(3,5.156) 和 83.5.11) HE — a> 0 RITA 


(3.5.17) Pf sup sup sup 


fed le latlrareasr, 


PAET tSean PI SKUE tsar DI -> >1} 
PA wi "Hy {Soi *} 


++i 


= c22" si expl- x}/2).» 


和 


[Re dO Xlir sl) | } 
5. ey CoAT a] 
(8.5.18) P{ sup sup, sup pe rT o Ta) 


ket] 


= 2? s;'exp( -—*7/2). 


Wo (9.5.12), €3.5.16)—(3.5.18) 我 们 推 得 


”有 


1》 Pfsan SUD sup IXS T) -XDI f(r +e/ 


po) stk Pet fed 


od + deed! ee JHT" j>} 


tet 
= css Paai exp ( -7 | 十 sto exp (- 7) }}. 
j= 
Agtt A RARA K 
(3.5.20) Sra en 


j=0 


- 
sgt y (27g) site * /2 


j 


(325021) 4e, 52 wid 2 


一 下 
_ i i 
door D2 + dey DU OTE Ee <ex/2, 
joa ;= 0 


在 结合 (345019), (3.5.20) 和 (3.5.21) 得 证 (3.5.10). 
引 理 35.5.3 HACR’. sop wr 0. HEME Soar 
2b 
(3.5.22) EXCRU,s.0' ob -0 )ACRG.8,7,6—-9)) 
= Fi N(R. s.0,0 —vy)} 
HEE oom iaso EER tassas OSS lta, USUSE 


SH 
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(355.23) Hots,c,u)/s8" Scola (sists te)/Si » 

Eth eB CE fale > OFF edo > Of RO bade FF 

{3.5.24} sup sup sup {Hlsorv t+ xsdnua) + AC dsgsu 十 


和 


tatio )/ fie Sos ten SE, 
AB AMT Ome LA PERRI coe eRyC= Cle) >0, Me 
(3.5.25) P| sup sup sup sup IKOR ssip) ,1 


Pele geg devs, sae, EE, SoU stio? j 
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Csi expl a rA) 
对 和 尾 一 % 宇 ] 成 立 ， 
证 Exo- 
tee = CE2 so]+ 1) 80/2" > ， 
wees = (02t /ato]+ 1) at 22 
注意 到 NCR sv.) RELY BBL,i+s] x oy “ull, È 
fl 
(3.5.26) IXCRG,s,0,1)) | | 
si iN CR Cte, E+ she Ek te CO +a, TRD)! 


十 STIX CRCE+ Sac ay (ES Hi 一 长 站 十 Striris 


jen 


Ty 
Vi 


+ 2 NR HL dai Ekiri» 


Uh + Cy | 
+ | XCRCE,s,0,U% —2)) | 
+ IXCRIE sut uuta); — Cot u)))] . 
从 6.5.20) WEE ios s, vt ao +a! 有 
(3.5.27) sso’ a E&H als, 
利用 (3.5.24) 和 (3.5.27)， 我 们 得 对 充分 大 的 区 
Hal (f+ Se —hesths Cetak CV 
<i. (sv ts) + Bil Gts Uts), uh, Cv ta) 一 了 DY 
+ Halta- ts, vhs Cot), vp + Htssv vt Oy) 
+ H2(s,v+ wy Cot a) — (ot )) 
Ho(s vtt) + Hals Kvk lt 1/K)) 
+ Hols,0,14/K) + Halst + wr tof A) 
Cl + €/4) H2(sats 04) 
利用 (3.5423), (3.5.24) 和 (8.5.27), BUF (3.5.14) 和 
(3.5.15) 我们 得 
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HeC (ft Shag — CEP Deets OF ay — OED 
<< 2H2( 50/2?’ ye, 00(1+1/K)) 
<2¢027* * He(sosv,t0(1 + 1/K)) 
<< 80927 %2" Ho(sosv, so) 

Holir repka lot a), vR) 


3e HaCaT, tha ds 
FE, AE maS, 


(3.5.28) P{ sup sup sup sup |XiR (fr, + or — ir, Yh, 


Piil ONG Pl bee, ee, 
(y+ ud, oh) /CCT 46/4) Ha (s,0,0))>1} 


和 
Ed silu expl —#?/2), 


(3.5.29) P {su sup sup sup |XCR(( +8) Gtsde,; 


EII WEPENER 
f Dakt} 


4 + 
<4. I pottitt _, 


So'datexp( =æ} 2) 


(3.5. 30) P {sup sup sup sup | A(R tas i51s bers bes ters dks 


ei al ool rE Ove A 


(uta), vg) PETT aiii Halsos vst40)) 21} 


Ati ,gatiti | 


= :27 so'uytexp( —#3/2). 
dyi =a + 2°92 AF (3.5.20) Al (3.5.21), A 


(3.5.31) sige + 


和 一 下 


(3.5.32) Gco a27 <ex/ dy 


现在 来 处 理 (3.5.26) 的 最 后 第 二 项 。 4>d,;=(4 4+ Da K. xt 


+ Ul 


任 一 y 沁 0 我 们 有 
(3.5283) Pt sup sup sup INCARC, Sy v, va —v)) 1S yt 


ig] sai singer CREF, 


<= P{ max SUP sup sup ‘ACRE, $, 
ESERIA od ra iv} ai Va Feat a 


v te ~ 9d) | ey} 


PAY am gd 


a 之 ， PL Sup Sup sup [RCR Ss vi —2)) | 


1 ir| ei Om Fer, 


> yte 


HZC) PI IB, Zdivo KCRG, S vdi 

-o), Hrd; .<0<d; MARE om" 

EZ d,- DZ ik v O SEZ d; v) 

=EX (Ri, 5, V, Hi— Vv)) 

SEXCRCE, sy 0, RAO XCRG, 5s, vi, d; ))s 
最 后 一 个 不 等 式 是 由 6.22) FAEH 227), RT ATE 
di vcd: 有 

Hals, v-a R, 2u0of/ BKO Hols, ditty Ho RK), 
所 以 ， 利 用 Slepian 引 理 ， 我 们 得 


XRG, s.v, dr = 0) | 
5. P{ s Esn d J 
(3.5.04) a) eee, mH. {ssn — tr Pun K) =] 


|Z(di-v)| | 、 } 
La ered, sH o (s, tK, 2o K) = 


| ACd; — ii) | } 2 
x Pee iTi a b — 42/2). 
2P{ YH eisg dr dior A) } fexpt ~ / ) 


及 注意 到 (3.5.24), (3.5.34 蕴含 着 


NOOR Srv di -v))| 
15.98) P{ swp Rusadi m) 
e ) a Erea, (@/16)4H; Ss Us to) t 


- WAZ: 


<= dexp( 一 人/ 2) 。 
2s (2.5.10) ATER. RITA (8.5.35) AHS 


ae X(RU,s,¥,d;-2))] —,1 
au watt pi H x | "= —— 2 =] 
Wes ; i UE S Dre, ree, (€/8) xH, EPERE TE. J 


<ge2?"*'s,-lexpt( —x?/2). 
Si (3.5.33) 和 (3.5.36) 得 到 


|X CRG ,SsY wh =v) TUL } 
(3. Ye 37) Pt ven SUP. 1 eee (2/Q)sHols,vsue) 1 
1608 gor texp( — ¥°/2). 
ZRH, XP (3.5.26) 的 最 后 一 项 ， 我 们 有 
(3,5,38) pf sup sup sup XCR, SU +4, (04+), — Cv 


E| ol oF) a 
+))) | /((8/8) 2H (sv) 21} 


<16+22""'s at, exp( ~#7/2). 
MÆ, M (3.5.26),(3.5.28) 一 (3.5.32),(3.5.37) 和 (3.5.38) 
即 得 (3.5.25)。 引 理 4.5.3 证 毕 ， 
注 3.5.1 从 引 理 3,.5.2 和 3.5.3 的 证 明 易 见 ， SP 和 


“sup "可 改写 为 csup” 和 “sup?， 其 中 M>0 是 常数 此 时 ， 在 


| Fal i 


(3.5.10) BE (3.5.25) HH, C—CleaoyAC=Cle, MLE. 


3.5.2 HURTER 


WAAC, V 的 天 侦 差 结果 ， 我 们 来 建立 它 的 E SER. Kea, 
Alb, BIE Th TOK ESE A. 
EE 3.5.1(Csdreo, Lin and Shao, 1991) Gite e#(3.5.8) 
AY (3.5.9) PIE «MRI 
(3.5.39) ECX + ds, I) -XCts, OCX + 1)s, t) 
一 A 4s,7) }520, 
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(3.5.40) lo: lor Hiir, TO+ HA tae, Ty) 
=o(log(t/ar)) T+o, 
Ab A RANA 


SAD Tm P, Hlan Dogan] S 


(3.5.42 li 一 
0 lm sup SUP Atan Togian) ! 48 


证 首先 ， 我 们 来 证 


和 Xt T- XU,T)) 
eH. ] c z Aa. 一 一 
7 


< 六 osS。 
ROS MAPS T, Oa, S08’, PAT) =e },” 
g=0, h ery Beer, -1, 0, 1, 3 TẸp=sup{T; TE Aes}, 
T= infil, 工 G4d 放 .从 条 件 (3.5。407， 对 给 定 的 0 二 se<372 和 
Rap K Se Rl Se at, Avo. A AK —-BRIFE SAKE 
(3.5.9) 上 且 取 8 充分 接近 于 1， 我 们 有 


O XG +s, T) -XG,T)| 
(5.5.44) lim DTE, n H, lar, T Glogar)” 


s lim max sup sup sup. |X its, )- Ali, 
f -到 这 |e eget TE dy, Jr] 1 O25, Fe a 


T)|/CHi (ar, T) (log (1/ar))'/?) 


=< lim max . sup sup sup (1+8)|XG+s5,7) 
form lel cee? Ted, Ii) garga! | 


-XT ot DorO 2) 


< lim max sup sup sup 6@(1+4)|AGi+s,T) 


j — oo ET aati TE 4p, lf] ql nase 


-AUTO| OH OT TE) logt.) 
由 引 带 3.5,2 和 {3.5.3)， 我 们 得 
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(3.5.45) pl max, Sup sap sup [X(t+s,T)~XE,T)I 


tice red, , FF -y 
DE 办 


FATTE oge a] +eh 


= i, of Pf Sup Sip Sup IXUS, T-X, 


TRAE HIEL pear! 
TIAE OT TE 2log8?) y= I +e} 


<C0#*texp{ —-(1+e)*lopo} 全 CD-e 
AA(3.5. 44), (3.5.45) RBorel-Cantelli 9] SHB (3.5.43)aR. 
其 次 ， 我 们 来 证 


(3.5.46)》 lim 人 7 
Faroe Hian T) Olos O/a 


它 同 (3.5.43) 一 起 可 推 得 定理 3.5.1 的 结论 ,我 们 有 


(3.5.47Lim sup eter T- KGT) 
toe teres Hilar TO) (2log(1/ar))'/? 


jIXG+a@r,T)~XG,7)| 


==him min inf su 一 
1 nE, Hilar TO (2log faz)? 


=>] ds, 


== lim min inf su {XG +67',7T) ~A Ct, )| 
pre aap cot? Teda; seer LEO, PC Zlagg™))i/2 


— lim max Sup S11 TAGIT) -XG,T)| 
i gy gti Taag eres C877, TC 2logA!)'72 


elim rnin inf max IX ((i+1) 67, Ty 


es = "e 


Poem ae cath EAk, ngigai 
~AG, H, 2) Clog t y2) 


~ > im max max su sup . I 
p+ oe rT wet! TEia, Tl 


tE) ~ATO H0 T y 2lage?) 2), 


. TBE: 


fer a 63.5443) ADE BA RSE EE EES 5.1, (3.5.9 BT 
(3.5.48) lim max sup sup Sup LACH 


F. Tea, yta +1 


PRR ao osre pig7 fat 


Ted ATOZ CH CGP loggt) t?) 


g lim ITLAX Sup SID SUP E| XE 
Joen ai rea, Pee td ptl 


iat A ! nT e111 


46,2) ALY] CH CB DETU T) (Vogd yt?) 


ZE = 


说 站 全 


wpe Ed 
EA SP h Gaussit tE, Sea, Z0, T) 
Ya, T) H 

EZG, JOLi, POSEY. OY CH, TO” WF. 

么 由 (3.5.8) 我 们 有 | 

EYG OY, TOZEY i, FAT’) 

= FEZA JEt, £7), 
国 此， 我 们 可 以 利用 引 理 3.5,1 得 到 

. B Yit, T) ł sr} 

(3.5449) Pt int iesi HO TT og e S (1+8) 

o E YG, T) 
l- PL fy td Hg ,TY logg "4 


>For} 


Aisi) 
< -Pd N (一 一 -到 T) 
si TEAR} a He Tlogo NY? 


> 


=P} U (pn I 
re dt wide H.@ 7,7) Glog D7 
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<ir) h 
Fr E 

_ | i Vt, 2) 
(3.5.80) pi min eo. ea HB Ty Ologo thi? 

ae | 

“= (J) +e)? J 

2 。 ce eee en ne cu ee ET 
=. 2 , Pt Tria = HaT logg yl’? ] +E 
lti ce nx 站 了 


| 


十 2 Ps max = up H0, TED logh DE 


kl 0 


Be 
> sey} 


TER SST FEA, ZG, DP 是 一 个 独立 增 量 过 程 ， 我 们 有 
EZG, TE) -ZO Thy 
— Er (rs, TP- EZ i, Tap 
= FY? 25) -EY UG, Th)) 
= ttl 2 | È l 
<(@?-1)H'(67,7%)). 
因此 对 1<8< 1 + 67/32 


m m P{ aa m= "Ll ria yoe O OOT 
(3.5.51) on ogee? rese, H”, ka Celog D1? 


: iZ04,7T%,)-ZG,T)| 
< 二 2 Pt sup HYCO"? TF; (2loggi*')'”? 


= ]O7 : 


= 2 2P] H (07i T Y log?) = a j 


i €loga?*! 
<¢ L, E sp) 


利用 条 性 (3.5.39} 和 Slepian 引 理 ， 我 们 得 
ZTE) O eb } 
6349-92) Pl max Hy (G7. TF) Qloge VF “1 +e 


cat) 
ZG,T?;) Q } 
< TT i 
P| HO I Tt) Clogg yt “1 +8 


< IÍ { 1 一 expl ogg \ 


<exp(-@°?")=:a"7', 
所 以， 从 (3.5.50) 一 -(3.5,.52) 我 们 就 得 对 每 一 -充分 大 的 3 
. , Ya,7) 
(3.5.53) P 1n inf K ME Pas ey oll epiFlilf 
recat Tean repeat Hd I Ologo iye 


] 
= (J 4-2)? } 
<90-%, 
BeA (3. D. d7), (3.5.48), (3.5.53) Æ Borel Cantelli¥] 理 得 


[Xtar A L ] 


woe i 一 全 一 
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SERIES EDITOR’S PREFACE 


“Et moi, ..., si j’avait su comment en revenir, je 
n’y serais point allé.’ 


One service mathematics has rendered the 
human race. It has put common sense back 


Jules Verne where it belongs, on the topmost shelf next to 
the dusty canister labelled ‘discarded nonsense’. 
The series is divergent; therefore we may be Eric T. Bell 
able to do something with it. 
O. Heaviside 


Mathematics is a tool for thought. A highly necessary tool in a world where both feedback and nonlineari- 
ties abound. Similarly, all kinds of parts of mathematics serve as tools for other parts and for other sci- 
ences. 

Applying a simple rewriting rule to the quote on the right above one finds such statements as: ‘One ser- 
vice topology has rendered mathematical physics ...’; ‘One service logic has rendered computer science 
...; ‘One service category theory has rendered mathematics ...’. All arguably true. And all statements 
obtainable this way form part of the raison d’étre of this series. 

This series, Mathematics and Its Applications, started in 1977. Now that over one hundred volumes have 
appeared it seems opportune to reexamine its scope. At the time I wrote 


“Growing specialization and diversification have brought a host of monographs and textbooks 
on increasingly specialized topics. However, the ‘tree’ of knowledge of mathematics and 
related fields does not grow only by putting forth new branches. It also happens, quite often in 
fact, that branches which were thought to be completely disparate are suddenly seen to be 
related. Further, the kind and level of sophistication of mathematics applied in various sci- 
ences has changed drastically in recent years: measure theory is used (non-trivially) in 
regional and theoretical economics; algebraic geometry interacts with physics; the Minkowsky 
lemma, coding theory and the structure of water meet one another in packing and covering 
theory; quantum fields, crystal defects and mathematical programming profit from homotopy 
theory; Lie algebras are relevant to filtering; and prediction and electrical engineering can use 
Stein spaces. And in addition to this there are such new emerging subdisciplines as ‘experi- 
mental mathematics’, ‘CFD’, ‘completely integrable systems’, ‘chaos, synergetics and large- 
scale order’, which are almost impossible to fit into the existing classification schemes. They 
draw upon widely different sections of mathematics.’’ 


By and large, alli this still applies today. It is still true that at first sight mathematics seems rather frag- 
mented and that to find, see, and exploit the deeper underlying interrelations more effort is needed and so 
are books that can help mathematicians and scientists do so. Accordingly MIA will continue to try to make 
such books available. 

If anything, the description I gave in 1977 is now an understatement. To the examples of interaction 
areas one should add string theory where Riemann surfaces, algebraic geometry, modular functions, knots, 
quantum field theory, Kac-Moody algebras, monstrous moonshine (and more) all come together. And to 
the examples of things which can be usefully applied let me add the topic ‘finite geometry’; a combination 
of words which sounds like it might not even exist, let alone be applicable. And yet it is being applied: to 
Statistics via designs, to radar/sonar detection arrays (via finite projective planes), and to bus connections 
of VLSI chips (via difference sets). There seems to be no part of (so-called pure) mathematics that is not 
in immediate danger of being applied. And, accordingly, the applied mathematician needs to be aware of 
much more. Besides analysis and numerics, the traditional workhorses, he may need all kinds of combina- 
torics, algebra, probability, and so on. 

In addition, the applied scientist needs to cope increasingly with the nonlinear world and the extra 


mathematical sophistication that this requires. For that is where the rewards are. Linear models are honest 
and a bit sad and depressing: proportional efforts and results. It is in the nonlinear world that infinitesimal 
inputs may result in macroscopic outputs (or vice versa). To appreciate what I am hinting at: if electronics 
were linear we would have no fun with transistors and computers; we would have no TV; in fact you 
would not be reading these lines. 

There is also no safety in ignoring such outlandish things as nonstandard analysis, superspace and 
anticommuting integration, p-adic and ultrametric space. All three have applications in both electrical 
engineering and physics. Once, complex numbers were equally outlandish, but they frequently proved the 
shortest path between ‘real’ results. Similarly, the first two topics named have already provided a number 
of ‘wormhole’ paths. There is no telling where all this is leading - fortunately. 

Thus the original scope of the series, which for various (sound) reasons now comprises five subserics: 
white (Japan), yellow (China), red (USSR), blue (Eastern Europe), and green (everything else), still 
applies. It has been enlarged a bit to include books treating of the tools from one subdiscipline which are 
used in others. Thus the series still aims at books dealing with: 


- a central concept which plays an important role in several different mathematical and/or scientific 
specialization areas; 

- new applications of the results and ideas from one area of scientific endeavour into another; 

- influences which the results, problems and concepts of one field of enquiry have, and have had, on the 
development of another. 


To quite a large extent limit theorems (or laws of large numbers) are what makes statistics applicable. Par- 
ticularly important are strong limit theorems. This is well known. Still I was surprised to find that 2651 
articles and books have appeared with the phrase ‘strong limit theorems’ in title, abstract, keyword list, or 
table of contents. And most of these appeared after 1981, which appears to be the last time that the ficld 
was surveyed as a whole. 

In this volume the authors survey the results obtained in strong limit theory in the last 10 years or so, 
including some of their own work. It seems to me a most useful thing to have around for every mathemati- 
cian or Statistician who just might need a strong limit related result that goes beyond the standard ones. 


The shortest path between two truths in the real Never lend books, for no one ever retums them; 
domain passes through the complex domain. the only books I have in my library are books 
J. Hadamard that other folk have lent me. 


Anatole France 


La physique ne nous donne pas seulement 


l’occasion de résoudre des problèmes ... elle The function of an expert is not to be more right 
nous fait pressentir la solution. | than other people, but to be wrong for more 
H. Poincaré sophisticated reasons. 
David Butler 


Bussum, 10 February 1992 Michiel Hazewinkel 
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Preface 


Strong approximation and strong convergence methodologies have been 
very active areas of research in probability theory during the past two decades. 
The 1981 monograph of M.Csorgd and P.Revesz Strong Approximations 
in Probability and Statistics sums up the basic results of this kind up 
to the beginning of the 1980s. In the introduction to their book, the 
authors pointed out possible directions for further research, such as 
multitime parameter processes and processes in higher-dimensional 
Euclidean space (or Banach space), as well as the case of nonindependent 
and /or non-identically distributed random variables. 

In recent years, many results of Csörgő and Révész ( 1981) have 
been generalized and improved to a great extent. Limit properties of 
a Wiener process have been continuously studied extensively and deeply 
by some authors, and limit results of the increments of partial sums 
of a sequence of random variables have been sharpened and generalized to 
the case of independent, but not necessarily identically distributed random 
variables by Z.Y. Lin and Q.M. Shao. Path properties of some Gaussian 
processes related to a Wiener process have been also investigated. This 
monograph aims to provide an overview of this work. 

We are deeply indebted to Professor M. Csörgő (Carleton University, 
Canada ) and can only say that this monograph could never have been 
written without his encouragement. Our best thanks are due to Dr. Q. M. 
Shao whose comments greatly improved the book. Our thanks go also to 
B. Chen, Z. W. Cai and Z. G. Su for their helpful suggestions. 


Lin Zhengyan 
Lu Chuanrong 


Hangzhou University, April 1992 
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Chapter 1 


The Increments of a Wiener and 
Related Gaussian Processes 


The results of the increments of a Wiener process and some related 
Gaussian processes deeply describe the properties of sample paths. They are 
the important achievements in probability theory in the last few decades. 
Many authors have studied these subjects following the 1981 monograph of 
M. Csörgő and P. Révész: Strong Approximations in Probability and 
Statistics. In this chapter, we will introduce some new advances in this area. 


1.1 How Large Are the Increments of a Wiener Process? 


ee / / e 
1.1.1 Csörgó-Revesz’s increments 


Let { W(t); 0<t<oo } bea standard Wiener process on a probability 
space (Q,.¥,P). Csörgő and Revesz proved the following theorem first. 


Theorem 1.1.1 (Csorgo, Révész 1979) Let 0<a,<T be a function of 
T for which 
(i)a, is monotonically non-decreasing, 
(ii) T/a, is montonically non-decreasing. 
Then 
lim sup sup Br riW(t+s)-W(t)|=1 a.s. (1.1.1) 


T> © O<t<sT-ar O<s<ar 


lim sup p lW(t+a,)-W(t)|=1 a.s. (1.1.2) 


T= co Ot <T-a T 
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lim sup B,|W(T+s)-W(T)|=1 a.s. (1.1.3) 
T> x O<ssar 
lim b | W(T+a,)-W(T)|=1 a.s. (1.1.4) 
T> x 


where 
By 一 2 a, (log (T/a, ) 十 log logT )} -1/2 k). 


If we have also 
(ii) lim (log T/a, )/log log7=oo , 
T> x 


then 


lim sup sup f,|W(t+s)-W(t)|=1 a.s. (1.1.5) 


T> x 0<t<T-ary 0 和 <ar 


lim sup p l W(t+a,)- W(t) =1 a.s. (1.1.6) 


Tr x 0<1<T-ary 


Deo (1977 ) showed that if condition (iii ) fails, then 


lim sup sup B,|W(t+s)-W(t)| <1 a.s. 


0<1<T-ar 0<s<ar 


T > x 


provided lim (log7/a,) /log log T <œ . This suggests the following 
Tr œ 
problem : find the normalizing factor 6, =6,(a; )such that 


lim sup sup 6,|W(t+s)-W(t)l=1 a.s. (1.1.7) 


To x O<t<T-ar O< ssar 


lim sup 06,|W(t+a,)-W(t)l=1 a.s. (1.1.8) 


T> x 0gigT-ar 


Some partial answers concerning (1.1.7 )and (1.1.8)were given by Book 
and Shore (1978 ), Csaki and Revesz (1979) and Shao (1986 )et al. Two 
of these are as follows: 

1. (Book, Shore 1978) Let a, be as in Theorem 1.1.1. If 

(iv ) lim (logT/a;)/log log7= O0O<rsæ, 


then 
lim sup Pil W(t+a,)-W(t)|=( r )2 as. (1.1.9) 


Tr x O0<t<T-ar l r 


2. (Csaki, Révesz 1979) Let arbe as in Theorem 1.1.1. Then 


(*)Here, and in the sequel, we shall define logt =log (max (1,1)), log logt =log log (max (1,e )). 
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18-' < lim y(T) sup sup (|W(t+s)—-W(t)|< 46 a.s. 
T> œ 


<t<T-ay 0<s<arz 
where 
T? T 


y(T) = 2 arlog(1+ 16 a,log log T 


ype, 


Furthermore, if 
(v) lim (logT/a; )/log log log 了 = œ, 
T> œ 


then 
lim y(T) sup sup |W(t+s)-W(t)|=1 a.s. (1.1.10) 
T> % 


0 和 :和 一 47 0< sS ar 


Shao (1986 )weakened the condition (v)and obtained the following result. 


Theorem 1.1.2 (Shao 1986) Let a, be as in Theorem 1.1.1. If 
(vi) lim (T/a, )/log log T=% , 
T-* œ 


then 
lim y(T) sup |W(t+a,)-W(t)|=1 a.s. (1.1.11) 
T> x O0<'<T-aT 
lim (T) sup sup |W(t+s)-—W(t)|=1 a.s. (1.1.12) 
T> œ 0<: <T-ary O<s<ar 
where 


y(T)= { 2a, (log T/a, —log log log T )}7~'%. 
In order to prove this theorem, we need the following lemmas. 


Lemma 1.1.1 (Slepian 1962, Adler 1989) Let{ X(t); te T} and 
f Y(t); te T } be centered Gaussian processes such that EX*(t)= EY*(t) 
forallte T and EY(t)Y(s)< EX (t)X (s)for all s,t e T. Then 


P{ sup X(t)<u } > P{ sup Y(t) <u}. 
te T te T 


Lemma 1.1.2 (Revesz 1982) Let k be an arbitrary positive number. 
Then for any 8>0 there exists a us= uo (k,€)>0 such that, for any UÈ tg, 
we have 
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(1—e) -过 er2<PfT sup (W(x+1)— W(x))>u} (1.1.13) 
TU 


O<x< 
ku _ 
<P{ sup sup (W(x+s5)—-W(x))>u }<c—=— e" 
O<x<k O<s<l V 2n 


2 
where the constant c< 25. 


Proof The first inequality in (1.1.13 )is well-known (see Qualls and 
Watanabe 1972). We need only to prove the last inequality. Let 


x =i, i=1,2,--,[wk]'* 
be a partition of the interval [0, k | and define the events 


B.={ sup_, (W(x,— 5) - W(x,))> I}, 


O< s<u 


A(v)={ sup (W(x,+5)-Wx,))2u-v/, 


<s< 


(v—Av )/u< sup, (W(x;-s)- W(x)) < v/u}. 


O<s<u 
Then as u— œ and Av — 0, we have 


eo 2 | I, 5 ， 
expl 7 (u - )*Av, 


2 . — 
Pi Alo) = ——exp (— z? Jan u-v/ 


2 u? 
P{ B }z ny PO > ). 
T 


Therefore there exists an absolute constant u,>0 such that for u> u, we 
have 


Pi sup sup (W(x+s)-W(x))>u } 


O<x<k 0<s<1 
2 i l v? l U 
<[u? 一 - ee — — —— (fy 2 
< [wk | | | ar exp ( 5 ex p( 5 (u 7 dv 


Tt 


2 u’ ku u’ 
+ — = exp (一 一 leeki op (- >), 
UV In 2 V 2n 2 


where c< 25. The proof is completed. 


Lemma 1.1.3 (Revesz 1982 ) For any £> Q there exists u=u, (e)>0 
and T,=T,(¢é)>0 such that 


(*)In this book. the sign [ :] sometimes denotes the greatest integer part or at other times denotes 


brackets. It will be clear from the context. 
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exp {— 25 EA e*2}<P{ sup sup (W(t+s)—-W(t)) <u } (1.1.14) 


0<: <T 0<s<l 


- 2 \ 


< P{ sup (W(t+ 1)—W(t))<u}<exp {-(l-«) 


ue Ten e 


for uz upand T2 T,. 
Proof Letk=[T]. From Lemma 1.1.1 and Lemma 1.1.2,we have 
P{ sup sup (W(t+s)—-W(t))<u } 


O<t<T 0<s<1 


>P{ max sup sup (W(t+s)—-W(t))<u} 


O<i<k i<igitl 0<s<l 


>(1-P{ sup sup (W(t+s)—W(t))>u} Ji! 


0 入 /和 1 O<s<l 


> (1] 一 e72) > exp ( 一 25 -u 2) 


CU ; 
Sn EP 
for u> u, which proves the first inequality of (1.1.14). We now prove the 
last inequality of (1.1.14). If k< T is a positive integer, then 
sup (W(t+1)— W(t )),> max su (W(t+1)—W(t)), 
0<igT O<i<l i(kt+1)<t <(i+i)(k+1) 
where / is the largest integer for which (/+ 1 )(k+1)—1<T. It is easy to 
see that { sup (W(t+ 1)—W(t));i=0,1,---,/} are independent. 


i(k+1)<t <(i+1)(k+1) 


Hence, by Lemma 1.1.2, we have 


P{ sup (W(t+1)-W(t))<u} 


O<i(<T 
<P { max su (W(t+1)— W(t))<u} 
0<i<!/ i(k+l)<t< (i+1] )(k+1) 


<(P{ sup (W(t+1)—W(t))<u })"' 


O<r<k 


l+o0Q0) ku pu 2 yin 
2n 


<(1- 


AU Wu enw 2} 


T 


<xexp{-(1+0(1))— 


2] 


<exp { —(l-«) = e 


for T>T,(e)and u>u,(e), which proves Lemma 1.1.3. 
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From the proof of Lemma 1.1.3, we have: 


Lemma 1.1.4 (Revesz 1982) For any £> Q there exists uy= uo £) and 
T,=T, (8) such that 


O<i<T O<s<l 


exp {—50 = ec? < PL sup sup |Witts)—-W(t)| <u} 


<P {sup |W (t+ 1)— W(t)| <u }<exp{—2(1—«) ew 2} 
O<1<T = 
for T>T, andu nu. 
We can write the following obvious fact. 
Lemma 1.1.5 Let { €,é,;n>1} be a sequence of random variables. If 


P{é>eé}>0 a nro, 
then there is a subsequence { €, ， ‘such that 
lim ¢,,<¢ a.s. 
k> x 
So that 


Proof of Theorem 1.1.2. 
1° We prove that 


lim AT) _Sup |W(t+a;)-W(t)| >1 a.s. (1.1.15) 
T 


Taking £= 1 2 in Lemma 1.1.4 and noting condition (vi ), we have 


P{ sup |W(t+a,)-W(t)l <y\(T )} 


O<t<T-arz 


a, log logT 


I T 
p \ ary 2n zlog ar log logT T 


< (log T )~* 


for large T. Denote 7,=kv* (k=1, 2, =). By the Borel-Cantelli lemma, 
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we obtaln 


lim y(T,) sup |W(t+a,)-W(t)l>1 a.s. (1.1.16) 
k> x 0< t<Tp-ar 
k 


If 7,<T<T,,,, then we have 


XT) sup |W (t+a,)— W(t) 


O<t<T-ar 
P41 /ar 

> _ + -12 — 

(ar, log log logT, ) ( par Ti-ar, Wr ar) WI 
— sup sup | Wt{t+s)— W(t)|) 

O<t< Tk aT, O<s S47 "aT, 
= :A,y(T,)I(T,)-Z,(T,); (1.1.17) 

where | 

gu( Te. (a,,/T, log ((T,/az, ) /log log T,) 2 

i Ti (ar /Triri) log((Tiii Mr ) Aog log T, ) ) 


Note that xlog (1 /xa)is a monotonically increasing function of x when eax 
< l and a>0. Therefore 


l> lim A,> lim (T7,/T,,,)'2 =1. (1.1.18) 
k> ox 


k> œ 


On the other hand, by Theorem 1.1.1, we have 


lim sup sup B,(T,)| Wt+s)- Wt) |< 1 a.s. 


k> x O<t <Tk-ar, O<s<ar, TIT, 
where 


T+ 
Pi (Ti)= {2 (ar 一 ar (log __* OT k+ 


Uri E ar, 


+ log log (T+ az, ,,))} 2. 


It is easy to see that for large k, we have also 


1/3 
ar ~ ar Sar, A= T/T 1) <6 ar KI” 
which implies 


By? (T,)Qaz, log (Ty; [QT ，) /log log T,,))7' 


6 T,+a T,.,/a 
< — kk “T+1l p!3 k+1 Tk+ 
PETA (log ( 6a... k'ĉ)+ log log (Ti+ 47,,,)) Aog | log log | 


> 0 as k > œ. 
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Therefore 


lim Z,(7T,)=0 a.s. 
k> x 


Combining this with (1.1.16 )— (1.1.18) yields (1.1.15 ). 
2° We prove that 
lim y(T) sup sup |W (t+s)—- W(t)|< 1 a.s. (1.1.19) 


T >x O<1<T-ay 0gsgar 


If lim (log T/a; )/log log log T=, there exists a sequence of positive 
numbers { T, } such that 
lim (log Ty/ar„) Aog log log T, =. (1.1.20) 
For any given ¢>0, by using Lemma 1.2.1 in Csörgő and Revesz (1981 ) 
we have 
Pt (2ar, logTy/ar,) '? sup sup |W(tt+s)-W(t)l>1t+e} 


O0<1t<Tyr-a 0< <a 
N Ty Ty 


<C Lx exp (— (1+ e)log -会 )=C( y0 (N> o). 
N 


TN a TN 


Hence from Lemma 1.1.5 we have 


lim (2a; logTy/ar) sup sup |W(t+s)-W(t)| <1 a.s. 


N> x O<1 <Ty~ 47, ssaTy 
From (1.1.20) 
lim (2a,,logT,/az,)7'? Vy (Ty) = 1. 
N > x 


It follows that (1.1.19 )holds true. 
If lim (log T/a,)/log log logT < œ , i.e. there exists a constant 
T > x 


co>0 such that 
T/a, < (log log T). (1.1.21) 


Let T,= e (k=2,3,---). By using Lemma 1.1.4 and by condition (vi), 
for any €> 0, we have 


P{ sup sup |W(t+s)-W(t)l < (+e)y T) 


Tk <t < TktiTaT ry OSSSap 


| 
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Sexp{ — 100, TaT, CHON 2log(Tis /nalog logTini) 
i V 2n ary + (Ty) Arp) 


。 (log log T,,,)'*° > k-22 


for large k. By the Borel-Cantelli lemma, it follows that 


lim y(T,,,) sup sup |W(t+s)—-W(t)|<l+e a.s. 
k> Tt Ir ar OSS <a7 ,| 
(1.1.22) 
Note that 
sup sup |W(t+s)-W(t)| (1.1.23) 
O<t< Tk+1—a@Tp4+) XS SaTk+] 
< sup sup |W(t+s)-W(t)l+ sup |W(v)-Wu)l. 
TRS ESTA TaT OSS Sap | Osu ses Th 


By the well-known law of the iterated logarithm 


lim sup (27, log log T,) 'A Ww) - W(u)| <1 a.s. 


k> æ O<ucv< Tk 
From (1.1.21 )and condition (vi), we have 
y(T,,,)(2T, log logT,)'? > 0 as k> œ. 
Therefore 


lim y(7T,,,) sup ĮIW(v)—-W(u) =0 a.s. (1.1.24) 
k> œ 0 Tk 


<u <v 


So, by merging (1.1.22)—(1.1.24), (1.1.19) holds true. The proof is 
completed. 


1.1.2 Lag increments 


Another form of increments, lag increments of a Wiener process were 
presented and discussed by Hanson and Russo (1983a). Chen, Kong and 
Lin (1986 ) sharpened their results and proved 


Theorem 1.1.3 (Chen, Kong, Lin 1986) 


lim sup | W(T)-W(T-—-t)|/d(T,t)=1 a.s. (1.1.25) 


Trex 0< 1<T 
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lim sup sup |W(s)—W(s—t)| /d(T,t)=1 a.s. (1.1.26) 


T >æ% O<t<T tes<T 


lim sup sup |W(T)—-W(T-s)|/d(T,t)=1 a.s. (1.1.27) 


T >x O0O<t<T O€sKt 
where 
d(T, t)={ 2t dogT/t+ log logt) }'”. 


Proof 1° Using the law of the iterated logarithm, we have the left 
hand side of (1.1.25) 


| (1.1.28) 
> lim |W(T)|/(2Tlog logT )'?=1 a.s. 
T> x 


2° In order to prove that 


lim SUP sup IW(s)— W(s—-t)l|/d(T,t)<1 a.s. (1.1.29) 
we take the real number 0> 1 so that 1<2(1+e¢)?A(2+¢)=:142e for 
some £> 0. Forn=1,2,--- and k=., — 2,—1,0,1,---,k,, denote T,= 2", 
t,=O*, where k,=[( n+1 ) log2 Aog6] +1. Write k,=[1 Aogé], k ,= 
[log(T,., AlogT,)'* ) Aogé ]. 

When T, ST < T 


n 


+1» we have 


sup sup |W(s)—W(s—t)|/d(T, t) 


O<1<T txs <T 
IW(s)- W(s—1t)| 
< su su S 一 
rk si ae leet, { 2t, dogT,,/t,,,+ log logt, )} 2 
=: sup A,,. (1.1.30) 


-x <k <ko! 


An inspection of the proof of the Csorg6-Reévesz lemmas (see Lemmas 1.1.1 

and 1.2.1 in Csoig6 and Revesz 1981) convinces one that for any 0<T, 

O0<v,0 <h<T, we have 

P{ sp 7 |W(s)— Ws Dl >v} <-> exp (- =~ ), 
0<s <s<T,s-s <h h 2 十 8 

(1.1.31) 

where C is a positive constant depending only on e. Using this inequality, 

for — œ <k<k,, we have 


< P{ sup ti ClIW(s) - W(s-t)| 


O< s-t.s<€ Tn+1.0 <tStk4] 
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CK 
2(1+6) T 
<c —= exp< 一 — lo z 
1k+1 p (2 十 85)0 5 1k+ 1 | 


1+2e ’ 
-ce | feet = (0! 2" )28 7 (1.1.32) 
Ley T, 


(Here, and in the sequel, c denotes a positive constant, which may take differ- 
ent values at different places. ) Hence, it follows that 


Y 》 PLA, zlt+e} 

n=1 =% <k<ko 

<c 》 (02) te (kyt 1)(Ge P37» "<0 
n=] k=0 n=1 


(1.1.33) 


For the case k<k <k,- 1, using the inequality (1.1.31 )again, we have 
P{A,21+8} 


<P sup sup thy 
0< s—t,s< Tn+1 OSIS tky] 


' 1⁄2 
> (l+e) 2t, (log ~~ + log log 1, ) 
1k+ 1 Lt! 


<c(T, /iri)exp{ —(2(1+e)A2+2)0)log((T, logt,)/t.+,)} 
=C (te /T 4) )” (logt) 0+% D, 


Z| W(s)-W(s—t)| 


(1.1.34) 
Note that when k, <k<k,,we have 
, , OT 0* TE. 
28 < (k n+ 1 )2e < _ n+] 2e — n+] 
(t1) 0 (log T )14 


(oog 了 2 
From (1.1.34), it follows that 


oe 


» > P{ A, 21t+e} 


n=1 k=kp+1 


< 02 kr —(1+2¢ °) 
cd (logT,, )’ 2 (lost) 


k=ko+] 


人 
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< cy n? > ko O42 )< oo , 
k=] 


12 
(1.1.35) 


n=l 


For the case k,<k<k,—1, we have 
TOS hig OT 
k,—k,<(e ‘log@)7' log log?" +2= : k. 


Using (1.1.34) again, one sees that 
kn— 1 
>Sl+e} (1.1.36) 


rit Pt An 


n 


8 


by Ge (logT, )- +t» 
=1k=kytl 
<c < k 0 n —(1+2e ‘) 


n=] 


< cy nt )< oo ， 
n=] 
Finally, merging (1.1.33), (1.1.35) and (1.1.36) together, we get 
Y P{ sup A,>l+e$<¥ P{ A, >1+e}<o 
=] n=l ~æ<k<kn-i 


-æ <k<kpy-l 


and (1.1.29) follows by the Borel-Cantelli lemma 
From (1.1.28 )and (1.1.29), (1.1.25 ) holds true 
3° In order to finish the proof of (1.1.26), it is sufficient to show that 
sup |W(s)-W(s—t)l/d(T,t)>1 a.s. (1.1.37) 


lim sup 
0<1:<T t<s<T 


Too 


Let 
sup | W(s)— W(s—1)| A2logn )'7 


B, = 
l<s <n 
Using the well known probability inequality : for x>0 
x? 
Jexp(— > )< P{W(l)>x)} 


V2r x 
(1.1.38) 


2 
exp (一 本 )s 


it follows that 
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2 Pi B,<1—e} 


l<i<n 


=S{l- Tare e) )n 


< y exp { — l ja- < oo ， 


n=2 


Togn 7 C 


< Y P{ max |W(i)— W(i—-1)|<(1-—e8)(2logn )'2 } 


so we have lim B,>1 a.s. by the Borel- Cantelli lemma. Notice that when 


n > © 


n<T<n+1,we have 
sup sup |W(s)—W(s—t)\/d(T,t) 


O<'r1<Tr<s<T 


> sup |W(s)—-W(s—-1)|A2logT )!” 


l<s<T 


B,[ (logn)/log (n+ 1)]'? 


therefore, conclusion (1.1.37) is proved. 


Noting that the left-hand side of (1. 1. 25) <the left-hand side of 
(1.1.27) <the left-hand side of (1.1.26), we see that (1.1.27) is true 
from (1. 1. 25) and (1. 1. 26). The proof of Theorem 1. 1.3 is now 


completed. 


Chen, Kong and Lin (1986) pointed out that Theorem 1. 1.3 can 


be reformulated in a general form, i.e. : 


Theorem 1.1.3 ° For a, such that 0<a;< T, we have 


lm sup |W(T)-W(T-t)|/d(T,t)=1 as. 


T >æ aT<tK<T 


lim sup sup |W(s)—W(s—t)\/d(T,t)=1 as. 


T > oar<t<T t<s<T 


lim sup sup sup |W(s)—W(s—h)|/d(T, t)=1 


Tro ar<t<T t<s<T Och 


(1.1.25 ’) 


(1.1.26 ^) 


s. (1.1.26”) 


((1. 1.26”), which was not mentioned by Chen, Kong and Lin (1986), 


can be proved emulating of (1.1.26 ^. ) 
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Corollary 1.1.1 (Hanson, Russo 1983a ) 


lim sup |W(t)-W(s)|/d(v,v-u)=1 a.s. (1.1.39) 
a> © O0<ucs<t<v 


Proof Note that 


lim sup | W(t)— W(s)|/d(v, v— u) 


a> x O<u<s<t<vi.acv-u 


= lim sup | W(t)— W(s)|/d(v, v— u) 
00 > x O<u <s<t<v.aQ <a <v-u 

= lim sup |\W(t)-W(s)\/div, v-u). (1.1.40) 
a> x O<uc<sK<tK<viacrr-u 


Hence the limit (possibly infinite ) in (1.1.39 ) exists. 
Suppose w is such that the “lim” in (1.1.27) is equal to one. Fix w. 
Choose T, large enough so that for given £>0 


sup sup sup | W(T)—-W(T-s)|/d(T,t)<1+ e. (1.1.41) 


T9<T O<t<T OKs 
Putting t=min (v—u, t), we have 


sup | W(t) -— W(s)|/d(v, v-u) (1.1.42) 


< sup sup sup | W(t) — W(s)|/d(v, v—u) 


Tos! ago<v—u O<t-s <v-u,0Ks 


< sup sup sup |W(t)—-W(t-—(t-s) )I/dt.t)< 1+. 


To <t O<t<t O<t-sK<t 
In addition sup |W(t)—W(s)| is finite,and d(v, v—u)> œ uniformly 
O<s<it<Tp 
in v as v—u—> œ,so that 
lim sup |W(t)-W(s)|/dv, v-u)=0 a.s. (1.1.43) 
a> x£ O<u<s<t<viacv-u,t<Ty 
Combining (1.1.42) with (1.1.43 )and noting that e>0 is arbitrary, we ob- 
tain (1.1.40) <1 a.s. Letting u=s=0 and t=v=a and using the law of 
the iterated logarithm, we have a contrary inequality. The conclusion of the 
corollary is proved. 
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Remark 1.1.1 Corollary 1.1.1 implies the following results (Hanson, 
Russo 1983 a): Suppose 0<a,;< T and ar 一 oo. Then 


lim sup IW(v)- Wu) |/d (v, v-u)=1 a.s. (1.1.44) 
T > œ O<u<vgT,ap<y-u 

lim sup IW(t)— W(s)\/dlv,v—u)=1 a.s. (1.1.45) 
T 一 性 0 0<u<s<t<v<T,arp<sv-u 


1.1.3 The general form of the increments 


We will give a general form of the increments of a Wiener process. 
Both Csdrg6-Revesz S increments and a class of the lag increments are spe- 
cial cases of this general form of increments. We succeed in removing 
Conditions (i) and (ii) of Theorem 1. 1.1. This general form was first dis- 
cussed by Shao (1989). 


Theorem 1. 1. 4 Let ar, b, and cr be non-negative functions with 
a,+b,>c,->0« as Too. If there exists a constant A>0 such that for any T>1, 


br— b, < Aap, a;t+ br < Alar- + br), (1.1.46) 
then 
lim sup sup sup |W(t+r)— W(t)|/d(t+s5Veps)=1 a.s. (1.1.47) 
了 一 0 Ox<t 0<y O<r<s 
lim B(a,+b,,4,)|W(a,+b,)—-W(b,)l=1 a.s. (1.1.48) 
T= œ 
where 


B(M,m)={ 2m (log M/m+ log log M) 12， 
Furthermore, if for any 0<e<1 


>》 exp { — by/at ((ayt by log (ayt+ by) } <œ, (1.1.49) 
1 


N= 
and 
lim br/bir) 一 lim ar/drr= l, (1.1.50) 
Tro 了 一 œ 
then 
lim sup sup sup |W(t+r)—W(t)l/d(t+sVe,,5)=1  a.s.(1.1.51) 
T > œ O<t O<s Orgs 
lim sup B(t+a,,a,)|W(t+ a,)—-W(t)l=1 a.s. (1.1.52) 


了 一 oo O<t<dT 
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Proof 1° We prove 


lim sup sup sup |W(t+r)—W(t)l/d(t+sVer,s)<1  a.s.(1.1.53) 
了 一 © 0 入 上 0<s OK€rgs 
Obviously, we can assume that cr 一 oo non-decreasingly as T—> œ, other- 


wise we consider cr= infc, instead of c}. 
Txt 


For any given B> 0, we have 


sup sup sup |W(t+r)—W(t)|/d(t+s Vers) 


0<t 0<s O<rs 


=( sup sup sup |W(t+r)—W(t)l/d(t+sVc;,5)) 


0<t B<s O<rKs 


V( sup sup sup |W(t+r)— W(t)|/d(t+ sVec,.s)) 


O<? O<s<B O<rs 


一 :了 十 7. 


By Corollary 1.1.1,for any given 85>0 there exists a large B= B(e) such 
that < l+ea.s. Let 0>1. Using (1.1.31), for large T we have 


Pih>l+ej (1.1.54) 
<> > Pt ioe oy bi, po -oP api sup [W(t+r)— W/V s 
> (1+e)(2(log © + Cr 十 log log BQ 1) )12 } 


Bo? 


og) oC 
<c) X Ø+ cer) 0 ?Secr>0 as T> o. 
二 0 


1 一 一 20 


<. 


Since L= (T )is a non-increasing function of T as T > œ , lim Lz<l 


T > x 


+e¢a.s. Thus we obtain (1.1.53). 
2° In order to prove (1.1.47) and (1.1.48), we need only to show 
that for any 0<e <1 


lim B (ay+ by ap) W (ayt by) —- Wb )>1—2e a.s. (1.1.55) 


N> ox 


Denote N= 1, 
N, = min {n:n >N, ,b, + ea,> byt Ay, } kzl, 


that is to say for every k>1 and n< N,,, » we have 
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byw, EEan Z On, + An, ,bt eda, < by, + ay, ， (1.1.56) 


It is easy to see that :N,,, >N,,b 十 Gw > by tay k21. 


Nk+1 


Let us show that 


2 ay, /(by,+ ay, ) log (by, + ay, )= 0 . (1.1.57) 
k=1 


From (1.1.56)and (1.1.46), we have 
by -it dy; 2 by -12 by, ~ Ady, = by, + dy, (A+ Lay,» (1.1.58) 
by -1+ dy,-12 & (by,-1+ ay -1) > Elby, + ay, )/4. (1.1.59) 
Then using (1.1.58) and (1.1.59 ), we obtain 


ay ~、 1 g by + ay 一 (by, tay) 


| > — — 
之 (by, + ay, log (by, + ay) ~ A+] & (by, t ay, log (by, + ay,) 


> g? > by, + Ay, — (by,_,+ Ay,_,) 
> AAF A, (by, Faw log (Ay, + ay, 2) 
5 oo BN t Ny ] 
6 
> ————.— dx=o@. 
A(A+1) L | x log (xA Æ) 


Thus conclusion (1.1.57) holds true. 
Denote G={k :by,>5y,_, +4n,_,$> H= (ki by <by,,+4n,_, }- 
Case | Suppose that 
» dy,/(by, + ay, log by, + ay,) =O. (1.1.60) 
keG 
Put 
B(K ) = Blby,+ ay, dy, )> Ay = { B(k )| W(by,+ ay,) - W(by, I> 1—e }. 


Note that A,,k € G, are independent. Therefore in order to prove (1.1.55 ), 
we need only to show that 


» P(A)=%. (1.1.61) 


keG 


For large k € G, we have 


P(A, )=P{B(K)I W (ay, I> 1-8 } 
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>cexp { —(1—e)(log Ht om + log log (by, +ay,))} 
Ay k k 
k 


>C Ay, /(by,+ ay, log (by, + ay, )- 


Hence (1.1.61 ) follows from assumption (1.1.60). 
Case 2 Suppose that (1.1.60) fails. Then (1.1.57 )implies 


` dy /(by + ay, log (by, + ay,)= OO . (1. 1.62) 
ke H 


For any k e H, from (1.1.56) we have 


O< pw +4y, Tbn, S Ean, (1.1.63) 
and 
(1—8 Jay < (by, + ay, )— (by, tay) Say,- (1.1.64) 
Note that 
B(k)|W (by, + ay, )— W(by)| > (1.1.65) 


> Bk) {| W(by,+ ay, )— W (by t+ ay,_I-|Wlby,_ + 4y,_,)- Woy, )| 
By similar arguments for (1.1.53), we have 


lim B(k )|Wby, + ay,_,)- W(by, DI <e a.s. (1.1.66) 


keH,k > œ 
Now, in order to prove (1.1.55), we need only to show that 


lim  p(k)| W (by, + ay,)—-Wby, 十 av i)lz1l-e as. (1.1.67) 
EeEH,k > œ 
which can be obtained by emulating the proof of Case 1. Thus (1.1.47) 
and (1.1.48 ) hold true. 
3° Finally, suppose that conditions (1.1.49 )and (1.1.50 )are satisfied. 
We show that 
P{ max Blbytay>ay | W((j+1)ap)-W (jay <1-e i.o. f=0 


0<j<[by/ay] 


(1.1.68 ) 


Since |W (( j+ 1) a,) -—W(jay)|,7=0.1,-+- ,[by/ay] , are indepen- 
dent, using (1.1.38) we get 


P{ max | B(by+ dy say IW ((j+1)ay )-W (jay i<1l—e} 


O0<j<[by /an 
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a 
< — ( —— N l-e \by /a 
< (1-( (byt+ ay log(by+ ay) ye JPN eN 


<exp { —b,/a’, ((by+ ay log (by+ ay ))1 }. 
By condition (1.1.49), it follows that (1. 1. 68) holds true, that is to 


say, we have 


lim max B(by+a,.ay)|W(Cj+1)a,)-Wja,)|2l—-e a.s. 


Since a,/a,7;—> 1, b/b > 1, then we have 


lim max plbrt+ar,ar )IW((j+1)an)—-W(jarn)>1-e a.s. 


T> %0gjs[br/al r] 
(1.1.69) 
Note that we have the inequality 
lim sup fP(t+a,,a,)|W(t+a,)-Wt)| (1.1.70) 


Too O<t<b7 


> lim sup B(b-+ a, a, IW((j+ 1an) -W (jair )l 


T> 0S/< fbr /ap7)] 


— lim sup sup B(b, +a,,a, W (t+s)— W(t)|. 


T > œ 0<t<b7 0<s<laT-a[T]| 
The second term of the right-hand side does not exceed €. So merging 
(1.1.69), (1.1.70) together, we get 
lim sup fB(t+a,,a, )|W(t+a,)— W(t)\21-—2e a.s. 


Thus (1.1.51 )and (1.1.52 ) hold true. The proof of Theorem 1.1.4 is com- 
pleted. 


Remark 1.1.2 Let0<a;,< T. From (1.1.47 )we have 


lim sup sup pr |W(t+s)-W(t)| (1.1.47 ^) 


Toro O<xt<sT-ar 0€s<ar 


< lim sup sup |W(t+s)-—W(t)|/d(t+a,,a;)<1 a.s. 


T > œ O0<t< 了 一 QT O<s<ar 


On the other hand, taking b,= T in (1.1.48), we have 
lim B,W(T+a,)-W(T)l=lim B(T+a,,4a, |W(T+a,)—- W(T)|=1 a.s. 
T> © T > œ 


(1.1.48 ^) 
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provided that 
lim ar>0. (1.1.71) 


Too 
Combining (1.1.47 ‘) with (1.1.48 ^) implies (1.1.1 )—(1.1.4)of Theorem 
1.1.1, that is to say Conditions (i) and (li ) can be replaced by Condition 
(1.1.71 ) which is trivial. 

It is easy to see that (1.1.47) implies the following results of the lag 
increments (Hanson, Russo 1983a and Chen, Kong, Lin 1986). If a, > œ 


lim sup |W(t+a,)—W(t)l/d(t+a,,a,)<1 a.s. (1.1.72) 


T > œ 0<t< 7 一 07 


lim sup sup |W(t+s)—-W(t)l/d(t+a,,a,)<1 a.s. (1.1.73) 
T > æ 0<t<T-ar0<s<ar 
If, in addition, ar is onto, then we have equality in (1.1.72) and (1.1.73). 
Furthermore, if a, is a continuous function of T and satisfies Condition (iii ) 
of Theorem 1.1.1, then lim can be replaced by lim and can have equalities 
in (1.1.72) and (1.1.73). 
If, in addition to the condition (1.1.71), we have 


> exp { 一 (一 )’/log N}<oo  forany e>0 (1.1.49 ") 
N 


N=] 
and 
lim ar/arn=1, (1.1.50 ^) 


T > co 


then (1.1.5) and (1.1.6) of Theorem 1.1.1 are also true. 


1.2 Some Inferior Limit Results for the Increments 
of a Wiener Process 


In Section 1.1, we discussed the increments of a Wiener process and ob- 
tained some superior limit results. Some inferior limit results for 
.. yn/ / ,. . . . 
CsorgO-Revesz's increments have also been mentioned. In this section, 
we will investigate the details of the inferior limit results for the lag 

increments. 
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He and Chen (1989 ) investigated the inferior limit version of Theorem 
1.1.3” and obtained the following theorem which corresponds to the result 
of Book and Shore (1978 ). 


Theorem 1.2.1 (He, Chen 1989 ) Let 0<a, <T be a non-decreasing 
function of T and satisfy 
(iv ) lim (logT/a,; )/log logT=r O<r<o. 
T > œ 
Then we have 


lim sup sup |IW(s)—W(s—t)|l/d(T, t)=a, a.s. (1.2.1) 


T — œ a7<t<T t<s<T 


lim sup sup sup |W(s)-W(s—h)|/d(T, t)=a, a.s. (1.2.2) 


Tro ar<st!i<sT t&xs<T Osh 


where a, =(rAr+1))'”. 


Proof First, we prove that 


lim sup sup |W (s)—-W(s-t)|/d(T,t)ža, a.s. (1.2.3) 
T> oo arSt<T t<s<T 
It is clear that (1.2.3 )is true for the case of r=0. For the case of 0<r< œ, 
it follows from (iv) that Condition ( vi) is satisfied. Hence by Theorem 
1.1.2 we have the left-hand side of (1.2.3) 


>lim sup |W(s+a,)—-W(s)|/d(T, a, ) 


T > œ OK<s< T-ar 


> lim 


T> œ 


2a, (log T/a,—log log logT ) _ tas 
2a, (logT/a,+ log log a, ) o a 


Now, in order to prove Theorem 1.2.1,1t suffices to show that 


lim sup sup sup |W(s)—W(s—h)|/d(T,t)<a, a.s. (1.2.4) 


T> © ap<t<T t<s<T O<h<t 


It is clear by (1.1.26”) that (1.2.4) holds true for the case of r= œ. We 
need only to prove that 


lim sup sup sup |W(s)—W(s—h)|/d(T,.t)<a, a.s. (1.2.5) 


n > © aT, S!STnt<s<Tn O<h<t 
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for T,=e* and0<r<o .Forany a, <a <1,we take 9>1,¢>0 such that 


207 A2+e)0> r/(r+1)+e. 


Put K, =[ log oT,/ar,],t=0°ar,,0<k<K,. We have 


sup sup sup |W(s)—-W(s—h)|/d(T,.t) 


aT, <t<Tyt<s<In O<hK<t 


< max sup sup sup |W(s)-W(s—h)|/d(T, , t 
Og kg< Kn tpSt<tpyy C5 T, OSAKI 

< max sup sup |W(s)-W(s—h)|/d(T,. t, ) 
O< k< Kn OS S—hsS<Tn OSA Stes] 

= max A,, 
O0<k < Ky 


It follows from Condition (iv) and (1.1.31) that, for large n, we have 


P(A, 2a )<e 


T, 20° fa 
ha, exp | - TD (log — + log logt, | 


2 
(pte 2a opi- 
< c (log T, Jete) (r+e+1) ote «(CO k(1-a*) 


<c pne gk- 
Therefore 


> P{ max A >a}<oo. 


O0<k< Ky 


By the Borel-Cantelli lemma (1.2.5) holds true. The proof is completed. 


Hanson and Russo (1989 ) have also investigated the inferior limits for 
other sorts of lag increments of a Wiener process. 


Theorem 1.2.2 (Hanson, Russo 1989) Let0<a,;< T. Then 


lim sup sup |W(T)—-W(T-s)|/d(T,t)=0 a.s. (1.2.6) 
T= x O<t<T O<sKt 


了 -> x 


lim sup (W(T)-W(T-t))/d(T, t) 


T> x arSi<sT 


f in[—1l,g(a)] iflima,/T=a, 


= 9(a) if lim a,/T =a, 
T> x 
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where 

ifa=0, 
«a= (1.2.7) 
—1A1—(log a)/4)'? if0<a<l. 


We will use the following two lemmas in our proof. 


Lemma 1.2.1 (Strassen 1964) Define 
n,(x)=W(Tx)/(2T log logT)®”  O0<x< 1. 


The sequence { ,(x)} is relatively compact in C [0, 1] with probability one, 
and the set of its limit points is K, where K is the set of absolutely continuous 


1 


functions (with respect to the Lebesgue measure )such that f © )=0 anaf f)’ 
. 0 


dx <1. 


The proof can be found in Csörgő and Revesz (1981, Theorem 1.3.2). 


Lemma 1.2.2 Suppose a<b and f(x) =ax+ B for x=a and x=b. 
Suppose also that f is absolutely continuous on [a,b] with the Radon-Nikodym 


. 。 / 
derivative f . Then , , 


| (f (x) dx> | eas 


a a 


and the equality holds if and only if f(x )=ax+ B for all x in (a, po. 


Proof Let u be Lebesgue measure, P=p/(b—a). Then X=f ‘is a 
random variable on the probability space ([a, b], £,P ), where È is the col- 
lection of p-measurable subsets of [ a, b] . 


l 
b-a 


| (f (x) dx= EX?= E(XY— EX)+(EXYY 


b 
= E(X—a)+o > 9 = 二 | «dx 
and the inequality is strict unless f’=Y=a. a.s. 


Proof of Theorem 1.2.2. 
1° Let us prove (1.2.6). Note that 
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lim f(T,t)- d(T, t)=1 


uniformly for 0<t<T. So it needs only to prove (1.2.6) with d(T,t) re- 
placed by B°'(T, t). 
Fix e>0. For k21 and — œ <n<k, define 


Ea={ sup | WO- W (2! DIB, 2") > }, 


O<t< 


Then for all large k 
P(E )< 4P{W(2") >a) Br 2")} 
[le` (log 2 大 一 2+log log2* ) 
< De 人 2) 太一 ， 
which implies Í 
P(E) <e kY (2)=ck >0 as k> o. 


一 20 <n<k 


Hence there exists a subsequence {k } such that P( lim £E, )=0. If œ e 
H 


(lim E,-)‘, then we E:, forall large k’, say k’> K . Suppose k > K and 
0<r<2*', so that 2" '<r<2" for some -œ <n<k ’. Then if 0<s<t, 
since w is notin E, we have 


| W (2 )—W(2* =s) B (25t) 
< sup |W(2)- W(2* -s)| B(24,2")/ 2 SV 2e - 


0<s<2” 


This proves (1.2.6). 
2° We prove that if a,/T > a>0, then 


lim sup (W(T)—-W(T-—-t))/d(T,t)=g(a) a.s. (1.2.8) 


Toro arsts T 
Since a;/T > a>0, for T large enough, logT /t is bounded uniformly 
in t for a, < t< T. Thus we can replace d(T, t) by (2t log logr)'?. By 
Lemma 1.2.1, there is a Q, <Q, P(Q,) =1, such that for œw e€ Q,, 
{n,(x,@) } is relatively compact in C[0, 1] . Fix œ, in the Q, . Suppose that 
{ T, } is chosen so that T,— œ and for a, 


| W(T,)-W(T,-t) _,. W(T)—-W(T-1) 
lm sr (2tlog log t)'” mim sup 7 d(T. t) 


From Lemma 1.2.1, there exists a subsequence of T, (which we will still 
call T,) and an f in K such that 
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W(T,x)/J DT log log T, -h(x)> 0 
uniformly for x in [ 0, 1]. Thus 
W(T,-1)-W(T,1-1t/T,)) 
J 2T, log logT, 
uniformly for0<t<T,asn— oo. It follows that 
lim sup (W(T)—-W(T-t))/d(T, t) 


T -> © aT< {<T 


—(f,)-fo 1-t/T,,)) > 0 


(1.2.9) 


W(T,)—W(T.-t) T 
=lm sup OI 
n> war <t<T™ V2T, log logT, j 


= sup fU)-frU=s) 
a<s<l Vs 

> inf sup LO)-f=s) - 
feKa<s<l S 


Using the same approximation argument, it follows from Lemma 1.2. 1 
that if f * is in K, then there is a subsequence 也 一 oo such that 


lim sup WT) WT, 1) = sup LPO) =f =s) . 
<s< S 


n > © aT, <t<Tn d(T,,t) a l 


Since K is compact, there is an f * in K such that 

sup LDAP OH) Ling sup LAU 

a<s<l s JeKa<sys<sl s 
This depends on a, but not otherwise on the sequence a,, and is 
our function g (a) whose functional form we have yet to determine. By 
symmetry 


axs sS 


= — sup inf f(s)/J, . 


feKag<s<} 


gla)=— sup inf (f(1)-f(1—s))/Vs 


Suppose h is a function in K which achieves the sup, 1.e. 
~g(a)= sup inf f(s)/Vs = inf hl(s)/Vs . (1.2.10) 
fek l ags<l 


Taking f(s)=s, we get —g(a)>0. From (1.2.10), we have 
h(s)/ S5 > -g(a) (1.2.11) 
for a< s<1,and there is equality for at least one s in [a, 1]. 
Now we prove that 
is linear if0<s<a 
h(s)? °° Sh) 1.2.12 
od =-g(a)/, ifa<s<l. 


Otherwise, suppose that A(s )is not linear on [0, a]. Define 
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sh (a)/a if 0<s< a, 
h(s) = | 
h(s) if a<s<l. 


Then inf A (s)/\/5 = inf h(s)/Vs and, from Lemma 1.2.2, 
l a<s<l 


acs 


| wora | (h'(s))2ds < 1. 


] 


The function h,(s)=h, of (h (s))ds)'? belongs to K, but inf h (s)/ 


0 a<s<l 
Vs > g(a) leads to a contradiction to (1.2.10). Next, suppose that 
there exists an s* e [a, 1] such that A(s*) 4 —g(a),/,* . By (1.2.11), 
h(s*)> —g(a),/ s* . Let h,(s) be the tangent to y= —g(a),/, at s=s* 
and let h,=min{h,h, }. The function A, would satisfy h,(s)/V s > —g(a) 


] 


Hito) ya | to ae, 


0 


] 


for all s in [a, 1]. By Lemma 1.2.2 again, | 


0 


1 


Then, the function h,(s)=h,(s)/{ | (h(s))*ds }'}? would be in K, and 


0 


inf h,(s)/./ şs > —g(a) would give a contradiction. 


a<s<l 


By definition, we have 
] 
| a oas: (1.2.13) 
0 


(otherwise we can multiply A(s) by a constant ) and from (1.2.12) we have 


— g(a)s/Va if 0gs<a, 
is) | g(a)s/V a 1 ssa 


—g(a)J 5 if a<s<l. 
So that (1.2.14) 
— g(a)/Va if O< s<a, 
o= 


~—g(a)/(2,/, ) ifa<s<l. 
From (1.2.13) and (1.2.14), we get 


e(a)= —(1—(log a)/4) 2. 
3° If a,/T — 0, then 
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W(T)-W(T-t . W(T)-W(T-t 
Ser ar 7 i >m up, i aT. $ 
=g (a) a.s. (1.2.15) 
for every a>0, so (1.2.15)is bounded below by 0=g(0). On the other 
hand, it is bounded above by 0 from (1.2.6). 
4° We always have 
—-l=g(1)=lim sup (W(T)—-W(T—-t))/d(T.t) 


T>o l1:'T<t<T 
<lim sup (W(T)—W(T-t))/d(T,t) a.s. (1.2.16) 
T > c47St<T 
If lim a,;/T=a=0, then, from (1.2.6)we see that (1.2.16)is bounded 
T > œ 


above by 0=g(0). If lim a,/T=a>0, then for any 0<e<a we have 


Toro 


the right-hand side of (1.2.16) 
< lim sup (W(T)-W(T-t))/d(T, t)=9(a-«) 


T > œv (a-s)T<t<T 


and the last part of the proof of Theorem 1.2.2 is completed by letting e—0. 


Remark 1.2.1 Some other problems about the lag increments of a 
Wiener process, such as the set of the limit points of B,(W(T,@ )- W(T- 
ar, w ))and sup |W(T,@) —-W(T-t,o) \|/(T, t) have been in- 


vestigated by Hanson and Russo (1983a, b), Chen, Kong and Lin (1986) 
and Liu (1986 ), etc. 


1.3 Further Discussion for Increments of a Wiener Process 


Since the problem of increments of a Wiener process appeared, the accu- 
rate rate of convergence of some increments have been investigated by 
various authors in the past decade. 


1.3.1 The accurate rate of convergence of the increments 
of a Wiener process 


Let { X(t); t20 }be a stochastic process on a probability space 
(Q,.%,P). We introduce the following definitions. 
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Definition 1. 3. 1 The function a(t), t20, belongs to the upper- 
upper class of the process X(t)(a,e UUC(X)), if for almost all œw € Q 
there exists a t,=t,(@) such that X (t)<a,(t) for every t>t,. 


Definition 1.3.2 The function a(t), t20, belongs to the upper- 
lower class of the process X(t)(a,e ULC (X )), if for almost all œ € Q there 
exists a sequence 0<t,=t,(w)<t,=t,(@)<---with 一 o(i~ oo ), such 
that X (t,)2a,(t, ), i=1,2, =. 


Definition 1.3.3 The function a;( t), t20, belongs to the lower- 
upper class of the process X(t)(a,e LUC (X)), if for almost all œw € Q there 
exists a sequence 0<t,=t,(w)<t, =t,(@) < with t ~ œ (i> œ), 
such that X (t,)<a,(t, ), i=1,2,.…. 


Definition 1.3.4 The function a,(t), t20, belongs to the lower- 
lower class of the process X(t)(a,¢ LLC (X)), if for almost all œw € Q there 
exists a t,=t,(@) such that X(t)>a,(t) for every t>t,. 


Let 0<a, < T be a non-decreasing function of T, denote 


Y (T )=a;'? sup (Wtt+a,)—-W(t)), 


< — 
0 <i < T-az 


Y(T)=a;'? sup |W(t+a,)—- W(t), 


0< 1<T~a,, 
Y;(T )=a;'? sup sup (W(t+s)-—W(t)), 


Og ix T-ar 0<sK a7 


Y,(T)=a;'? sup sup |W(t+s5)—-W(t)|. 
0<1<T-az 0<s<ar 
We have introduced how Large the increments of a Wiener process are in Sec- 
tion 1.1.1, furthermore, we intend to study the four classes of processes 
Y(t), i=1, 2, 3, 4, and to give more precise limit results for these four 
forms of the increments of a Wiener process. 


Theorem 1.3.1 (Révész 1982) Let 0<a,< T be a function of T for 
which 
(i)a, is non-decreasing, 


(ii) T/a, is non-decreasing, 
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(iii) lim (log T/a, )/log log T=% , 
To œ 


and put | 
a(T)=a,T,e)=(2logT/a,+ 2log logT+ (3+ e€)log logT/a, 


+ (2+ «log log log T)'”, 
a, (T)=(2logT/a,+ 2log logT+ log logT/a, + 2log log logT )'”, 
a,(T)=a,(T,¢)=(2logT/a,+ log logT/a, — 2log log log T 

+ log (2h +¢e))'?, 
a,(T)=a,(T, ¢)=(QlogT /a,+ log logT/a,— 2log log logT 

— log (x(1+e)))'%. 


Then for any e>0 and i=1,2,3,4, we have 


a(t)e UUC(Y,), (1.3.1) 
a(t)e ULC (Y,), (1.3.2) 
a, (t)e LUC (Y,), (1.3.3) 
a, (t)e LLC (Y,). (1.3.4) 


Proof 1° Proof of (1.3.1). Since 
Y(T)=min (Y(T), Y(T), YT), Y,T)) 

<max (Y(T), YAT), YAT), Y(T))=YAT), 

it is enough to prove (1.3.1 )for i=4. Denote 
P(T, e)=P{ Y ({T)2a (T,e)}. 

Then by Lemma 1.1.4 , we have 

P(T,e/2)= O((logT) ‘(logT/a;) ' “(log logT )~'~**) 
=O((logT) '(w(T)) ' (log logT) ?2), (1.3.5) 


where w(T)= (logT/a;)/log logT. Now let T, be the smallest real number 


for which 
(log7, )(w(T,) )'**“(og log7,) =k. (1.3.6) 
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Then by the trivial inequality logw(T )<log logT, we have 
P(T,, 6/2) = O(k ‘(log logT,)7'~**) = O(k'(logk )7'"*7). (1.3.7) 
By the Borel-Cantelli lemma, we have 
PLY,(T,)2a(T,.¢6/2) i.o. } =0. 


Statement (1.3.1) follows from the fact that the process a}”Y,(T) is 
non-decreasing and from the inequality 


an, aT; 2) < ay, a, (T, 5 €). 


In the proof of the last inequality the following trivial relations should be 


utilized : 
eae < Ft = O((log log7T,)~'(w(T,))7'"*4)4+ 1, 
ar, T; 


< log -L + log Es 


Tk+| Tk k 


=w(T,)log log T,+ O((log log T,) w(T,)) 14). 


2° Proof of (1.3.2). It is enough to prove it for i=1. In fact, the fol- 
lowing stronger statement will be proved : 


P{A,i.0.}:=Pt sup a7) ?(W(st ar,,,)- W(s)) 


Tk SSSĪK+ITAT, 
>a, (7 ) i.0.}=1, 


where {T, } is defined by (1.3.6). From (1.3.6) we have T,,,— T, > an4, 
By Lemma 1.1.3 we have 


Tyo Ty (log —AtL Tyas )12 Sea -0logT | 


Tk+1 ATga] T y+ 


pa,)=0( 


‘(log 一 全 上 Li )-'“(log logT,.,)7' 


= O ((log iogT yw (T, 4) 7 dogT, +) ) 
= O((klog log7,,,)~')=O ((klogk )~'), 


which proves (1.3.2). 
3° Proof of (1. 3. 3). It is enough the prove this for i=4. Let 


Further Discussion for Increments of a Wiener Process 31 


T,=exp (k'*?), k=1,2,--- ;p>0, and let 


Z (k+1)= sup sup az“ IW (t+s)- W(t). 


TRS ES Tet lap O<s<ar 1 1 
Then by Lemma 1.1.4 we have 
Y P{ Z,(k)<a,(T,)} = oo 
k=1 


This proves the statement 


Pi Z,(k)<a(T,) i.o. }=1. 
Since 


Y, (T, )<Z (k +1)+ sup sup api? |W (t+s)- W(t), 


O<t< Tk OS sg aTi] 


and by (1.3.1) 


sup sup |W(t+s)—W(t)l=o (ay? a (Toi )), 


0x t < Tk OSs SaT + +i 


we have (1.3.3). 


4° Proof of (1.3.4). It is enough to prove this for i=1. By Lemma 
1.1.3 we have 


P{ Y(T )<a,(T, 3¢)} < exp {- — Taş'a (T )exp( 一 ah. dj 
<exp !{ 一 = ) Tala 3a) log log T }< (log T ) -0 


if T is large enough, where ô is a suitable positive number. Put 
T,=exp (k'*"), k=1,2,--- ;p>0.Then 


> Pi Y(T,) < a,{T,)}< oo ， 


k=1 
which implies this P{Y,(T,)<a,T,) i.o. }=0. Let T,.< 7<T,,,.Then 


ar? Y(T )2 sup (W(t+a,)-W(t)) 


O<t< Tk aT, 


> sup (W(t+ ar )— W(t))— sup sup IW(t+s)—- W(t). 


O<t<Ty- oT, O<t<T yar, O<s S47, 17 AT 


Now (1.3.4) follows from (1.3.1) and Theorem 1.3.1 is proved. 
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Corollary 1.3.1 Let a, be as in Theorem 1.3.1 except that (iii )is re 
placed by the stronger condition 


(iii) lim (log T/a,;)'? Aog log T=% . 
To œ 


Then we have 


lim (Y,(T)—(QlogT/a,)'2)=0 a.s. i=1,2,3,4. (1.3.8) 
T> x 


Remark 1.3.1 If Condition (iii ^) does not hold true, then (1.3.8 ) 
does not hold as well. In fact, if 


lim (log T/a,)'? Aog log T=r>0, (1.3.9) 
then o7 


0= lim (Y(T)—(2logT/a;)'7)< lim (Y,(T)-(2logT/a;)'®) 
—— ~ 
l 
= FT 了 a.s. 
fori=1,2,3,4. If r=0 in (1.3.9), but (iii ) still holds true, then 
Jim (Y,(T )-(2logT/a;)'?)= o a.s. i=1,2,3,4 
but we have 
lim ((2logT/a;) '?Y,(T)-1)=0 a.s. i=1,2,3,4, 


(see Theorem 1.1.1). 
1.3.2 How fast is the rate of the inferior limit? 
It is easy to see that from (1.2.6) we have 


lim sup |W(T)-W(T-t)|/d(T,t)=0 a.s. (1.3.10) 


T> œ arst sT 


for 0<a;< T. Hanson and Russo (1989 ) raised a question: What denomi- 
nator should be used to obtain a positive, but finite, inferior limit? The 
partial answer to this problem has been given by Liu (1988). 
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Theorem 1.3.2 (Liu 1988 ) Let 0<a,<T be a function of T satis 
fying 
(iv) lim (log T/a, )/log log T=r,0<r<o. 
T 一 œ 


Then there exist constants C,,C,>0 such that 


r r 
< . [X ® Joe . . 
C, EF I C J EF a.s (1.3.11) 


where 
n= lim JjoglogT sup |W(T )-W(T-t)\/da(T,t), 
T > œ ars t<T 


sup |W(T)-W(T-s)I/d(T, t), 


0<sK<t 


L= lim J log logT sup ， B(T, t)| W(T)- W(T- 17), 
T> © arsts 


b= lim J jog log T sup 
T 一 œ ar <t<T 


l= lim V log logT sup sup BCT, t)|IW(T)- W(T-s)l, 


arst s T O<s<t 


we can take C\=mfe-1 Al2Ve ), C,=2e/3.7 2.7 . 
The proof of Theorem 1.3.2 will be given by a series of lemmas. 


Lemma 1.3.1 
I< 2e a.s. i1=1,2,3,4. (1.3.12) 


l 


Proof It is enough to consider J,. 
1° Note that d(T, t)={ 2t(logT/t+ log logt )} is an increasing func- 
tion of t( <7) when T>e. In order to prove (1.3.12), it need only to 


prove 


dm V log log T ，SuP7 Sup |W(T)-W(T-s)\/d(T, t) 


<:<TO0<s<t 
< Jim V log logT sup | W(T)-W(T-1t)\/d(T, t) 


< 2e a.s. (1.3.13) 


Let T,=exp (n’), and observe that 
sup | W(T,)— W(T,—t)l/d(T,,t) 


O< t< Tn 
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|W (T,)-W(T,-t)| 
< n n 
dete Te Tn d(T,,t) 


+ sup WO Ws 
o<s< Ta- (2(T,—T,_, log log (T,-T,_,)}'? | 


From Theorem 1.1.3 we have 


一 一 | |W (T,-.)- WT,- 8) 
lim V log log T, SUP 


(1.3.14) 


If we can prove that 


lim V log logT, , sup |W(T,)-W(T,-t)|/d(T,.t)<2e a.s. 


n> x < 1< Tn- Tn-] 


(1.3.15) 


then, from (1.3.14) and (1.3.15), it follows that (1.3.13 ) holds true. 


2° In order to prove (1.3.15), let T=e". We first prove that for any 
a > 2e , there exists a positive integer N= N(x )such that for every n> N, we 
have 


_ |W(T) W(1 t )| -3e? M(e-1)a) 3 6 
up 一 一 一 <a =n eee ° e- o 


<T 


Denote B(1)= W(T)—W(T-—t). Then { B(t): 0< t<T }is a Wiener pro- 
cess. By the property of independent increments we have 


1:=P}{Vloglogg T sup |B()I/d(T. 1) <a } 


>P { V logn sup _ sup |B(t)| /A 2e(n—k+ log k)}'?<a} 
-x <k <S t<e 


n-lev<s 
n-] ; 
> TT Piviogn , sup,,,|B(r)— BC) 
< ({ 2e (n—k + logk )}!7-{2e '(n-k+ 1+ log(k—-1))}!7)a }. 


(1.3.17) 
Note that for large n and every k, we have 


{ 2e(n—k + logk )}'?-{ 2&""(n—k+ 1+ log(k—1))}'? 


Ve-l 
> — 


P { 2e(e-1)(n—k+ logk )}!7 
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and 
{ , SUP, _ | BO) — BC )| 2A UP | B(s)| }. 
so that _ 
1 一] ve 
I> [| PiViogn sup (BG < —3— (2e(e—1) 
大 三 二 oo O<s<e(e- 
1 一] 
- (n-k+logk)) a j=: |] Jy. (1.3.18) 
k= 一 2 


By using inequality 2(1 — ®(x))<exp (—x’?2),x>0, then 


ven! 


J. 1-41 — ®( ——— {2 (n—-k+ logk )/ogn}'7a ) 
B = e—l . n—k+logk , 
> l— 2exp 1 Fe logn a” | 
e 一 ] —k+logk 
>exp { 一 2.6 exp{— Jo on 2D 


forall — œ <k<n-— 1. Thus we have 


Iz exp {-2. 6X exp {— -= ee a} . (1.3.19) 
If n is large enough, then for any a> 2e 
2.6 > exp i — T Soe 2? FS 7 (1 — expt — Won D7 
uniformly in n. Therefore 
I> exp {— > (1 — exp{ — {oe HYT Y, (1.3.20) 
4e logn 


But for any «> 2e, there exists a number N = N(« ) so that 


(e— 1)? 
4e’logn 


~ (e-l) 


2 
) > 3 4e’logn 


1 一 exp (一 


for every n> N. Substituting the last inequality into (1.3.20), we prove 
that (1.3.16 )is true. 
Finally, take «= 2e, and from (1.3.16) we have 
Pt log logT, N , Sup | W(T,)- W(T,-t)l/d(T,, t)<2e } 
l 


— Tn- 
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> P {V log logT, , SUP | W(T,)— WI(T,- i)|/d(T,,1)<2e)} 
> yn 3/ale-1)) 


By the Borel-Cantelli lemma, we prove that (1.3.15) holds true. The proof 
of Lemma 1.3.1 is completed. 


Lemma 1.3.2 Suppose that (iv) is satisfied for 0<r<2.7. Then we 


have 


I< mel, /2f e-| a.s. i=1,2,3,4. (1.3.21) 


Proof It is enough to consider J, as well. 
1° Let O0<a<2e,T=e". We first prove that for any ¢>0 there exists a 
number N= N(e )such that for n> N we have 


PliVloglogT sup sup IW(T)-W(T—s)I/d(T. t) <a | 


apsis T O<sK<t 


2 2 L2 
> pte e Ale Lat (1.3.22) 


Denote n,=min { [loga,] ,n—-1}, B(t)=W(T)-W(T-1t), 0<t<T. 
Imitating the proof of (1.3.16), we have 


Pt log logT sup ， sup |W(T)-W(T=-s)I/d(T, t) <a } 
arsts 


O<s<t 


> P{ V logn sup _sup,, sup IB(s)|/(2e(n—k+ logk ))'?<« } 
n k 


0 < <n-l1 e <tKe O<sK<t 


> Pi Vlogn Sup |B(s)I <a(2e °° '(n—n,+ 1+ log (n,-1)))'7 } 
0<s<e? 
n—i 
TT PV logn 4 Sup)! BOs) = Ble) 


<a({2e*(n—k+log k )}'?-{ 2e-""(n-k+14+log(k—-1))}'7)} 


> Piy logn | SUP,, | B(s I< a(2e'"(n—n, + 1+ log(n,—1)))'7} 


T 一 -一 Ve-!l 
TY] Pi logn SUP 806)<x 一 5 {2le-1)(n- k+ logk)}'?) 
+ k=ng l 


O<s< e“ “eT 


> Pt sup | Bis <a 9 fe Pi sup | B(s)|<e ioy (e 一 1)72 2 


O0<s< 
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>exp{ — (n—n,+ 1 ae? A4(e— 1 )a?)}, (1.3.23) 


in the last inequality we have used the well-known inequality (e. g.see Theo- 
rem 1.5.1 of Csorgé-Revesz 1981 ) 


2 
1 pn 


P{ sup IB(sS)|<u)}> = (e7? — aera 
0 


<s<l 3 


for u<4.7. From the hypothesis, it is clear that (n—n, +1) Aogn<r +e 
when n is large enough. So for any € > 0 there exists N= N(e) such that 
for n> N we have 


PlVloglogT sup sup |W(T)—W(T-s)I/d(T, t)<a} 


aT<t<T O< s<? 
> exp {—(r+e)me(logn)/4(e— 1 Ja? }= n etre ae, 


i.e. (1.3.22 ) holds true. 
2° For any e>0, let T,=exp(n'**). Imitating the proof of Lemma 1.3.1 
and using (1.3.22), we have 
Lh<neJl(1+e)rte) /N e-1 a. s. 


Then (1.3.21) follows from the arbitrariness of € and the proof is com- 
pleted. 


Lemma 1.3.3 Suppose that (iv) is satisfied for O< r< oo. Then we have 
L>nlyen1) Ale) as. i=1,2,3,4, 
forO0<r<l,and 
I>nfenuy, (Je) as. i=1,2,3,4, 


forl<r<o. 


Proof It is sufficient only to prove this for J,. 
1° Let 0<e<1l, T,=exp(n"trts) ). If O0<r<1,then for large n we 
have 
inf sup B(T,t)|W(T)-W(T-1t)| 


Tn-1<T<Ty ap<t<T 


> sup B(T,.s)|W(T,)-W(T,—s)| 


Mnss<Tn 
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一 sup |W(T,)—-W(T)|/(2a,log logT,_,)'7 


Tn-1<T <Tn 


= : 4 一下， (1.3.24) 
where 
M,= sup a,+T7,-T,_,,a,= inf a. 
Tn-1<T< Tn Tn-1<T <Tn 


From (1.3.24), it is easy to conclude that 


L= lim V log logT sup B(T, t)|WCT ) - W(T-t)| 
T> x arst ST 


> lim V log log T, A,— lim V log log T,_, B, . (1.3.25) 


n> £ 


Note that 


~ T, 
Vlog log T,_, B= 2(T,-— T,- log 于 一 和 一 


+ log log(T,—T,_,))}a,)!? 
sup |W(T,)-W(T,-s)|/da(T,.T,-T,_,)- 
O<s<Tn-Tn-1 


and T, 一 了 ,一 oo as1 œ .Thus from Theorem 1.1.3 and 


im { 2(T,—T,-, (log z—4— + log log (T,— T,-,))} 2a ,=0, 
n 1 一] 


n > x£ 
we have 


lim Vlog log T,, B,=0 a.s. 


If we can prove that 
lim J log log T,_, 4n (1.3.26) 


ny (e—1)(1-e)r 


ee a.s 
4V/ o1+(+e)r) VU—e)r/4+(te)trte) 
then, from the arbitrariness of e and 0<r<l, 
>nJpre-1) Al2Ve ) as. (1.3.27) 


If l<r<o ,leta,;=max {a,, T/logT }. From (1.3.27), we have 
(note lim (log T/a,) Aog log T=1) 
T> x 
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L2 lim V log log T sup BCT, DWT) - WT- 1t) 
了 一 œ ar Sts 


>ne] /2Ve X 
2° In order to prove (1.3.26), let T=e" (it is not necessary that n Í 


is integral). We first prove that for any 0<e<1 there exists N= N(e ) such 
that forn “>N,any «>0 and 0<r<oo ,we have 


PiJioglogT sup A(T. DIW(T)-W(T-1)| <a } 


/ _ 2 2)(1 一 
<n (1/4 =n (e=1)/16ell + (1+e)r)a er (1.3.28) 


It is clear that (1.3.28 ) holds true for r= 0. Now we might assume that 
r>0. Let n=[n | n> [loga;], B(t)=W(T)—-W(T-1t), 0< t<T. We 
have n > n,+ 2 when n ‘is large enough. Imitating Lemma 1.3.1, we obtain 


I:=P{ Vlog log T sup ， B(T, DIWCT)-W(T-t)|<a } 
arsts . 


< Pi V logn SuP AUP IW(T ) (1.3.29) 
—~W(T-t)|/Q2e(n'—k+ logn N< b, 
Let 


B={V logn” UP I W(T)—-W(T-t)|/(2e'(n —k + logn’))'2<a}, 


and 
B- ={ J logn ’ sup IB(t)|/Qe(n —n+ logn ‘\)'Z<q }, 
) 


0<: < e (l-l/e 


Let P( - ||x) stand for the distribution of Brownian motion starting at 
x. From the Markov property of a Wiener process, we have 


P(N B)=E(U(N BPC BI B(e))) 


k=ngt2 k=ng+2 


Proceeding with successive substitution, we have 


0<t<e'(1l-1le) 


I< [| P{ V logn / sup IB(t)|/(2e(n —k+logn ’))'2<a } 
k=ngt2 


e 
e—| 


= || Pt sup |B(1)|<a(2 
O0<t <l 


k=ngt2 


(n “一 大 十 logn ‘) /logn ‘yi ah (1.3.30) 
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2e 
e 一 1] 


<(P{ sup |B(t)|<a( 


0s t< 


(7 一 n,—2+ logn ^) Aogn SEZ Yam ng = 1 


From the hypothesis of the lemma, it is easy to see that for any €> 0 there 
exists N = N(e )such that for every n ‘>N 
n-m- l>(1—e)r logn (n 一 10 一 2) Aogn ‘<(1+e)r. 


From Lemma 1.6.1 of Csörgő-Revesz (1981), we have 


I<(P{ sup |B(t)|<« £ (1+ (1+e)r) } 0o re 
O<r<l 一 


2e 

e— | 
m(e— 1) 

16e(1 + (1+ .6)r)e? 


l {1/4-n? (e-1) Abe(1+ (i te)r)az} -sy 


<(+ exp (— 2° 8 ( a? (1+(1t+e)r) oer een 


< (exp ({ a _ (1 —e)rlogn ”) 


=n 


Thus, (1.3.28 ) holds true. Let n=[n "1t"*:]. Now by (1.3.28 )we have 
2 P N log logT,_, 4: 
nV (e—-1)(1—e)r | 
< 一 
4V e(1+ (1+e)r) J (1—e)r/4+(1+e)(l+ri+e) 
< y n709 < oo ， 
n=] 


From the Borel-Cantelli lemma, we obtain (1.3.26). The proof is com- 
pleted. 


Proof of Theorem 1.3.2. The theorem follows from Lemmas 1.3.1, 
1.3.2 and 1.3.3. 


1.4 How Large Are the Increments of a Two-Parameter 
Wiener Process? 


As to the multi-parameter Wiener process, the discussion about the 
corresponding increments is usually much more complex; however, many 
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results on the increments of a Wiener process have been extended to the 
two-parameter case. 


1.4.1 The Csorgo-Revesz increments 


Let { Ws, t); 0< S, t< oo } be a two-parameter Wiener process, i. e., 
for the rectangle R= [x x,] x[y,. yl Ri: =[0, œ) x[0, œ), 
the W-measure 


W(R)=W(x,;y,)— W(x y:)— W(x, yi) + W(x y, ) 


satisfies the following conditions : 

(i) W(R)e N(O,A(R)), where A(R)=(x,— x )(y,—y), 

(ii) W(0,y = W(x,0)= 0 (0<x,y<oo )， 

(iii){ W(s, t)} is an independent increment process, that is W( R, ), 
W(R,),-++, WOR, ) (n=2, 3, ---) are independent random variables, if R,, 
R,» +- ,R, are disjoint rectangles, 

(iv) the sample path W(s, t; œ )is continuous in (s, 1) with probability 
one. 

Let 0<a,<T,b,;>T'” be non-decreasing functions of T and denote 


ô, = {2 a,(logT /a; + log(logbh,/ai\?+ 1)+ log logT )}~'%. (1.4.1) 


Furthermore, let L= L, (a; , bz) (resp. L} =L;(a;,b, )) be the set of 
rectangles R= [x,,x,] x [y,,.y,] € D,(b,) for which A(R) <a, (resp. A(R) 
=a, ), where 


D,(b,)={ (ay): xy <T,0<x<b,,0<y<b;}. 


Csérgo and Revesz (1978 ) discussed the increments of a two-parameter 
Wiener process and proved the following theorem : 


Theorem 1.4.1 (Csörgő, Revesz 1978) Suppose that 
(i) T/a, is a non-decreasing function of T, 
(ii ) 6, is a non-increasing function of T, 


(iii) for any e>0 there exists a 0,=0,(€)>1 such that 


lim 6,«/d,k+1< 1 +8 (1.4.2) 
k> œ 
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if 1<0< 4). 
Then 


lim sup 6,|W(R)|= lim sup, 0;|W(R)|=1 a.s. (1.4.3) 
RELT T > œ ReLT 


T> x 


If we also have 


logT /a,+ log(logb,/al”+ 1) 


li eT eh errs T 0, 
(iv) ne log logT 9 
then 
lim sup ô |W(R)|=lim sup ô| W(R)|=1 a.s. (1.4.4) 
T> æ ReLT T x ReLT 


The following law of the iterated logarithm for W( s, t)is a conse- 
quence of Theorem 1.4.1. 


Corollary 1.4.1 (Orey, Pruitt 1973; Park 1974, etc.) We have 


fim sp = 


a = | a.s. (1.4.5) 
T= æ O€5,1<T,.51=T J 4T log logT 


Lin (1985 ) first discussed the inferior limit problem for { W( R )} and 
showed that if Condition ( iv) fails, there exists a normalized factor 
for “lim” under an additional condition weaker than the above-mentioned 
one. That is analogous to a result of Csaki and Revesz (1979 ), i.e. (1.1.10). 
Put 


2, = {2 a,(logT/a;, + log(logb, /al?+1))}'7. 


Theorem 1.4.2 (Lin 1985) Suppose that 

(1) T/a; is a non-decreasing function of T, 

(ii) 4, is a non-increasing function of T, 

(iii) for any e> 0 there exists a 0,=0,)(¢)> 1 such that 


lim Aok/ Agk+| <l+é 
大 -> x 
for 1<0<0,. 


1/2 
(iv ) lim logT/a, + log(logbr/ar +1) _ 人 
T> x log log logT 


How Large Are the Increments of a Two-Parameter Wiener Process 43 


Then 


lim sup 4| W(R)|= lim sup, 4,| W(R)|=1 a.s. 
T T> æ ReLT 


T>o REL 


Proof First, we prove that there exists a sequence of positive numbers 
T, î œ (k —> oo )such that 


lim sup Ar,| W(R)I> 1 a.s. (1.4.6) 


k> œ ReL* 
Tk 


Assume that a,/T ) p<1. Observe the region D, and insert the points 
0=XI<xi <x,<b,-(<x,,,,)in the interval [ 0, 5,] such that 


(Xx,— x; )y;= ar, (1.4.7) 
where y,=b;(0<i <i,)or T/x,(i,<i <m+1)and 
ip: =min{i:T/x,<b,}=[T/a,]+1. 
Obviously, x,, =T?’ Ab;(T—a,) ) is the solution of Eq.(x; —T/br )T/x, 
=a,,and x,< Xi . Using (1.4.7)，by induction we conclude that 


10 


X,<x,.=T0 Ab (T-a) 0t!) (ig<igm+1). 

Since x,,, >b,;,i.e., T" ®*3 Ab, (T—a,)" 0*?)>b,, we find 
m>i,—2+ (logb; /T )/log (T/(T-a,) ) (1.4.8) 

=[T/a,| —1+ (logb}/T )/log (T/(T—a,)). 


Put non-negative number sets T={ T: b/a!” <T /a, }and L={ T: 
b,/a\’>T/a,}. We may as well assume that both of them are 
unbounded. By Condition (iv ‘), 


lim T/ay=O. 
T>o,Teh 


In fact, using (ii), we have lim T/a;= œ. And further, logb,;/a}?=o0(T/a;)as 
了 一 œ 


T tends to infinity along J,. Hence A, A2a,logT/a,)~'? > 1. Noting m>[T/a,] 
— 1 and the tail behavior of a normal random variable, we have for any given e>0 


P{ sup 14,|W(R)i<1-« } (1.4.9) 
ReLT 


Ar ol _ 2 -2 \ m 
<U- (ime ep 人 7 (1 e ) ar Ar )} 
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] 
< 11- 一 一 一 exp — (1 — 2 + 22? logT/a,) T^r! 
4(1 一 5)V logT/a; 


[T/a;] —-1 
4(1—e),/ logT/a, 


<exp{—(T/a, )°} 


<exp [一 (T/a; )- 2e#267)} 


for large T e I, . Because (log7/a,) /log log logT > œ as T tends to infiniting 
along J,, logT /a; >(2 £) log log logT , i.e., 


T/a, > (log logT )’” (1.4.10) 


for large Te I. Set T,=0 and T,=(1+k~'” )*. It is easy to see that T, ^ oo as 
k— oo .Since log(1+ k ~'?)>k~?® for large k, we have for T, € J, 


(Ti/azr, )'> (log logT,} = { log (klog(l + k7'7))F (1.4.11) 
> (log k'7)?> log k’ 


provided that k is large enough. Inserting (1.4.11) into the exponent part of the 
right-hand side of (1.4.9) yields 


Y P( SUP 1, | W(R)Il<1l-e)<a, 
k=] Re LT, 
where ©’ denotes the sum over all k satisfying T, € I. By the Broel-Cantelli 
lemma and the arbitrariness of se, we obtain 
lim sup Ay, IWR Sl a.s. (1.4.12) 
k> œ, æ, Tke TI Re LT; 


If Tel,,then b/T 2 b, /a}” . We discuss the cases of p=0 and 0<p<1, 
respectively. If p=0, we have 


(log t )/Uog -D> — 1)log 7 


r- 


二 log( 1+ 


since log — for large T. Inserting this 


dr < dr 
T-a, ~ T-a 
into (1.4.8), we obtain 
P{ sup 1,|W(R)i<1l—«} 
REeLT 


l 


< l 一 
Vr (l-e 2(logT/a,+ log(logbr/V a, +1)) 
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。 exp( 一 (1] —¢)(logT/a, + log(logb, /V a, +1 ))) y” 
[T/a] — 1+ (T/ar- 1 )logbr Na, 


< exp { 一 一 一 一 一 一 一 
2(1 el n(logT/ar+ log(logbr/V a +1)) 


((T/ar)logbr/V a +1)" 


(1.4.13) 
<exp{—((T/ar \(logb; /Va, +1))}. 
Similarly to (1.4.12), there holds 
lim SUPA, IW(R)I>1 a.s. (1.4.14) 


k> æ,Tkeh RELI 


If0<p<1, then log 4 <log 2 for large T. Hence 
T—a, l—p 


(log 2 )/(log = ~ )2 (log 7 )/(log 15 ). 


Therefore, similarly to (1.4.13), there holds 
P{ sup 2, |W(R)l<1—e} <exp {—(logb, /V a, yh. (1.4.15) 
ReLT 
From 0<p<1 and Condition (iv^), we have (log logbr/V a, ) /log log logT 


— œ, which implies that (1.4.14) is also true for 0< p< 1. These results being 
combined with (1.4.12), it follows that (1.4.6) holds for p< 1. 


In the following, we turn to the case of p=1. Now a,;=T (cf. Csörgő and 
Revesz 1981) and (log logbr/V a. ay ) /log log logT —>œ by Condition (iv ^. 
Let a7= (1—1 Aog logT )T, 


= 一 一 -1⁄2 
À r= (2a log (logbr/V a ”十 1)) 
and suppose L7 is L} in which ar(=T)is changed to a, . Clearly, 


(log 22 y )/(log = 


2 
T )= (log log logT)~'log 2 
ar T 


By a coniparison with (1.4.13), we find 


P( Sup AA W(R)| <1—e) 
REeLT 
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—1+2(log log logT y'logb,;/,/ T 
4(1—¢8) J os(logh_/./ +1)) 

( 5)V log(logb;/\/ a, +1)) 
<exp {—(logbr/V T )°} 


for large T. As (1.4.13 )leads to (1.4.14), there holds 


< exp !{ 一 (logbr/V a, +1)-0-9 } 


lim SUP 4 | W(R)|>1 a.s. 


xx 
k= oo Re LTk 


It is easy to see that 1,/A, > 1 (T > oo ). Hence, further, we have 


lim sup å „| W(R)|> 1 a.s. (1.4.16) 
k> % Re LT, 
Again let 
” — 7 ” — ” 一 1 /2 
a= log log T ， A,= (2a; log (logb; 人/ a, +l )) 一 ， 


ô= { 2a, (logT /a, + log(logbr/V a +1)+log log7) 三 12， 


and let L, be L, in which a, is changed to a. We are going to show that 
T (log logT )~' log logh,/T'” is non-decreasing. Consider the function 


T C 
I(T )= Toglog T 28 8 TA > 


for T satisfying T'?logT<C and T>e“, where C is a sufficiently large 
constant. It is easy to know that f (T)>0,i.e., f(T) is a non-decreasing 
function . By Condition (iv ^), we obtain T'?logT <b, for large T. Then 
for sufficiently large T, < T, , and taking C= by, in f(T), we have 


T, 
log logT, 


b 
log log 一 -天 一 
VT, 
og log on ， 
VT, 


and conclude that ô, is non-increasing. Furthermore, for any :>0, 


T b 
——_— log log —=— < 
loglogT, “8 °S VT, 


< oT, ] 
log logT, 
under Assumption (iii ) there exists a 0,> 1 such that 
lim Ôpk/Ô yktix<lte 
k => œ 


provided 1<0<0,. It is easy to see that 4,/6 , > 0(T > œ). Then, 
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using Theorem 1.4.1, we have 


lim sup, 4,| W(R)|= lim sup, 6,.\W(R)| Zt =0 a.s. (1.4.17) 
ReLT T> coc RELT Or 


T> œ 


Combining (1.4.17 )with (1.4.16), we obtain for p= 1 


lim sup ån | W(R)| 


k= œ Re LTk 


> lim sup, /,,|W(R)I- lim 4 sup, Anl W(R)|>1 a.s. 
R e LTk Re LT 


k> œ 


k> œ 


Thus, we have proved that (1.4.6 )is true for any p< 1. 
Secondly, we prove that there is a subsequence { k, } of positive inte- 
gers such that 


lim sup å, | W(R) <1 a.s. (1.4.18) 


Tk 


For this purpose, we put 
D= { (x,y) :xy< T/a, 0< x,y <b, /al?}, 


Li={R:RoD,,A(R)<1} 
and 
K(T )=2(log T/a, + log (logb; /V a, +1)). 


From Condition (iv ^) and b> T'?, we have lim bn/ ay = oo. This 
k > oo 


implies that there is a subsequence { k } of positive integers such 
that br,, /VY wo tends to infinity monotonically. By Theorem 1.12.6 in 
Csorg6 and Revesz (1981), for any e>0 there exists a c > 0 such that 


P( SUP CK(T,-))7'7| WCR )I> 1+e) 
ReLT, 


<c, (T, /ar, + logt, /an )(1+ logbn.'/V an, ) 


2(1+ €)? -一 一 
OHE (log T,’ /azr, ,+ log(logb,, » /VY anp. + 1))} 


<2c,((T /az, logb;, : /V ap. ne, 


- exp { 一 


where (T, /ar,,)logbr /VY ar 4 oo (k > o ). Define 
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k,=max {k (Ti /ay, logb , /VY On, <n’?}, 


Then we have 
lim sup (K(T,))"'71W(R)l<l+e a.s. 


n> x Re LT, 


。 ” 。 。 / 
Since Zr is non-decreasing, fork,<k <k,,,,we have 


lim sup (K(T,/))7'7| W(R)| 
Km Rey, 


lim. -1⁄2 K(T, ) 2 
< lim sup (K(T o DII WCR) | -= | <l+e a.s. 
n >Ù Re Lkn+] ntl K(T,, ) 


By the arbitrariness of €, we get 


lim SUP (K(T,:))'7IW(R)I<1 a.s. 


k > ow ReLT, ’ 
Since SUD ( K( T, e) “'7|WC R) | has the same distribution as 
R e L Tk ’ 


sup Àr ， | W(R)|, there exists a subsequence { k, } of { k N such that 
Tk / 


REeL 
(1.4.18 )holds. From (1.4.6)and (1.4.18), we conclude that 
lim sup 4, | W(R)I= lim sup, 47,IW(R)I=1 a.s. (1.4.19) 


k— œ ReLTk k k> æ ReELT, 


The remainder of the proof consists of filling in the gaps in 


“ 


the sequence T,. We only investigate “sup _ ”. For any given T>0, we can 


ReLT 
find a k such that 7,<7T<T,,,. Let L (k)={ R:RCD,,4(R)<a,-a;,}. 
Write 


sup, A,|W(R)I> sup, å l W(R)|—4 sup å l W(R)I. (1.4.20) 
ReLT Re LT k) 


Re LT( 


Clearly, rm > 1 (k > œ )by Condition (iii). From thisand (1.4.19 ), 
we get 


lim sup 4;|IW(R)I=1 a.s. (1.4.21) 


kœ œ ReLTk 


Now we are ready to discuss sup 3,|W(R)|. We may assume that 
reL 
T 


a,—a,,>0. By Theorem 1.12.6 of Csörgő and Revesz (1981), for 0<e<1 


P{ sup /,|W(R)i>e} 
ReLtTtk) 
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< -ca (+log 一 一 一 )(1+log—— ) 
ar— ar, ar— ar, V a; -ar 
. 28- T 
exp { >; 7 一 全 (log — ~ + log (log 72 +1))} 

22 7 7 7 
<c,exp { she OG a, log 一 ~ + log( z ~ (1+ log ma )) 
_ 28 —“T__ jog (log + 1)+ log(1+ log 

2+€ ar—ay, 72 re 
l a 
+ 了 了 log 一 ar )} 
2 °S dr— ar, 
=:c,exp (—d,+d,-d,+d,). (1.4.22) 
Noting Condition (ii) and the definition of T, , we have 
T l l 
1> “Hm > 一 =(1+ —— /I+ — )**! 
AT, +1 Tpi Vk Vk+1 
Vk+1 
之 “一 一 一 一 — |, (k 一 œ), (1.4.23) 
Vk+1 +! 
and 
一 于 一 =(1- & j> (1- Sh ) > ( a VX. 
ar~ an, ar ATK +1 Toa 
(1.4.24) 
Therefore 
d,= o(d,), (T > œ). (1.4.25) 
Furthermore, log 一 二 = log 二 + log 一 全 一 = o(d, ) implies 
T 一 4 六 ar ar ary, 
d,=o(d,), (T > œ). (1.4.26) 


Substituting (1.4.25) and (1.4.26) into the right-hand side of (1. 4. 22), 
we find that it does not exceed. 


cexp{— + (d,+d,)} (1.4.27) 


e T 
the me 一 (og 37 +logllog 7 +1))} 


< cexp it 一 


<c, exp (—k), 
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provided that T is large enough. It follows that 


y P( sup 4,|W(R)lSe)<o. 
(k) 


k=] ReLT 


Thus 


lim sup A,|W(R)l=0 a.s. (1.4.28 ) 


k > æ RELT(k) 
Putting (1.4.28 )and (1.4.21 )into (1.4.20), we obtain 


lim sup, 4,|W(R)IS>1 a.s. (1.4.29) 
REeLT 


Tor x 


Certainly, we have further 


lim sup 4,|W(R)I>1 a.s. (1.4.30) 
T — æ ReELT 
This completes the proof of the theorem by combining ( 1. 4. 29) and 
(1.4.30) with (1.4.19). 
As a consequence of Theorem 1.4.2, we obtain a law of the iterated 
logarithm for W(s, t) that is a companion to (1.4.5). 


Corollary 1.4.2 (Lacey 1989) We have 


lim sup AWe Ol =] a.s. 


T > æ O< 5,0 <T,st=T J 2Tlog logT 


There is no analog of this limit for the one-parameter case. In fact, the law of 
the iterated logarithm of Chung (1948 ) states 


Osis T 


1⁄2 
lim (ae | sup |W(t)|=1 a.s. 


Corollary 1.4.3 (Kong 1987) Suppose that a, and i, satisfy condi- 
tions (i), (ii), (iii) in Theorem 1.4.2 and (iv )in Theorem 1.4.1. Then 


lim sup 4,;|W(R)|= lim sup, 4, |W(R)|=1 a.s. (1.4.31) 
T >æ RELT 


T >œ ReLT 


Proof It is easy to see that 6, satisfies all the conditions in Theorem 
1.4.1 now, i.e., ĝis non-increasing and 
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lim Opk/ Opk+1= lim ok/ Aok+i& l 十 6 
> & k> œ 


If 1<0<0,. Moreover, from Condition (iv) 


lim 47 /or= |. 


T> œ 


Consequently, (1.4.31 ) follows from Theorem 1.4.1 and 1.4.2. 


Remark 1.4.1 If Condition (iv)in Theorem 1.4.1 and Condition 
(iv ) in Theorem 1.4.2 are replaced by Condition 


Gv”) lim logT /a, + log(logb,/ay’?+ 1) 


= <r<o, 
T> ww log logT r 0gr<% 


Kong (1987 ) have also shown that : Under Conditions (i) and (ii )in Theo- 
rem 1.4.2 and (iv”), we have 


lim sup, ôp| W(R)|= lim sup 67|W(R)I=YV yp/(r+1) a.s. 
ReLT ReLT 


T> CC 


lim sup, 6,|W(R)|= lim sup 6,|W(R)|=1 a.s. 
Re LT ReLT 


T> œ 


lim sup, å | W(R)|= lim sup Arl W(R)=YV (r41) 74 a.s. 
ReLT ReLT 


T> œ 


1.4.2 Lag increments 


The lag increments of a two-parameter Wiener process were discussed 
by Lu (1991 a,b). A theorem corresponding to Theorem 1.1.3 is as fol- 
lows. 


Theorem 1.4.3 (Lu 199la) Let b > T'® be a non-decreasing function 
of T. Denote 
LXt)= { R:Rc D, (b), A(R)=1), 
LAt)={ R:Rc D; (b;), A(R)<t}, 


d*(T, t)={ 2t(logT/t+ log(logb; /t'?+ 1)+ log logt )}!7. 
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Suppose that y,=d*(T,T )~' satisfies 
(ii ) y, is a non-increasing function of T , 
(iii ) for any se>0 there exists a 0,=0,(€)>1 such that 


lim yok/yoetix<lt+e 
k 一 oo 


for 1\<@<86,. Then 
lim sup sup |W(R)|/d*(T, t)=1 a.s. (1.4.32) 


T> oo 0<1<T ReLrlt) 


lim sup sup |W(R)|/d*(T,t)=1 a.s. (1.4.33) 
) 


T æ= æ 0<t<sT ReZLTL 


Proof 1° In order to prove 


lim sup sup |W(R)|/d*(T,t)<1 a.s. (1.4.34) 
) 


T> æ 0<1<T ReLT(t 


we take a real number 0> 1 such that 1 <2(1 + e PF AQ+ 8)0)= :1+28 Let 
l <v< 0, . Define T,=v", k,=[(n+ 1 )logu Aogé@] + 1 and let t, , kọ be the 
same as in Theorem 1.1.3. Take 8=2 Æ” and k ,=[(log@) “log (T,,, (log 


T.) ”)]. 
For any T>0 , there exists a T, such that T,< T< T,,,. We have 

sup sup |W(R)|/d *(T, t) 

0<: <T ReLrt(t) 

< su sup {2 (logT, /trit+ log(logb,, /t,7,+ 1) 

一 oo <k<ky-1 RE LTp_) +4 (ths tk+1) 

+ log logt, )}"'7|W(R)| 
=: sup. A,,, (1.4.35) 


一 co<K <kp-1 
where Lr, (teot = { R: RE Dr, (bs) te <MRIHtK he tS T, 4h. 
Noting 


Ly (tes tes) ELr, (ter) (1.4.36) 


and using Theorem 1.12.6 of Csdrgé-Revesz (1981 ) and Condition (iii ), 
we have 


P{ A, 2>1t+e} (1.4.37) 
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< Pi sup |W(R)I/t12>(1+e)(20-(logT,/t,,., 


Re LTy +] (tr+1) 


+ log (logb7 /t,2,+ 1)+ log logt, ))'7} 


T T b 2(1+¢e) 
<ce—* (1+ log —*" )(1+4 log — Æ+- )exp, - < 
C b. ( g ths )( 多 V ta, ) pi (2+ eg)0 
‘(lo + 1)+ log logt, )} 
Chey 
<c( ath )- (14 log — L )(logT, ): (logt, )-!-™ 
k+l 


for large n. Imitating the proof of Theorem 1.1.3, we have 


Y P{ sup A,>1+e}<%, 
n=l 


and (1.4.34 ) follows from the Borel-Cantelli lemma and (1.4.35). 
2° In order to prove (1.4.32 )and (1.4.33 ), itis sufficient to show that 


I:= lim sup Sup | W(R)|/a*(T,1)>1 a.s. (1.4.38) 
Denote n=[T]. Let 


T> oo 0<1t<T ReLT 
4 = (fol j p |x 9, wo i=0, 1,... ,1 
全 n n (n— 1b, ° 


where /= max {i:n'*! <(n—1)‘b? }. Clearly, A,e L1), 1<i</4+1,1~ 
cnlogb?/n and we have 


n? 


I> lim sup) |W(R)I/d *(T,1) 
) 


> lim SUP { 2(log(n+ 1)+ log(logb,,,+1))} '71W(R)I 


T>: OC Re Ln(l) 


> lim max {2 (log (n+ 1)+ log (logd,,,+1))}'7IW(A, )I. 


n> oo |< ix</l+]1 


By using the well-known estimate of the tail probability of the normal 
distribution, it follows that 


> P{ max |W(A,)l<(2(1 —¢)(log(n4 1)+ log(logd,,,+1)))'7 } 


n=1 l<i<l+1 
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> 1—exp(—(1—e)(log(n+ 1)+1og(logb,,, + 1))) free 


TON 


< 》 exp { —c(nlog b, )?} < 
n=] 
Hence, by using the Borel-Cantelli lemma, the above inequality implies 
(1.4.38). The proof of Theorem 1.4.3 is completed. 


1.4.3 General form of the increments 


One hopes to get a general result similar to Theorem 1.1.4. The follow- 
ing theorem not only implies Theorem 1.4.1, etc., but also weakens the 
conditions to a great extent. 


Theorem 1.4.4 (Lin, Lu 1990) Leta,,c;and d, be non-negative func- 
tions of T with art dr 2c, > œ as T > œ and let bf > T'”) be a 
non-decreasing function of T which satisfies Conditions (ii^) and (iii’) of 
Theorem 1.4.3. If there exists a constant A>0 such that for any T>2 


art d, <Ala;_,+d,_,), (1.4.39) 
then 
lim sup sup sup |W(R)|/d *(t+s\Vcr,s)=1 a.s. (1.4.40) 
oC O<r O<s ReLit+s(s) 
lim sup B*(a,+d,,a,)|W(R)|=1 a.s. (1.4.41) 
T > x ReLaTt+dT(aT) 
where 


B*(M,m)={2m(logM/m+ log(logb„/m'?+ 1)+ log logM )}"'”. 


Furthermore, if 


> exp {—( at +1))Mlog(a +d,))! <oo (1.4.42) 


n=l a, 


for any 0<ée<1, where - by +a,» and 


lim a,/aj,,= lim di/dn=1, (1.4.43) 
T> œ 


T> ox 
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then 
lim sup sup sup |W(R)|/d*(t+5Vc,;,s)=1 a.s. (1.4.44) 


T> œ 0<! 0<s ReLrts(s) 


lim sup sup B*(a;4+d,, ar IWR) )|=1 acs. (1.4.45) 


T > œ O<t<dT ReLt+ar(aT ) 


Remark 1.4.3 Taking d= T-—a,in (1.4.41), we have 


lim sup, 6,|IW(R)|= lim sup B*(T, a,)|W(R )|= 1 a.s. (1.4.46) 
T > æ RELT T> æ ReLT(aT) 

without any condition on a,. Hence (1.4.3 )is true under Conditions (ii ‘) 
and (iii) , i.e., for Theorem 1.4.1 the condition that a, is non-decreasing 
is unnecessary, Condition (i) can be removed and the Conditions (ii) and 
(iii )can be replaced by weaker Conditions (ii ^ and (iii^). If, in addition, 
we have 


y exp{—((n/a,)(logb,/a!?+1))'Alogn)'}<oo (1.4.42 ”) 


n=} 


for any 0<e<1 and 
lim a,/a,7>,=1, (1.4.43 ") 
T > œ 


then (1.4.4 )is true. 
Obviously (1.4.40) implies that 
lim sup sup |W(R)|/d*(t+a,,a,)<1 a.s. (1.4.47) 


T > œ O<t<T-az Re Lt+ap (ar) 


lim sup sup |W(R)I/d*(t+a,,a;,)<1 a.s. (1.4.48) 


T > æ 0<t<T-ar R e Lt+ap (ar) 
. 。 oo / ose / . > 。 
If conditions (ii ), (iii ) and condition ar 一 oo are satisfied, we have 


lim sup sup |W(R)|/d*(t+a,,a,)=1 a.s. (1.4.49) 


T > œ O<t<T-ap ReL+a7r(aTr) 


lim sup sup |W(R)|/d*(t+ a,,a,)=1 a.s. (1.4.50) 

T> œ O<t<T-ar R e€ Li+ap (ap) 
Furthermore, if Conditions (1.4.42 °) and (1.4.43 °) are added, then lim 
can be replaced by lim by (1.4.49) and (1.4.50). These conclusions im- 
prove a theorem of Lu (1991 a) which is an analogy to Theorem 3.2B of 
Hanson and Russo (1983 )in two-parameter case. 

We will need the following lemma in the proof of Theorem 1.4.4. 
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Lemma 1.4.1 Suppose that y, satisfies the Conditions (ii ) and (iii ') 
of Theorem 1.4.3. Then we have 
liin sup | WOR )|/d*(¥,0-u)=1 a.s. (1.4.51) 
G 一 00 ReLr(v-u), axv-u 


The proof is quite similar to that of Corollary 1.1.1 and will not 
be presented here. 


Proof of Theorem 1.4.4. 

l° We prove 
lim sup sup sup IW(R )|/d*(t+s Vep,s)<1 a.s. (1.4.52) 
To ox O<r O<s ReLyt+s(s) 


It is clear that we can assume that cr > oo non-decreasingly as T > œ, 
otherwise , we consider c;=inf cr instead of c}. 


T <t 


For given B> 0, we write 


sup sup sup |W(R)|/d*(t+s Vc,,5s) (1.4.53) 


O<r O<s RELyz+5(s) 
=( sup sup sup |W(R)|/d*(t+s5 Vc;.5)) 
0<? B<s ReLyp+s(s) 
V( sup sup sup |W(R)|/d*(t+s5 Vc;,5)) 


O<r <! 0<s<B Re Ly;4+ 5s) 


V( sup sup sup |W(R)|/d*(t+ 5 Vc;,5)) 


I<? O<s<B ReLrts(s) 


=: VLVL. 


Using Lemma 1.4.1, for any given ¢>0 there exists a large B= B(e), such 
that /<l+e a. s. Let @>1 be close to 1 . Using Theorem 1. 12.6 of 
Csörgő and Revesz (1981 ) and Condition (iii ^), for large 7, we have 


<5 5 Pi s su S W(R)|/d*(t+s Vce;,,s)>1+e 
2 之 Gi Sup, Bo V+ 1 SP | ( ) 7 T ) j 
SŘ‘ (+1) O+ er 
< EP{ sup _ | W(R)|> (1+ )(2B0- (log = 
i=0 j=0 ReL git! goi (BO /) BO” 


+ log (logbo -0+ Al BO +1)+log logBd-%")))'? } 
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oo it! + BO 0i+! + BO 
a (tlg ar 


Me 


<c )\(1 + logby itt, po-/ /Vv BO ) 


ll 
© 

a 
© 


0 十 cr 
Bo! 


一 -人 一 一 


-(l+e) 
(1+1logbyis go-u+ Al po- JogBO + | 


<c 


Ms 
Ms 


lI 
© 


(O+ cr) “0 Sec >0 as TT >o. 


j=0 


Similarly, we have P { L>1+e}—> 0as T — œ. Since J, and J, both are 
non-increasing functions of T, we obtain 

lim (LV L)<l+e a.s. 

Too 


Thus (1.4.52 )is proved. 
2° Now, in order to prove (1. 4. 40) and (1. 4. 41), we need only to 
to show that 


lim sup B¥(a;+d,,a,)|W(R)i>1 a.s. (1.4.54) 


T+ æ ReLar+dr (ap) 
Define V,=1 and 
N,=max {n:a,+d, <0} k>2, 
By Condition (1.4.39), we have 
0*/A < (anit du11) /A Sy, t+ dy, SO. (1.4.55) 
First of all, we assume that 


p := lim dy /(ayt+dy)<1. 


N> x 
Define L = L(k ) to be the largest integer for which we have 
(ay, + du)" *' /dm bv < by, 
for any given k, and the rectangles 


Si(k)=[x (i); x, @] x [yp(7), y, (i)] 


-| dy ) Be  ( Se vi | 


ay, + dy, Ay, + dy, 
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i 


«| (dy, _ t dry- amet dy)! | (ant dy) | 
dw by, dy, b 


Nk 


where i= 0, 1,---, L. We observe that 
Ay, ,+ dy, , =X, )y, 7) < x,y.) = ay, + dy, » 
0<x(i)<x (i) <by, ,0<yli)<yi)<by,, i=0,1,.,L. 
Hence, putting Dy,= Day, + dy, , we have 
S(k)c Dy,— D y- > 


and for each k, S(k), i=0, 1,.:.. ,L, are disjoint rectangles. By (1.4.55) 
and the assumption p,< 1, there exists k,>1 such that 


(ay,_,+dy,_,) dy SO AANI- p,—5) 
for some 0<ô< 1-— p, and k 2 k, . Therefore for any given 0<e<1, 
(l—e)ay, < A(S,(K))< ar (1.4.56) 
fork>k, and every i, provided that 0 is large enough. Whence we have for 


k>k, 


P{ max B*(dy,+ dy, » ay, )| W(S,(k) |e 1—e } 


O<i SL 
+ dy by 
>1-(1-2{1-0(/]_, (2(log “Me + log(log —“— +1) 
An, Ay, 
+ log log (ay,+ dy,)))'7)} ) (1.4.57) 
>1-(l—-{ “ae ant dy (og bu +1 )log(ay,+ dy) CTP EY 
ay, ay, 
an | | -E 
>l—-—exp { — ——“—_ : ~ 一， 一 一 y-(L+1)$. 


Ay, + dy, loghy,/</ ay, + ] loga yt dy, ) 


Since L + 12> ¢ Hut oy log Pm by the definition of L, we obtain 
Nk ay, + dy 
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》 P{max BA(av + dys dy, IW(S(K) > 1- e} 


k=2 O<i<L 


x an, log (ay, + dy, ) Ay, + dy, Ay, + dn, 
+ log Qu 十 am | 
Any, 
l 
(1.4.58) 


>c EO, 
2 log(aw, + dy, ) 


which implies 


lim max B*(ay,+ dy,» ay, IWS (kK) )lzl—-e a.s. 


k>x O<i<L 


by independence of {W(S,(k))} for each k and the Borel-Cantelli lemma. 
Denote ay,=A(S{k)). a y = dy, — Ay S Edy, by (1.4.56). Then 

lim sup B*(a. +d. ,a WCR) 

T > «x Relart+dz lap) 


> lim { max B*(ay,+ dy,» Ay, IWCSAK ) )| 


k>o O<i <L 


一 2 sup B*(ay,+ dy,» Ay, IWCR I} 


R e Lay, + dNk (aNg) 


1—3e a.s. 
where a conclusion similar to (1.4.52) was applied. Consequently, we get 


(1.4.54) when p,<1. 


Next, considering the case of p,:= lim fv =], Define L= L{k) 
N~% Ayt dy 
also to be the largest integer for which we have 
(ay, + dy, )' 2M E! < by, 
with M(=2 /)> 1, and define the rectangles 
Sk) =[x,0), x(i)] x [y1(7), yi] 
=[(ay,+ dy, )'?M', (an+ dy, )'?7M"*"] x [(ay, + dy) 


(ay, + dp) 2M, (ayt dy) PM]  i=0,1, SL, 
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We observe that 


ay- t dyg- =x (i )y i) < x,(i )y (i) = Ay; t dy ， 


0<x,(i)<xli)<by .0<y(i)<yli<by, i=0,1,.,L. 


Hence S(k)cDy— Dyo and S(k),i= 0,1,- ,L,are disjoint rectangles 
for each k. By the assumption p,=1 and imitating (1.4.56), we have 


(= e)an (18) ay + dy) SUSKI- > Mant dy) < ayy 


for large k and every i, provided that 0 is large enough. From here on this 
proof continues along the lines of that of p,<1 as above,and we will get 
(1.4.54) again in this case. 


Ifp,=land lim a,/(a,y+d,)<1, there exists a sequence of positive 
N+ % 


integers G={ N” } such that 


lim Ayr / (Aye t+ dy )=1, lim ay’ /ar + dy) <1. 
AN -> œ Ny 
By merging the previous discussions for p,<1 and p,=1, one of the follow- 
ing inequalities at least holds: 
Y Pt max B*(dy,+ dy, > ay, WCS, (kK) I> 1—eé f= oo 
Nke G O<i<Ll 
and 
X P{ max B*(ay,+ dw Ay, IWCS{K ) > 1—e = 00. 
Nk ¢G O<i<L 
Hence (1.4.54) is also true in this case. The proof of (1.4.54 ) is completed. 
Consequently, we prove (1.4.40) and (1.4.41 ). 
3° Suppose that Conditions (1.4. 42) and (1.4.43) are satisfied. We 
prove 
lim sup sup B*(a;+d,,a, )|W(R)I> 1 a.s. (1.4.59) 


T —> ee O<t<dT RE Lt+aplar) 


which combines with (1.4.40 ) together to yield (1.4.44) and (1.4.45). 
Let L= L(N ) be the largest integer for which we have 


(a+ d)! /dhby<by if p<] 
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(ay+dy)'?M"*'<b, ifp,=1 


and define the rectangles 
_ dy yn dy it (dytdy)*! | . 
l ayt dy ) bx. vt dy ) by] x 10, ib ] ifp,<1, 


[(ay+ dy)! 2M", (ay+ dy )'?2M*'] x [0, (ayt+ dp} 2M5] if p,=1, 


S(N )= 


where i=0,1,---,2. We observe that 


Ay if p,<1, 


ACS, (N )) = | (l-—e)(ay+d,) if p,=1; 


ay+ dy ] foc] 

° Ay °8 ayt dy HPS > 
Le ~ 
2 

l N i =]. 

c log anid, if p,= 1 


Since S,(N), i=0,1,-:- ,L,are disjoint, we have 


P{ max B*(ay+dy>ay IW(S(N) )i<1—e} 


O<i<L 
<{1—exp(-—(1 ~¢)(log x ayt dy + log(logby/V a, +1) 
ay 
+ log log(a,+d,)))}**! 


<exp {—( -dr (logby/V a, +1))**(log (av+ dy) )7'**7} 


provided that N is large enough. Using Condition (1.4.42) and imitating 
the proof of (1.4.54) from (1.4.57), we get 


lim max sup B*(ay+dy,a,)IW(R)|>l—e a.s. (1.4.60) 


a x 
N— œ O<n<dn Re Ln+ay (ay) 


Notice that 


sup sup B*(a,;+d,,a, )|W(R)| (1.4.61) 


O<t<dT Re Lit ar (ar) 


> max sup B*(a;+d,,a, )|W(R)| 


O0<n<dT Re Lntarry arr] ) 


— su SU B*(a,+d,,a, )|W(R )| 


O<t<dT Re Lt+ap lar- 47] 
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=iJ,—-J,. 


By recalling the proof of (1.4.52) and using the Condition (1. 4. 43), 
lim J,=0 a.s. By merging Conditions (1.4.43 ) and (iii) we can be show 


Torx 
B*(a;+ dr, ar \/B*( ayy t+ dir đir) > 1 as T > ©. 


Hence ( 1.4. 60) implies lim J,>1-e a. s. Consequently, ( 1. 4. 59 ) is 


T >= x 


proved. This completes the proof of Theorem 1.4.4. 


1.5 The Increments of a Non-Stationary Gaussian Process 


Let { X(t); t20 }be a centred Gaussian process with stationary incre- 
ments and X(0)=0 a.s. We assume that 


a(h)=E(X(t+h)-X(t) P= EX (h) = Ch” (1.5.1) 


for 0<a<1 and some constant C,>0. This condition implies that the pro- 
cess has a continuous path with probability one (e.g. see Fernique 1964). 

It is natural to ask : Are the results of the increments of a Wiener pro- 
cess stated in Section 1. 1. and 1. 2. also true for the Gaussian process 
{ X(t)}? The answer is : Yes, in many cases. 


1.5.1 Csdrgé-Revesz’s increments 


Define 


H(T,h)= sup sup |X(t+s)—X(7)|, 


<t<T-h O<ssh 


I(T,h)= sup sup IX) X(t). 


2 


O<t<t ST 1 -t&h 


Ortega (1984 ) proved the following statements corresponding to Theorem 
1.1.1. 
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Theorem 1.5.1 (Ortega 1984) Let 0<a,<T be a function of T 
which satisfy Conditions (i) and (11) of Theorem 1.1.1. Then 
lim B, KT, a,)= lim B, IX(T +a,)-X(T)l=1 a.s. (1.5.2) 
where 
B, ={ 20°%(a,)(logT /a, + log logT ) 三 !2. 
Furthermore, if Condition (iit) of Theorem 1.1.1 is satisfied, then 


lim Bi KT,a,)= lim sup B,|X(t+a,)-X(t)|=1 a.s. (1.5.3) 
T> x 


T > æ 0<t <T-aT 


We will use the following three lemmas in the proof of Theorem 1.5.1. 


Lemma 1.5.1 (Fernique 1964) Let {Y(t), te [0,1] }be a separable, 


real Gaussian process with 
E(Y(1)— ¥(s) P< A(t- sl), 


(e 


. , . _ 2 
where A(x )is continuous, non-decreasing and satisfies | A(e~" )du< œ and 
l 


also EY’ (t)<r AT >0). Then, for x> (4loga )'?, we have 


P{ sup yol>xr+4| Na" )au)} < ca’ | en" 2 dy 
1 x 


0<: <l 
where c is an absolute constant and a22. 
Lemma 1.5.2 (Ortega 1984) ZLet{X(t); t20}be as in Theorem 


1.5.1. Then, if 0<h<T and z2 4 we have 


P{ KT, h)> zoh) eL er 
， ZO je 7 (log) e 
Proof Let 6>0 be given, x >e and define N = (2 /)'* /h. Then 

P{I(T,h)>(1+o)x6(h)} (1.5.4) 


<P{ max sup LX (= ts)—X( )l>x5(h)} 


O<ix [NT] O<ssh 
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+ P{ max sup x +5)—X( == )I>da(h)x/2 ) 


0<i< [NT ] O<s<1/N 


<(NT+1)(P{ sup |X(s)|>xolh)}+ PU sup ， | X(s)|>xo(1 /N)}. 


O<s<h 


We shall use Fernique’s inequality to obtain a bound for both probabili- 
ties. Let A>0 and define ¥Y(t)=X(tA), 0<t<1. Then Y(t) is a centred, 
continuous Gaussian process with E(Y(t)— Y(s) P< o*(|t—slA )and EY*(t) 
<o(A). Therefore, if V> (4loga)'” , we have 


Oxz <i 


P{ sup lwo re a) <e | ed 


where 


2 
xaloga ` 


F(a, A)=1+ 一 一 一 AY | o(A ax )du< l+ 
Therefore if x=}V(1 + 2 Aa‘loga )we get 


P! Sup A)1>x0(8)} cca] en’ 2dy 


O<s<A 


2ax aloga + 2x’ 
< cays (ep 生生 
where w(x) = ez 2 Let now a=x?*/A logx) '“, then ?> 
XV 2n 


(4loga)'? and 2x? (2+ «a'loga ¥ > 0. The remaining term in the exponent 
converges to | as x ~ oo and therefore 


Pi sup |X(s)|> xa(A)} < 


Using this inequality twice in the right-hand side of (1.5.4) we obtain 


P{I(T,h)>(1+6)xa(h) } 


xt 7! 


ce (logx 2 e 


- x? /2 


<cNT ot W(x )= 
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Now put z=x(1+ 6), then 


T Ze! _2/9 26z+ 26° 
P{ NT,h)>zo(h)} <c n 6log)” e sp( Pe 


Finally, choosing 6=1/z, the proof is completed. 


Lemma 1.5.3 (Slepian 1962, Berman 1964) Ler (X,;j=1,2,--.n } 
be centred, stationary Gaussian random variables with EX? =1 for all j and 
EX X,=1,,. Let I'=[c, œ )and I'=(—«,c). Denote by F, the event 
{ Xe I? } for cE R,j=1,2,--- „n, where e, is either +1 or — 1. Let Kc {1, 
2,---,n }. Then 

(i)P{ N F } is an increasing function of r; if €,6,= +1. Otherwise it 

je 


is decreasing. 
Gi) If { K,,/=1,2,---,5} is a partition of K, then 


IPE QEL- PEQE<S YY Y Inlotasgsry 
JE [=] JEKI lxi<mxs jek] ie Km 


where p(x, y;1r)is the standard bivariate Gaussian density with correlation r 
and r ; is a number between 0 and r,. 


Lemma 1.5.4 Let (A,;n>1} be a sequence of events. If 


(i) > P(4,)=00, 


(ii) lim $ [ P(A,Ay)— P(A) PCA, NA YP(A) Y=0, 


n> ol<j<k<n 


then P(A, i.o. ) = 1. 
The proof of Lemma 1.5.4 can be found in Billingsley (1986). 


Proof of Theorem 1.5.1 1° Using Lemma 1.5.2 and imitating the 
proof of Theorem 1. 1. 1 (see Csörgő and Revesz 1981). one can also 
show that 


lim B,7(T,a,)<l+e as. (1.5.5) 
T> œ 


2° We prove 
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lim Bi|X(T)—- X(T-a)>1 a.s. (1.5.6) 
Tor x 


Let p= lim a,/T. If p=1 then necessarily a;= Tand | X(T) 
T >x 


—X(T- a,)| =|X(T)|. By the law of the iterated logarithm (see Orey 
1971), (1.5.6 )is true. Suppose p< 1, define 7,=1,7,—a;,=T,_, fork>1, 
and Y,=(X(T,) — X(T,—a,,))/o(a,z,). For any given ¢>0 , let 


A,={ Br, Y, >(1—e) Æla, )}. 


Imitating the proof of Theorem 1.1.1, we have that 》P(4,)= oo. Hence, 


n=] 
in order to prove (1.5.6), we need only show that (ii) of Lemma 1.5.4 
holds. 
By Lemma 1.5.3, if EYY,<0 then P(4,A,)< P(A, )P(A,) and (ii ) ob- 
viously holds; this is true if 0<a<1 2 in (1.5.1). Therefore we only have 
to consider the case 1 /2<a<1. Suppose k >j+ 3. We have 


] 


JOR (P”+G(Q,R)) 


EY, Y, = 
where 


大 一 ] 
P=) ay,,Q=a;,,R=ay, .G(U,V)=(P+ U+ V *—(P+ U)— (PHY), 


i=jtl 
By Taylor’s theorem 
G(QO,R)= — P*4+ 2a(2a—1)P*7OR+ S, 


where 


$= 2a(20—1 )\(Qa—-2)((O+ R)(P+ 10 +R 3 


—QO'(P+710 )*-? — R(P+7tR)*3) 


for some 0<t< 1. It is easy to see that 


2a(2a—1)(2—2a) 


SS 31 


O?(P+ tO )ra- 3 


and 


G(O,R)< — P*+ 3a(2a-1)QRP*’, 
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whence 


k-1 
EY, Y,< clazay,)'* > Yar, PED. (1.5.7) 
i=j+1 

Since p< 1, we may assume, without loss of generality, that a, < 1, and 
then 7,(1—a,)<T,_, by a2 an, /T,.So az, <(l1-a ) ar and 

大 一 7 
EY, Y,< c(a, / Yay)? Sk -j- 1) = :nh 
i=j+ 1 
as long as k>j+3. 

We can now turn to the proof of (ii) of Lemma 1.5.4. Lemma 1.5.3 
shows that P(A, A,)— P(A, )P(A, )<r QA Arira) with r= EY, Y,,h= 
(1—¢)B;)/a(a,,). For our purpose it is enough to consider, for some fixed 
m. 


$ I (P(A) -P(A )PCA,)) 
<( y+ rË 了 je 


where y, =[ 4,4“""”] . We start with 


n 大 一 2 
k ry A HAG AQAA My 
2 » m1 —r2)'? exp { 一 lor?) } 


Mm AA reat Ap) — 24, Nr 
<)> L néna (1 — 1 aie Ww, | 一 x -ry | 


n k— yp l A2 
<È Lra VO WA exp {mn} 
=m j=] j 


but nA <cye | A< chr’ 40 where j<k—y,. Let 6>0, then, choosing m 


appropriately (but fixed )the sum we are considering is 
ky 


<ô > l P(A, PADAS, P(A,))?. (1.5.8) 
The second sum 1s 
n k-3 rd, -th )? 
S 和 Jon re YC; Jexp = 和 “ED | 
n k-3 AÀ. ] 一 7 
之 jay, IP i” Wexp (~ 4 2 1 十 7 )) 
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k-3 1 7 
三 让 人- bi2 ) 


n 
<>) 


k=m j 


where r< 1 is the maximum of the covariances r,, and b=(1—r)/2(1+7) 


Let us consider first the sum over the indices & in the set A 
k<n,d, >((2 A )logk )'? }. Then 


={k:m< 
È D AHA. exp (一 0 (1.5.9) 
<c Llogk) — Lra, <c} P(A, ). 


IfkeA ={kim<ek<n,i, <((2 A )logk )'7}, then y,<((2 A )logk P“~”? 


and if j=k—y, then, for some D>0, k<j+D( log) ?“'"*? = j+é 
say. Changing the order of summation, 


大 一 3 A. A. ， 
j a teu exp (— b4) 


ke A’ 


<e $ Y a WO, exp (=b?) 


j=m— Ym k=j+1 


< c X é A YC expl- b}? ) 


(1.5.10) 


<cy P(A, ). 


j=l 


Thus, by using (1.5.8), (1.5.9) and (1.5.10), for any given 6 there is an 
m such that 


k= 


y S (P(A, A,) — P(A) P(A,)) < 6( LP, ) e+ c} PUA, ), 

m j=l 
which implies (ii) of Lemma 1.5.4 in the case p< 1. Therefore, (1. 5.6) 
holds true, and (1.5.2 )is proved 


3° Suppose that Condition (iii )is satisfied. Let 
C(T )= Br 


lim |X (t+a,)—X(t)|. We show that 
O<t<T-ar 

lim C(T)>1 a.s. 

7 > œ 


(1.5.11) 
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For some 6>0, define 7,=(1+6)",¢€(7)=[T/a,]-—1 and 


V(k,n)=(X((k+ 1 Jaz) — X(kaz,) )/o(a;z, ) 


for0<k<C(T,), n>1. The variables V(k,n) have EV(k,n)=0, EV*(k,n) 
=] for all (k,n), and it can be shown as in 2° that if k>j+ 1 


r(kj ):=EV(k nV (jn)<ck—-j Pe? 


and is negative ifa<1 /2. 


If «<1, using Lemma 1.5.3 and imitating the proof of Theorem 
1.1.1, we have 


2 P { max |V(k,n)|<i,}<o. 
n=l O<k <t (Tn) 
If «> 1 /2, consider an extra term coming from (ii) of Lemma 1. 5. 3 


Suppose that g is small enough so that e< 1 —« and 2(1—¢)?>1+r, where 
r=max{r,(kj )in>l,l<k<j < CT, ) Then 


(Tn) ¢ (Tn) 
Y PE OA, Ay rik 7) 


= Ah no'n 
oo t(Tn) f kt+pun-1 t (Tn) r, (k,j ) 12 
之 ¥ (CS $) OPED PY Tr) 


where p,=A!“"-” .Let v>0 be defined by 1+v =2(1—8)?A1+r), then 


the first sum is 


+ jn 
> exp{—(1+v)(logT,/a;,+ log logT, )} 
n=1 k=0 j= 


The second sum does not exceed 


oo (€(Tn) ¢ (Tn) l 
2 (Gj—k) exp {—+ el/ } 
n=1 k=0 j=k+un 


<c D (—4m__ Ju- e 
名 名 Tlog7， -An G-k 


ya) < OO 
n=l loa. 
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By the Borel-Cantelli lemma, we have 


lim å;' max |V(k,n)|>1 a.s. 


n> x O0<k<f (Ty) 


Suppose now T 


n 


<T<T,,,,then 0<a,—a, < ôa, and therefore 


C(T)=ß; sup |X(t+a;)— X(t)| 


St <T-ar 
> Pr, max |V(k,n)lo(a;)—B, sup sup |X (t+s)—X(t)l, 
Ogkgt (Tn) Ogi1gT-éar 0gsgédar 
by using 1° and the fact that $+, ,, Pr, is arbitrarily close to one if ô is 
small enough. The proof is completed. 

Remark 1.5.1 Hong (1990 ) discussed the inferior limit of the incre- 
ments of the Gaussian process { X(t)} and obtained the same results as 
Book and Shore (1978 ). The modulus of continuity of the process { X(t) } 
was given by Lu (1986). 

The lag increments of the process { X(1)} have been discussed by 
Lu (1986) and Hong (1990). 


Theorem 1.5.2 Let { X(t); t>0 } be as above, for which (1.5.1) is 
satisfied, then 


lim sup |X(T)—X(T-1t)|/d(T.t)=1 a.s. (1.5.12) 


T ec OK<1<T 


lim sup sup |X(s)—X(s—‘|/dT.t)=1 as. (1.5.13) 


Tx 0<igT tes<T 


lim sup sup |X(T)—X(T-s)|/d(T, t)=1 a.s. (1.5.14) 


T >x O<t<T O<s <t 
where d(T, t)={ 20°(t)(logT/t+ log logt) }'*. 


The proof is analogous to that of Theorem 1.1.3 and Theorem 1.5.1. 
So we omit it here. 


Remark 1.5.2 The conclusions that correspond to (1.1.44 ),(1. 1. 
45), (1.1.72), (1.1.73 )and (1.2.1), (1.2.2 )are also true for the Gaussian 
process { X (r)}. 
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1.5.2 Further discussion for increments of a Gaussion process 


Let { T(t); 一 oo <t<co } be an almost surely continuous mean zero 
Gaussian process with stationary increments. We assume that 


o(s)=E(T(t+s)-T(t) F (1.5.15) 


is a monotone non-decreasing function of s and o(s) =s%o,(s),s>0, for 
some «>0, where g(s )is a non-decreasing function. The large increment re- 
sults for the Gaussian process {T (t); t> 0}were obtained by Csaki, Csörgő, 
Lin and Revesz (1990). 


Theorem 1.5.3 (Csaki et al. 1990) Let 0<a,;<T be a function of 
T. If the Conditions (i) and (ii) of Theorem 1.1.1 are satisfied, in addition, 
for any 0<a<b<c<d we have also 


E(T(6)-T(a) (T(d)-T(c)) <0, (1.5.16) 
then we have 


lim sup sup B,|T(t+s)-T(t)l=1 a.s. (1.5.17) 


T > œ 0<xt <T-ar O<s <ar 


lim sup PilT(t+a)—T(t)|l=1 a.s. (1.5.18) 


T > « O0€t <T-ar 


lim sup BIT(T+s)-T(T)=1 a.s. (1.5.19) 


T -> œ O<s <ar 


lim pb; IT(T+a)-T(T)=1 a.s. (1.5.20) 


T > œ 
where B,=(20°*(a,)(log(T/a,)+ log logT))7'7. 


If Condition (iii) of Theorem 1.1.1 is also satisfied, then lim can 
be replaced by lim in (1.5.17) and (1.5.18). 

The proof of Theorem 1. 5.3 is similar to that of Theorem 1. 2. 1 
in Csdrgé-Revesz (1981), here Lemma 1.5.4 is used with the help of Condi- 
tion (1.5.16). The details are omitted. 


Chapter 2 


The Increments of Partial Sums 
of Independent Random Variables 


2.1 Introduction 


The almost sure limiting behavior of the increments of partial sums 
of random variables is one of the profound results in the limit theorems of 
probability theory. For an i.i.d. sequence, some nice conclusions have been 
obtained with the help of strong approximations of partial sums by a 
Wiener process and together with the increments of the same process. 

Let { ¥,;n>1 } be a sequence of i.i.d. random variables with mean 
zerro and variance one, and { a,;n>1 } bea monotonically non-decreasing 
sequence of integers satisfying the conditions : 

(Gi)l<a,<n, 

(ii) n/a, is monotonically non-decreasing. 


Put $,=) X,, By= { 2ay (log(N/ay)+ log logN ) }"'”. At first, Csörgő and 
i=] 


Revesz (1981 ) investigated large increments of { S, } and proved 


Theorem 2.1.1 Suppose that { X, } satisfies the condition 
there exists a t,>0 such that Ee is finite for |t|< t. (2.1.1) 


Suppose that in addition to Conditions (i) and (ii), { a, } satisfies also 
(iii) a,/logn 一 oo asn > œ. 
Then we have 


lim max max fylS,,,—-S,/=1 as. (2.1.2) 


N> œo lxnsN-ay i<k<ay 


lim max BylS,,,.—-S,/=1 as. (2.1.3) 


N> x I<n<N-ay 
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lim max By|Syi,-Syl=1 a.s. (2.1.4) 
N > æ 1<k<ayn 
lim By|Sysay-Svl=1 a.s. (2.1.5) 
N > œ g 


If we have also 
(iv) lim (log n/a,)/log log n= œ, 


then 
lim max max B,|S,,-S,|=1 a.s. (2.1.6) 
N > œ I<n<N-ay 1<k<ay 
lim max Pyl Spray Sal as. (2.1.7) 


N 一 œ l<n<N-ay 


If we assume only the existence of a finite number of moments instead 
。 。 oe uw Z / 
of that of the moment generating function, Csorgo and Revesz also proved. 


Theorem 2.1.2 Let H(x)>0, x>0, be a non-decreasing continuous 
function for which the following assumptions hold : 


EH(|X,|)<o, (2.1.8) 


lim H(ex)/H(x)>0 for any €>0, (2.1.9) 


x” °*®9) (x )is an increasing function of x forsomee>0, (2.1.10) 
x~'log H(x )is non-increasing. (2.1.11) 


In addition to Conditions (i) and (ii), { a, } also satisfies that there exists a 
C>0 such that 


a,> C (invH(n) ) Aogn. (2.1.12) 


Then the conclusions of Theorem 2.1.1 are true. 

Later, Hanson and Russo (1983 ) considered another form of sums of 
i.i.d. random variables, the so-called lag sums. Put d(N, k )={2k(log(N/k )+ 
log log k) }'2. They proved 


Theorem 2.1.3 Suppose that { X, } satisfies the condition of Theorem 
2.1.1. Let { a, } be a sequence of integers satisfying Conditions (i ) and (iii ). 
Then we have 


lim max |Sy—-Sy,|/d(N.k)=1 a.s. (2.1.13) 
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lim max max |Sy—Sy_,|/d(N.k)=1 a.s. (2.1.14) 


N > œ 4N 和 ASN l<j<sk 


lim max max(|S,—S,|/d(n,n—-m)=1 a.s. (2.1.15) 


N > œ O0<men<N an<n-m 


lim max max |S,—S,|/d(n,n—m)=1 a.s. (2.1.16) 


N > cOxmejek<n<N aygn-m 


If conditions (2.1.1) and (ii) are respectively replaced by 


there exists r>2 such that E|X,|"< oo , (2.1.17) 
lim a, (log n)/n?">0, (2.1.18) 


then the conclusions of the theorem remain true. 


Furthermore, Csorgo and Revesz (1981 ) considered also how small the 
increments of partial sums of i.i.d. random variables are. They gave the fol- 
lowing theorem by applying a small deviation theorem of Moguls kll 
(1974). 


Theorem 2.1.4 Let { X, } be a sequence of i.i.d. random variables with 
mean 0 and variance 1. Let { a, } be a non-decreasing sequence of integers sat- 
isfying Conditions (i), (ii) and (iii). Then we have 


lim min max yylS,,,-S,l=1 a.s. (2.1.19) 


N> ow l<n<N-ay l<k<an 


logN /a,+ log logN 


1/2 
where y,y= (5 7 ) . If Condition (iv ) is added, then 
N 


=] a.s. (2.1.20) 


n 


lim min max yyl Sn- S 
N> x l<n<N-ayn l<k< an 
They declare that this theorem can be proved by repeating the proof of 
the corresponding theorem for a Wiener process (Theorem 1.7.1 of Csdrgo 
and Revesz 1981 ). Unfortunately, this seems to be impossible from a careful 
investigation of that proof (check the proof from (1.7.4) to (1.7.5) on 
pages 49 — 50 in that book ). 
In this chapter we intend to give that a.s. limiting behavior of incre- 
ments of partial sums of independent but not necessarily identically-distributed 
random variables. At this time, the trouble is that we have not yet had the 
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perfect result of strong approximations as apply for 1.1.d. random varia- 
bles. Lin (1986a, 1987, 1988b ) obtained results corresponding to Theorem 
2.1.1. and 2.1.2 by a direct approach. At the same time, Condition (ii ) on 
{ a, } is weakened essentially. 

Hanson and Russo (1985 ) generalized the results on lag sums of i.i.d. 
random variables to the case of independent but not necessarily identically 
distributed random variables. Lin (1988a ) improved their main conclusions 
making them correspond to that for 1.1.d. case. 

Recently, Shao (1989 )extended Lin’s results further to the more general 
case by the Skorohod embedding scheme. 

In Sections 2.2 and 2.3, we state the above-mentioned results. All 
of these conclusions for not only the non-l.1.d. case but also the 1.1.d. case 
are drawn under moment (or moment generating function ) conditions. But 
strong limit theorems depend (in principle )on probabilities rather than mo- 
ments. Lin (1990b ) discussed the big increments of partial sums of indepen- 
dent random variables without moment hypotheses. His theorem is a gener- 
alization of the results with moment conditions. Recently, Lin and 
Shao (1990 ) weakened the conditions of this theorem. Section 2.4 is ad- 
dressed to this problem. 

In Section 2.5, we describe a theorem, which is due to Shao (1989 ), con- 
cerning small increments. It not only revises the proof in Csorgdé and 
Revesz (1981), but also generalizes the result to the case of not identical- 
distributed random variables. 

Sakhanenko (1984 ) established a strong approximation theorem on in- 
dependent non-identically distributed random variables via a development 
of the method of Komlos, Major and Tusnady (1975, 1976). Shao (1989) 
further extended Sakhanenko’s result, and then drew some conclusions 
on the increments of a sequence of independent non-identically distributed 
random variables as consequences of strong approximation theorems. In the 
last section, we will state the results concerned, which are different from 
those in Sections 2.2 and 2.3. 
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2.2 How Large Are the Lag Sums? 


The motivation for the investigation of lag sums came from a specific sta- 
tistical problem. When one estimates a mean by a sample X,, =- , X,» there 
will usually be bias associated with the earlier Xk's . One might hope to re- 
duce this bias by discarding some of the earlier X¥k’s . Hanson and Russo 
(1983a ) first obtained a.s. limit results for lag sums of 1.i.d. random varia- 
bles by proving limit properties for corresponding increments of a Wiener 
process (cf. Section 1.1.2). They thew (1985 ) generalized the results to the 
case of independent but not necessarily identically-distributed random varia- 
bles. The conclusions for the i.1.d. case are close to ideal, but those for the 
noni.i.d. case are not. Lin (1988 a) improved the and obtained the results 
corresponding to those for the 1.1.d. case. 

Let { X 


n 


-n>1} be a sequence of independent random variables with 


EX,=0 (n21). Put S,=) X¥,,2=EX?,0,= 》 œ and g( Nk) = 


i=] i=n-kt+1 


om { 2(logN/k+ log logk ) }'2. 


Theorem 2.2.1 (Lin 1988a) Suppose that for { X, } 


(i) lim inf > o?/n>0; 


n > œ% m20i=m+l 


(ii ) there exists r> 2 such that for any > 0 


Y P(X, |'> en) < oo 


n=} 
and for any s<r and every n, 

E| X, KM < œ. 
Then for any d>0 


lim max |S,—Sy_,l/g(N.kK)=1 a.s. (2.2.1) 


N> œ dN? AogN<k<N 
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lim max max |Sy—Sy_,|/e(N.k)=1 a.s. . (2.2.2) 


N > œ dN? AogN<k<N 1<j<k 


We will need the following lemma for the proof of the theorem. 


Lemma 2.2.1 (a) Suppose that there exist positive constants gi,:* ,8, 
and T such that 


Eet <et k=1,2,- yn 
for 0<t<T. Then, putting G=) g, , we have 
k=] 
P { max S,>x}< eS for0<x<GT, (2.2.3) 


l<k<n 


P{ max S,>x}<e'? forx> GT. (2.2.4) 


l<k<n 
(b) Suppose that there exists d>0 such that 


|X, | <ds, 


for \<k<n and n>1, where s:= > oœ. If e>0, there exist constants y(e) 


1 
and n(e) such that when y>y(e)and yd< n(e), we have 


TMs 


P{ S, >ys,| 2 e702, (2.2.5) 


The conclusions (a) and (b) can be found from Petrov (1975) and 
Stout (1974 ), respectively. 


Proof of Theorem 2.2.1. 
Put B=12+1/+e for 0<e<12-1/7. Choose a>0 so that 


1 :一 2x(r 一 2 十 = —a)< + 一 一 and choose m and = +y:=B8, <B,< 


- < Ba =f so that (1—f,) Al1-B,_,)>(U+ > )~! for i=1,---,m, where 


B_,=B,- =z . We have B.— B,_,<e/2. Put N(i)=[N*]. Write 


max 一 max \V max max 
dN?” /NogN<k< NP dN? Aog N<k< NO 1<igm NUi-1)<k< N(i) 
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Consider max for each fixed i, 1<i<m. At first, we prove that 
Ni-l)<k < NO) 


lim max max|S,—Sy_l/g(N.k)<1+Cye a.s. (2.2.6) 


N > æ N(i-l)<k < N(i)I<j<k 


for some C,>0. 
Let Y,=X,|X,|<n'**), Z, =X, Mn'“*<|X,| <n'").Y,=Y,-EY,. 


Z =Z,-EZ,, T, =F Y, U,=YZ „ A= VarY,=VarY a=) È. 
i=] 


i=l i=n-k+1 


Since . . 
Y P X,# Y, +Z, => PUlX,| >2') <a 
n=l 


n=] 
by Condition (ii), P{ ¥,4 Y,+Z,,i. 0. } =0 and we have 
the sums È X, in the theorem can be replaced by E(Y,+ Z,). (2.2.7) 
Furthermore, taking s such that (r+ 2) 2 <s<r, we have 


| E(Y,+ zl| X,dp| <i? EX, p< ci”, 


which implies that fork < N 


N N 
> LEY +Z) <c > i!l?<ck'?=0 (g(N,k)) as N> oo. 


i=N-k+]1 i=N-k+] 


Hence (2.2.7) is equivalent to 
the sums LY, in the theorem can be replaced by L(Y ,+ Z, ). (2.2.8) 
We prove that 


lim max max|U,—Uy_,|/g(N,k)<e a.s. (2.2.9) 


N => œ NG-1)<k< Mi) l<j<k 
It 1s easy to see that 


EZ, 2 一 E\Z |° | Z, Jae cn oer 2 ra) cn tern, 


Therefore 
Zn t “2 3 t ‘4 
Ee =l+ -> £Z, +t | EZ, + g Elh oe (2.2.10) 
<1+ Č EZ 2{ 14 É 2'44 L phy } 
> 2 n 3 12 
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2 2 
<1+ > cn'*24+n2exp { > log n } < exp {> n i*t2/rtn } 


for 0<t< 本 n ”logn and large n. Write 


Py:=P{ max max|U,—Uy_,\/g(N.k) ze } 


NG-l)<k< N(i)l<j <k 
<P{ max | Uy— Uy_,|2¢ min g(N,k) }. 
I<j< NG) N (i -1)<k< NG) 
Let the parameters in Lemma 2.2.1 be T=-SN"'Mog N, g, =N? ^ti G= 
N(i-1)'7N'“(it can be verified that N(i%, < G), x=e min g(N,k)< 
N (i-1)<k <N(i) 
ceN(i-1)'”? log'?N. We have 0<x<GT for large N. It follows from 
(2.2.3 )that 
Py <2exp {—ce’N(i-1)'?N7'“logN } <N? 
for all large N.( 2.2.9) is proved. Thus (2.2.8) implies that 
the sums ZX in the theorem can be replaced by ZY,. (2.2.11) 
Obviously, 4,/0, > l asn — oo. Hence, using Conditions (i )and (ii), 
we have 


hy, /O,4 > 1 uniformly ink, l<k<n,asn > œ. (2.2.12) 
Imitation of (2.2.10) leads to 
Yp t 2 2t 1 7 一 wx t 2 
Ee "<1+ > Axpi -y n } < exp{ -y 各 (1+8 )| 
for 0<t<n-'“**” and large n. Put N (i)=[(B,— B,_, log N/logB] + 1 for 
some B>1. Write 


max max |Ty—Ty_;| /Ay{ 2(logN/k+ log log k )}!? 


N(i-1l)<k < NG) l<j<k 


< max { max (Py T yj) /An te wavy (2log(N/B'N(Gi-—1)))'? 


ISSN’ 1<j< BT ING-! 


max [Yo 十 .十 了 ， -1 | 
BING-1)<j< BIN(G-1) Noy N-[B N(i-1)] 


Mi (2log(N/B! NGi—1)))'?}. (2.2.13) 
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Let n,=n(k, i)=[k t-27], n, ,=[(1—p,,) “'(n,+1)?-2]. And let 


parameters in Lemma 2.2.1 T=n,'"**?,G=(1+ 8) y 和,X=(]1 十 5) 


j=nk= nk, i 
te (2log n, )'*. We can verify 0< x< GT as well. Hence, by (2.2.3) 
we have 


P{ max IT — 


n T, 一 
I<j<ng,j k k= 


< 2exp{ —(1+e)(1—p,,) logk }, 


|> (1+e)4 (2logn, )'? } 


Nk» Nk yi 


which implies that 


(2log n, )'?@<l+e a.s. (2.2.14) 


nọ > nk, i 


lim max |T -T p 1A 


k wo I<j<nk,i "k "k 
nk 
Similarly, let T=n;'^t2, G=(1+e) X 人 ,X= (1 二 8)4 


| | npn(k,il,e) 
j=np—n(k,i,l,e) 


(2log (n,/B'n,(i—1)))'Z, where n(k, i, 1, ¢) =[(1+¢)B'n, i-1)]. We 
have 0< x < GT. Therefore, by noting n,/Bn,(i-1) 2n,/n, (i) ~np ”> 
kot, 


P{ max max IT, -T | 


n np—j 
I<I<nk (i) ISJ <Snlki,l,e) k k-j 


之 (1 + EVAn ntk i le) (2log(n,/Bn, (i- ] ))) 7 j 


nk (i) 
< ¥ 2exp{ —(1+e)(1+ > )-'logk } <c (logk )k 70t A., 


It follows that 


lim max max |T -T | (2.2.15) 


k= æ I<I<ag (D 1<j<nlbisle) "KR? 
/hn sn (kei ,e) 2log(n,/Bn,(i- 1 )))' <1+e a.s. 
For any positive integer N, there exists k such that n,_,<N<n,. Write 


Ty- Ty] 


NN 
Hu gat me OB (N/BNG=1)))"° (2.2.16) 
` IT, 7 Tyl bn, (2log n, 2 
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IT, — 
k 


Ty- 


+ 一 ee 
Àn, >n (k, i, eh 2log(n,/ Bin, (i— l ) ) yi? 


An sn (k, i n2)(2log (n,/Bn, (i- ] ) ) ) 
Ante") wie) (Qlog(N/B'N(i—1)))'” 
: = hidat hln. 
Using the mean value theorem, we obtain 
l 


ne —N <n n,- SCl Bi) KED 7 


< (1—p,) (nt 1), 


i.e. 
n.—-N<n, ;. (2.2.17) 
Thus (2.2.14) implies that lim I <l+e a.s. By using (2.2.12) and 
Conditions (i)and (ii), there exist 0< C, < C, < œ such that 
Cin< Dy A? < Cn 
i=m+l 


for every m and n. Then we have lim /,,=0 uniformly in/],1</<N (i), 
N -> © 
since 
n, ,/B'' NG-1)<cnfi-?/N¥-!'+ 0 as N> œ. 


Hence 
lim max J,J,, =0 a.s. (2.2.18) 


N > œ 1</<N (i) 
Consider J,, and L, . For 1 <j< BU 'n,(i-1), 
n —N+j< nt B'n,Gi-l)<n(koihe ). 
so, for L, , (2.2.15 )implies that 


lim max max IT (2.2.19) 


— n — 
N > œ I<I< NG) 1<j<BTING-1) * 


Aa, noite 2log(m,/Bni-1)))'@<lte a.s. 


Ty 


| 


For J, , putting q=(N-[B'N(i—1)] )A(n,—n(k,i,l,e)), O=(N-[B”! 
- N(i—1)]) Vn,—n(k,i,/,e)), we write 
A A2 


ng MK 一 你 


2 2 2 
nz nk,i, le) + AN te WG-0) + ho,0-4 
k _< 


(2.2.20) 


2 2 
An te! lw a-1)) An tp Nn G-1)) 


From (2.2.17), Ai n-on AN.N- > Oas N > œ. And Q-q<n, ;+ 
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eB’ 'n,(i-1), so that 


一 一 ng > / 
lim 4oo-y /AN ta Na- SCE 


N > x 


for some C “> 0. Inserting these into (2.2.20 ), we get 


lim Angani he ANIB IN G-1)) S l+C € (2.2.21 ) 


N 一 & 
uniformly in /. Furthermore, it is easy to see that 


lim log(n,/B'n,(i—1))Aog(N/B'N(i—1))=1. (2.2.22) 
N > DC 


Combining (2.2.21 )and (2.2.22 )with (2.2.19 ) yields that 


lim max max L, L, 
My . 一 1 . 
N> æ I<I< Ni) 1<j<B N(i-1) 


<(1+e)(14+C ‘c)'2@<14+(C,-l)e a.s. (2.2.23) 


for some C,>0. Thus, for the first part of the right-hand side of (2.2.13) 
we have 


lim max max |7,—Ty 
N > œ I<I<N i) I<j< BIN(Gi-1) 


/vig-ive (2log (N/BN(Gi—-1))) ?<1+(Co—1)e a.s. (2.2.24) 
For the second part of the right-hand side of (2.2.13), write 


P{ max max | Y y—jait eet Y yal) | 


1<t< NG) BO NG-1)<j<B/ NG) 
An ig -iyg-1y (2log (N/B! N(i-1)))'?3.8 | 
Ni) [BING-1)] 
< 3 >》 PAY yate + Yuta tween | 
=1 j=[B 'NG-1)] 41 


> thy ally Gy (2log (N/B'NGi-1)))'7 }. 


Estimate the probabilities of the right-hand side. Let 
n-(B'NG-1)I 
T=(N- [BOING —1)] )7'7*22, G= A, 


j=N-[B'N(i-1)]+1 


X= Ay ig- G_1y(2log (N/B'N(i—1)) )12 
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We have 0< x<GT for all large N. Hence, from (2.2.3 ) we obtain 


P {| Ype + Yo taivo lg Ay pat g-1y(2log (N/B'NGi- 1)))'7$ 


. N-[B İN (Gi-1)] 
<2exp { -£ 4} ig-1yg-1ylog (N/B'N(i—1))/ p2 A 
j=N-[B NG-1)) +1 
7 C(A — 8) 
< _ p2? l ] <N 3 
2exp { 一 8 C(B=1) ogN } 
provided that B= B(e )is close to one. Thus 
P{ max max |Y yat e + Y piinaa 
I</< N BO 'NG-1)<j < BIN(-1) 
/hy pal 'yG-1(2log (N/BIN(i-1)))'? >e) 
<N (i)(B-1)BY ©-'N (i-1)N3<cN™, 
which implies that 
lim max max [了 十 十 也 Ia | (2.2.25) 


Nu 1<Ig<N/)B ING-1)<ig B! N (i-1) 
Àn igina- (2(log (N/B'N(i-1)))'?<e a.s. 
Combining (2.2.24 )and (2.2.25) with (2.2.13 ) yields that 


lim max max | Ty— Ty_,| 
N > œ N(i-l)<k<NCi)Il<j<k 


/ni (2logN/k+ log logk)}!?<1+C,e a.s. (2.2.26) 


Recalling (2.2.11) and (2.2.12), we obtain (2.2.6). 
A similar method can be used to prove 


lim max max | Sy— Sy_,|/g(N.k)<1te a.s. (2.2.27) 


N — œ dN2"Aogn<k< N40 I<j<k 


(At this time, the condition 》 P{ |X, >en }< œ is required for any e>0. ) 
n=l 
We omit this proof. (2.2.6) and (2.2.27) yield that 


lim max max | Sy— Sy-; |/2(N,k)<1+(C,+1)e a.s. 


N+ œ dN AogN<k<NÊ I<j<k 
(2.2.28) 
Next, we prove that 
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lim max max|Sy—Sy_,l/e(Nsk)<1 a.s. (2.2.29) 
N > æ NHKk<N1I<j<K 
Choose s so that 2/r<2/s<2 /r+ e. By Theorem 4.4 of Strassen (1965), 
there exists a probability space on which there exists an image of { X, jand 
a related standard Wiener process W (we still use ¥,and S, on the new 
space )so that 


S,=W(oc2,)+0(6,7*'4loga?,) a.s. 
From Condition (ii), we have 


9 = W(0,) + o(n'“*'* log n) a.s. 
Thus 
max max|S,—S,_,|/g(N.k ) 


NÊ<k<N 1<j<k 


Worn) — Wlah, wj) 


< max max | + o0(N!4*!25/N8? ) a.s. 


NÊ<k<N I<j<k g(N,k) 
(2.2.30) 
It follows from (1.1.27 )of Theorem 1.1.3 that 
lim DaX ， max IW (oin) — Won; ny W/E Ow Om ISI ass. 
(2.2.31) 


where d(t, a) ={ 2a(logt/a+t log loga)}!7. From Conditions (i) and (ii), 
we have 


d (hy ,ai ) = | Joe (igid log logoi | as N > o 


g(N,k) log N/k+ log log k 
(2.2.32) 
. . l l l ] 8 
uniformly in k, N@<k<N. Note that zt s5 t7 ts <ß, 


which implies that 
o(N'4+!25/NP?) =0 (1). (2.2.33) 


Putting (2.2.30 )— (2.2.33 ) together gives (2.2.29 ). 
In order to complete the proof of the theorem, it suffices to prove that 


lim max (|S,—Sy_,/g(N.k)21l—e a.s. (2.2.34) 


N > © gN? AogN<k<N 
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By noting (2.2.11 )and (2.2.12), (2.2.34) is equivalent to 


lim ~ max |Ty—Ty-;l/Ag{2(og N/k+ log logk)}!2>1-e ass. 


N > oo dN*/"/ogN<k<N 
(2.2.35) 
Let n,= [k">]. It is enough to show that 


lim IT,- Tyne A Ang r+ (201-2 # log n, )'7}>1-e a.s. 


大 一 œ 
(2.2.36) 
Using the mean value theorem we have 


n,—n,_,> -5 (k-1)}^42-—1 >724+1 


for large k, i. e. n,— [n] —1>n,_,. We are going to employ Lemma 
2.2.1 (ii). For large k and j< n, , we have 


| Y, |< 2n1”-* < Aken /2) 
Let ô= —ar/(r—2). Then 
| Y | < 2k5+1Ar-2) < C*k hn, ilai 


for some C*>0. So, if we take d= C*k*, y=(1—e){2(1—2 /r)logn, 2 in 
Lemma 2.2.1 (ii), we have 


PAT -Twa dl2 (A EAn, tn2414 (2-2 )log n, )!? } 
> exp { 一 (1+ 8)(1 —¢)*(1 —2/r)log N, l> k7 Une) 


for all large k. By noting the independence of events and the Borel-Cantelli 
lemma, (2.2.36 )is proved. This completes the proof of Theorem 2.2.1. 

Consider the case when there exist moment generating functions. We as- 
sume that 

( iii) there exist 加 >0 and B>0 such that for all k and |rl<¢,., 
Ee'*k <B. 

Let pọ, be a sequence of positive integer-values. We have 


Theorem 2.2.2 Suppose that Conditions (i ) and (iii ) are satisfied, and 
that |<@,<n and o,/logn 一 œ asn — œ. Then 


lim max |S,—S,_,|/e(N.k)=1 a.s. (2.2.37) 


N > © oy <k<N 
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lim max max ISy— Sy_|/e(N,k)=1 a.s. (2.2.38) 
AN 一 œ 9N 和 大 和 AN I<j<k 
In order to prove the theorem, with the help of Theorem 2. 2. 1, it is 
enough to show 


lim max max |Sy—Sy,_,|/7g(N.k)<1 a.s. 
N 一 © py 入 大 入 和 l<ej<k 


The procedure of its proof is similar to that for Theorem 2.2.1. We omit it. 


2.3 How Large Are the Cstirgd-Revesz Increments? 


The Csorg6-Revesz increment is the type of that investigated first. The 
purpose of this section is to generalize Theorem 2.1.1 and 2.1.2 of 
Csorgé-Revesz (1981) for an i.i.d. sequence to independent but not necessa- 
rily identically distributed sequence and to weaken the conditions in these 
theorems. Lin (1986a, 1987 and 1988b ) first obtained results corresponding 
to the 1.1.d. case by a direct approach. Then Shao (1989 ) further improved 
Lin’s results. 

Let { ¥,;n>1} be a sequence of independent random variables with 


means 0. Put S,= Y} X,,0?=EX?. And let {a,;n>1 } be a sequence of in- 
i=] 


nta 


tegers. Put oiy= 》 oè, By = {20}y[log (N/ay )+ log log N] 广 :2. 


i=n+1 


Theorem 2.3.1 (Lin 1987) Suppose that { X, } satisfies the following 
conditions : 
mtn 
(i) lim inf > o?/n>0 and E\X,?**<M< œ for some a>0 and 
n> m20 j=m+l 
every n ; 
(11) there exists a non-decreasing continuous function H(x)>0, x20, 
satis fying 
Y P{ A(X,|)>en <oo for any e>0; (2.3.1) 
] 


n= 
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lim H(x/2)/H(x)>0. (2.3.2) 


And suppose that { a, } satisfies that 
(a)a (invH(n)) Aog n<a,< n for somea >Q. 
Then we have 
lim ByylSyiay—Syl=1 a.s. (2.3.3) 


N— œ 


lim max Baul Spray Sn |=1 as. (2.3.4) 
N> wo l<n<N 
lim max ByylSyi,-Syl=1 a.s. (2.3.5) 
N> œ l<k <ay 
lim max max £,,/S,,,-S,|=1 a.s. (2.3.6) 
N> œ l<n<N l<k<ay 
If we have also 
(b) lim (log N/a,)/log log N=% , 
N > © 
then | 
lim max BwlS,a—-S,1=1 as. (2.3.7) 
N> co I<n<Nn 
lim max max £,1S,,,-S,l=1 a.s. (2.3.8) 


N >œ Ien<N I< k<ay 


In order to prove the theorem, we need the following lemma. 
Lemma 2.3.1 Let X be a random variable with EX=0. Leta >0 and 
O<a<l. Then for any t>0, we have 


2 
Eexp {1X (X<a)}< exp { > EX? |P*2E | X Pt2}, 


Proof Note that 


Eexp {txXl(X<a )} 


I(X<a)} 


t a UX! 
=1+tEXI (X<a)+ > EX*1(X<a)+ Et) 7 
j=3 


l+a 
ua) t ta E| Xpt 


2 
<1+ = EX?+e" 
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2 
<exp (> EX “+ trea BV |2 +2 \ 


as desired. 


Proof of Theorem 2.3.1. 
At first, we prove (2.3.3 )—(2.3.6). It suffices to show that 


lim max max £,,(S,,,-S,)<l+2e aus. (2.3.9) 


N > co lI<n<N Il<k<ayn 


lim max max Biw(S,— Size )K 1426 a.s. (2.3.10) 


N>% I<n<N lgkgayw 
and 
lim Pry(Syiss— Sy) l-2e a.s. (2.3.11) 
N> 


for any 0<e<1 /4, but fixed. 
Let A be a positive number specified later. Define 


Y,=XMNX,\<4A) -EX IX, |< ), 
Y =X JI(\X,|>A)-EXI(|X,|>4), 


Z,=Y I(Y,< < invH(n)), U,=>. Y,, T,=} Z.. 
i=] 


A 


i=] 

From Condition (2.3.2), there is a constant d> 1 such that 
dH (x/2)>H(x) for any x>0, 

and 


dq"H(2 ”x )> H(x). 
The latter implies that 


2-"invH(n)> invA (d~"n ). 
Therefore 
一 invH(n )> invH(d,n) (2.3.12) 
for some d,>0. Moreover, for any 2”<x<2”"*'(m2>0), 


H(x)< Qtogx) iog2 百 (2-7xX ) < x load) Moar (J ), 


which implies that there exist positive constants D, G and y such that 
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H(x)<D+Gx’ forany x>0. (2.3.13) 


EX, ,=0 and (2.3.13) together imply | EX, J(|X,|>A)| <A< 
for large n. Using this fact and (2.3.12) we obtain 

P{Y,> 二 invH(n)}< P{|X,|> — invH(n)}< P HU X,|)>d,n } 
for large n. Consequently, by condition (2.3.1) 


P{Y,> oe invH(n), i.o. }=0. (2.3.14) 


Then, in order to prove (2.3.9), we need only to show that 


lim max max f,,|U,,,—-U,|<l+e a.s. (2.3.15) 


N > wo Il<n<nNn l<k<ay 


lim max max f,,(7,,,-T,)<& a.s. (2.3.16) 
N > æo I<en<Nn I<k Say 
We now first prove (2.3.16). By Condition (i ) there exist positive 
constants o and a’ such that 


mtn 
n< Y of<o nh forany m>0 and all large n. (2.3.17) 


i=mt 1 
Put 4,={n:2'<a,<2**'}, M,=max {n:ne A,}. Then we have 


max max max fy(T,,,— TT,) (2.3.18) 


N>L lI<sngN 1k Kan 


< max max max max £,,(7,,,—T, ) 


n 
izloga; NeA; l<en<N lI<k<ay 


< max max max (T,,,—T,)/o (2'*'log(n (log2')/2‘) }'7. 
i>logyay I<n<M,l<k<2t! 
Applying the Lévy maximal inequality and Lemma 2.3.1, it follows that 
for large i, 


P{ max max (T, s- T,)/0{ 2'*log(n(log2')/2')}'?>e} (2.3.19) 
Igng Mil<k< 7 

[ Mi /24) +1 l 

< X Pt max (Tis TD)/o(2" log((i+ 1 )log2') )'?> 6A } 


j=0 l<k<2 
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[M;/2'] +1 


<2 Yo PRT Gyr Ty)/o(2" log((i+ 1 )log2') )'?>¢ 8} 
j=0 


[Mj/24 +1 


<2 》 exp{- 7 1a(2 log((j+ 1 )log2') )'? 
j=0 


(j+2)2! 2 
+ ( 


. . i 
5 EZ?+ 12+%F | Z, 2 +ap4 rin H ((j+2)2 )/A ) \ 
1=j2'+1 


for any t>0 , where 


(J +2)2! (j+2)2! 


) EZ? <2 2, E | X, P7 /A*<2'?-M/A’? 
{=j2 +1 {=j2 十 | 
: i 1/72 
by Condition (i). Put t=t),= oa (e0 Hea 2) . We have 
max t; > 0 as i> œ. 
j< M; +1 
Since 
j < Mi/2 +2 2 j < Mi /2'+2 ay. 


i 


by Condition (a )and (2.3.13). Take A such that 


A>(M(32 /oe) 2)!” 
and 
ts Mexp (4t,, invH((i+2)2')/A } < (08/32) 


for large i. The latter is feasible since there exists C > 0 such that 


log ((j+ 1 )log2') ,. i) )2 Í — 2 
a (inv (j+ 1 )2') <C (log log((j+ 1 log2! 


)? 
for 0 和 j < M,/2'+1 by (2.3.13) and Condition (a) again. Therefore, 
from (2.3.19) 

P{ max max (T,,,—T, )/o(2"*'log (n(log2') /2'))'7> 6 } 


l<n<M; l<k<2 


[ Mj/24] +1 


<c 3 exp { — 2log ((j+ 1 )log2’ )}, 


/=0 
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which implies (2.3.16) by noting (2.3.18). 
To prove (2.3.15), let us define 4,={n:0'<a,<6**! }for some 0>1, 
and M,=max{n:neA,}. Then, similarly to (2.3.18), 


max max max f,|U,,,—U,| 
N2Li<n<N ISSN 


< max max max) |U,- U, |/a;, { 2log((n V6"! )(log6‘)/0'*!) #2, 


i>logg ay I<n<Mj1<k<e' 


n+[ 6] 


where a2= >》  o?. So we need only to show that 
j=ntl 
lim max max | U, U, |/o’,{ 2log((n\/0*' )(log6') /0'*!) 2 


i> æ lgsngM; i<k<oit +1 


<l+e ass. (2.3.20) 
Let r=r(e) be large enough, R=[0'*' 2’],n,=[n/R]R. Then 
| Unt U, I< | U n+ U,, | + | Untk Uinti), |+ | L ,一 U, | ° (2.3.21 ) 
ntlot tar 
Put or)= 》 o?. From (2.3.17) we have 
j=ntl 


l<o, (r)/o, <1+e/0 


for large i, provided that r=r(é)is large enough and 0=0(e)is close to 1 
enough. Using Kolmogorov’s exponential inequality, we find 


Pt max max | U6,— U, 0,1 2log (n (log6') /0*')}}?> 1+} 


l<n<Mj; I<k<0 


< P{ max max | Ui psp Un/o Ar)(2log YR* los! yi? 
0<j < Mi /Ricsk<oitl+r / 0 
8 
> L 
> 1+ Ti \ 
[ M;/R] . ] i 
<>) exp {—(1+£/10 )log RE los? ) 
j=0 


< cj (+e/0) 


which implies that 
lim max max |U,,— U, 1/7; { 2log(n(log6')/0*')}'?<1+e 


i> co l<en<m; i< kot 


a.S. 
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Similarly, for the second term of the right-hand side of (2.3.21), since 


(n+k)r+R ， 
o,/ max ) oa2alO] Ao’0 2')>3b/e 


bok)! jon th),+ | 
by (2.3.17), provided that r is large enough, we have 


P{ max max. |U,,,—Ugs,,|/o%, 2log (V0! (log) /0"*')} >84) 


l<n<Mj; I<k<oit! 


[ (Mi+0't!1)/R] 


(j+1)R 
< 5 Pt max |U,-U,|/2( > co) 
j=0 jR<I<(j+1)R l=jR+1 


"Pp Qitl it | i 
-log AGRA INO Joge i252} 


2r 十 ] x 


< 》 2exp{—3loglogé@'}+ > 2exp{—2log((j/2"— 1 )logé’ ) } 


j=0 j=2 ley 


< i~32'*? log + 2logé 2 (i(j/2'-1))~? 
j= +i 


<i~’*C(r)logé 
for some C(r)>0, when i is large enough. Hence we obtain 


lim max max, |U,- Uain, ot 2log(n(logd') /0*')}i?@<eA a.s. 
We have the same conclusion for the third term of the right-hand side 
of (2.3.21). Combining these results yields (2.3.20). (2.3.15) is proved. 
And (2.3.9) follows from (2.3.15) and (2.3.16). The proof of (2.3.10 )is 
completely similar. 

Next, we prove (2.3.11). It suffices by (2.3.14) and (2.3.16) to show 
that 


lim Buy (Unsay Uw) 21-€ a.s. (2.3.22 ) 


N -> 


Define N,=1, Ni= N_i1+an,_, for k>2. By the independence, (2.3.22) 
will be followed if we have 


D P {Boen Umray, 7 Un) 21 -e3= 0 . (2.3.23) 
k=1 
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In fact 


—Uy,)21-¢€} 


ims 


— 


P { By, vil Uni +a 


Nx 


WV 


Ms Tms 


exp { —(1—e)log(N, logN, )/ay, )} 


WV 


(N,4,-N,)/N, logN, 


ao 
II 


x Nk+1 
>) dx=00. 
pæ | xlogx 


k 


i.e. , (2.3.23 )is true. (2.3.11 )is proved. This completes the proof of Theo- 
rem 2.3.1. 

Clearly, this theorem generalizes and improves Theorem 2.1.1 to a 
great extent. The result corresponding to Theorem 2. 1. 2 is the 


following 


Theorem 2.3.2 Suppose that { X, } satisfies the Conditions (i ) and (ii 
there exists a non-decreasing continuous function H(x), x>0, satisfying 


Y P{H(|X,|)>bn}<o for some b>0; (2.3.24) 
n=l 

x/logH (x ) is non-decreasing ; (2.3.25) 
E(H(| X, D) <M <œ for some B>0. (2.3.26) 


And suppose that { a, } satisfies the condition 
(a) there exists a sequence b,* co such that 


b, (invH(n)) Aogn<a,<n. 


Then the statments (2.3.3 )—(2.3.6)of Theorem 2.3.1 are true. If we also 
assume that Condition (b) of Theorem 2.3.1 is satisfied, then the statements 
(2.3.7) and (2.3.8 )are also true. 


The proof of Theorem 2.3.2 is similar to that of Theorem 2. 3.1 
excetp that we use the following Lemma instead of Lemma 2.3.1. 
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Lemma 2. 3. 2 Let X be a random variable with EX=0. Let a>0O, 
O<a<l. Suppose that x/logH( x)( x>0) is non-decreasing. Then for 
0< ta<(« /10 )logH(a), we have 

Eexp{ tXl(X <a) } 


2 
< exp { > EX?+ Pte E] XY |^2+a )4+t A+ 200 FC (| XY |) )* yaar aa) 


The proof of this lemma is similar to that of Lemma 2. 3. 1 and 
is omitted here. 

The inferior limit for increments of partial sums of random variables 
were discussed by Lin (1990a ). He obtained the following theorems. 


Theorem 2.3.3 (Lin 1990a) Let { X,,n>1 } be a sequence of indepen- 
dent random variables. Suppose that the following conditions are satisfied : 
(i)jlim inf E(X nt + Xn, ?m>0, 


n> o% m>0 


(ii ) there exist t> 0 and b>0 such that for every kè l and |t|<t, 
Ee*®k<b, 


And suppose that {a, :n> 1 } satisfies the following conditions : 
(a)a,<n,a/logn > oasn>o, 
(b)n/a, is non-decreasing, 
(c) og n/a,)/log log log n > oo asn > œ. 


Then 
lim max YwlSisay7Snl=l as. (2.3.27) 
N> 2 0< n< N-ay 
lim max max y,,|S,.,-S,|=1 a.s. (2.3.28) 
N > oo O0<n<N-ayn l<k<ay 
where 


Yav=1 ony log (N/ojy log log N)F'?. 
Proof By Conditions (i) and (ii), it is easy to see that there exist 
0<c,<c,<o such that 
cIGV 和 ON < Cay for large N. (2.3.29) 


First, we prove 
lim max Yanl Suta Shl >l as. (2.3.30 ) 


N> x O<n<N-an 


Denote 
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)/og ————_ )), 


Y,= X,1(1X,| <AClog — a, log log n 


a, 


where A is a positive constant. For any e>0, A=A(e) shall be taken to be 


large enough, if 


lim nlogn )/(log n )< o0 
n= a, a, log log n 


Put 
Z,=X,-Y,, Y,=Y,-EY,., Z,=Z,—EZ,, 


U,=> Y,, V=} Zo, R=VarY,. 


k=1 k=1 
Maya ait et Aayo Pan= 1 24y log(N/Ay log log N )} 17. 
By (2.3.29 ), there exist 0<c, 和 c, < oo such that 
Cay S Aw S Gay for large N. (2.3.31) 
It is clear that for any £> 0 
lim lYay/Y,y— 1| < € uniformly in n, (2.3.32) 


(A= A(e)large enough; and £= 0 when 


n logn n _ 
lim (log a, )/(log a, log log n )= 00. 
We can prove 
lim max max jy wvlV,4,-V,|=0 a.s. (2.3.33) 
N> œ I<n<gN-ayn !I<k<ayn 


In fact, for |t |< 4⁄2 


' t log (n/a, log logn) 
1Z 1 < o n 
be "< exp | 24 °° log ((nlogn)/a,) (` 


Noting that under Condition (a), for large N 


ay log(N /a, log log N) 


log’((NlogN )/ay ) 
ay  log(N/(log’N )log log N) . > 
| logN logN | if ay<log*N 


log (N/a, log log N), if ay>log’N. 
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Hence, by Conditions (a) and (c) 


a, log (N/a, log log N) 


log ((NlogN)/a,) 一 2 全 (2.3.34) 


Use Lemma 2.2.1, (2.3.33 ) holds true. From (2.3.32), (2.3.30 )is equiva- 
lent to 


lim max Ywl Upay U, 21 a.s. (2.3.35) 
N -> © O<n<N-an 
Write 
P{ max Yanl Unsay Unl <1-e } (2.3.36) 
O<n<N-an 
[N/an]-1 
< {1-P{y yl Uo > Ying 2 1-8 3B. 
j=0 


By (2.3.34), using Lemma 2.2.1 for { Y, }, we get 
P { yjav wy | Lav 一 U,,, | 之 ] 一 8 } (2.3.37) 


> exp { —(1-e)(1—«)’log (N/M?, , log log N) } 


JanoNn 


> (2a, n (log log N)/N )' ‘>c( e 


a, log log N ji- 
N 


Then, using Condition (c) 


P{ max yyylU,say—U, 1 <le} (2.3.38) 
O<n<N-an 


[ N/ay]-1 


< TI (1 -e ( FPE SEA ys) 
N |- -3 
< exp i —c(~— ) (log log N) e} < log 3 N. 
N 


Let N=2vé , it follows that 


U U |>1 a.s. (2.3.39) 


lim max "tay, Un 


k œ æ One NkTaN, 


Yan, | 
For any given N, there exists an integer k such that N, < N< N . Write 


max AIU, —U | 
Y nN n 


nta 
O<n<N-an N 
> max ny, | Unsay, —U,|— max max 
O< n < Nk-aN, I<i < Np ISJ S aN, 4 ay, 


=: 1 (k)-L (k). (2.3.40) 
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By Conditions (i) and (ii), for n uniformly 


>1lk>o, 


Anny /4 


mAK+1 
then 


lim J, (k)2>1 a.s. (2.3.41) 


k > © 
In order to estimate J, (k ), denote 


M, =N,+ Aneti T Onk’ Aik = Aini t +À 


全 4Nk+1 INg" 
By Theorem 2.3.1, it is easy to see that 
一 -一 |U, -—U.| 
lim max max LT 2(loe(M./1,2)+ log log M, )} 7 i <1 a.s. 
k= œ I<si< N; ISJ < aN, 4 170N, àa 200g (M/A, 2 )+ log log M, ) 12 

(2.3.42) 
By Conditions (a )—(c), it is easy to check that 


Y Ned { A (log (M/A )+ log log M, )} 


ay,))+ log log N, 


< co Ais om log (Nay. = ay, )) + log log N, 


On 4+ log (Nia Jay, + log log Nya) 


N; )(log N, )Uog Nisi 


L mm yu! > Q, 
k+1 ay,,, log log Nya, 


<c(1- 


uniformly in n and i ask 一 oo. Hence 
lim L(k)=0 as. (2.3.43) 
k > œ 


Combining it with (2.3.41 )and (2.3.42), we obtain (2.3.30). 
Next, we prove 


lim max max ywlSj4,—-5,/<1 a.s. (2.3.44) 


N> œ O<n<N-ayn lek an " 
Let r=r(e) be a positive constant specified later on. Put 


Cy = [ay /r] n; =icy. (2.3.45) 
Write 
max max yw|S,,,—S,| (2.3.46) 


O<n<N-anlxk<ayn " 
< max max max y,v(IS,.,—S,,l+]5,—-S,,1) 


1< is 和 NeN ni-\ <n<n;j lek<ay 


<2 max max yn|S,—S, | 


Il<i< N/cw 1 一 ] <n<nj 
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S 


+ max max max Yanl Snp, Snl 


l<i<g N/CHN Nj~| Qn< nj Il<k<ay 
Thus, we have 


P{ max max y,,|S,,,-S,l|>l+e} 


O<n<N-aynl<k<ay 


<P{ max max y,ylS,-S,l>eA} 


l<i< N/CN nj—|<n<n; 


+P{ max max max Yan | Spar Sa l> 1+¢72 | 


I<i<N/CN nji-|<n<nj lek <ayn 


N 
<— max P{ max yw|S,—S,|>e/4)} 
CN 1<i< N/CN nj-| <n<nj 


N 
+ -一 max P{ max max Yan | Spar 5,12 14+62} 
CN 1<i< N/CN nj-|<n<n; l<k cay 


= :J,(N)+J(N). 
Estimate J( N). From the conditions of the theorem, there exists T>0 
such that 
E exp (tX, )<exp (gai? 2) 
with g=1+<¢/4 for any |t|< T and every k>1. By taking 


一 ] 
8 - © 
x=— max yyw,G=g ) oF 


4 ni—] Sn <S ni j=ni-] 
in Lemma 2.2.1, it follows from Condition (a )that0<x 和 GT for large N. 
Using Lemma 2.2.1, we have 


g? 


J(N)< N max exp{———( min oa, log (N/o?, log log N)) 


Cy l<i< N/CN 16 nj- SaS nj 
Ni-| 

Kg } ow +} 
/= Ni-1 


< 一 exp {— ce rlog (N/a, log log N) } 


N 
2 
rN { ayloglog N VY a 
< (yp log log NP 
a, | N ry (log log N) 


for large r. Estimate J,(N ). Letting r be large enough, we have 


C min oh) $ o)-11<eA 


ni—] <Sn< ni j=ħñi+] 
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for large N. Similarly to the estimation for J, (N), we have 


JIN )< 2 max exp { — (1+ + ) min o?, log (N/o?, log log N)) 
N I<Sisx N ~ ni—] <n< nj 


njt+an 


Kg » oo) 


j=njtl 
=r ( ay (log log N )'*e4, 
N 
It follows from (2.3.47) that 


P{ max maxy,,|S,,,-S,| >1+e} <2r( Sv “(log log N Y. 
I< n < N-ay 1< k Say N 
By assumption (c ), there exists a subsequence { N,} of positive integers 
such that 


lim P{ max max »,,|S,.,-5,|>1+e}=0, 


j> x O<n<Nj-ay, 1<k<ay, 


which implies (2.3.44). 


Remark 2.3.1 When the moment generating functions of { X, }do 
not exist, one replaces Condition (ii ) by 
(ii) there exists a non-decreasing continuous function H(x), x>0,sat- 
isfying . 
Y PL H(X,|)>bn }<oo forany b>0, 
n=] 


E(H (|X,|) < M < œ for every n and any $ <1, 


H(x)/x’** is increasing for some a>0, 


X (invA(n) )~4< oo for some A >Q, 
n=] 
lim A(ex)/H(x)>0 for any e>0, 


and replaces Condition (a ) by 
(a) there exists a number a>0 such that 


a(invH(n))* Aogn<a,<n. 


That is to say, if { X, }satisfies (i) and (ii ^ and { a, } satisfies (a ‘), (b) 
and (c), then the conclusions of Theorem 2.3.3 are still true. 
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2.4 On the Increments Without Moment Hypotheses 


All of the limit results on increments of partial sums of a sequence of 
random variables in the above two sections require the existence of either mo- 
ment generating functions or moments larger than order 2. It has been point- 
ed out that strong limit theorems depend (in principle )on probabilities rath- 
er than moments (cf. Klass, Tomkins 1984). Some probabilisto have dis- 
cussed the law of the iterated logarithm without the moment condition (cf. 
Klass, Teicher 1977 and Tomkins 1980). The a.s. limiting behavior of in- 
crements of partial sums can be regarded more as generalization and elegance 
for the law of the iterated logarithm. So it is interesting to know how big the 
increments of partial sums without moment hypotheses are. Lin (1990b ) 
first considered this problem. His theorem is a generalization of the results 
with moment hypotheses. Lin and Shao (1990 ) weakened the conditions of 
this theorem to a great extent. 

Let { X,;n >1 } bea sequence of independent, but not necessarily iden- 
tically distributed random variables and { a, :n> 1 }bea sequence of positive 


integers tending to infinity. Denote S,= ) X,. Furthermore, let { Bys 


i=] 
n=0,1,= ,N:N=1,2,... } be a double sequence of positive numbers, 
which is non-decreasing on N for fixed n and tends to infinity as N > œ 
uniformly in n . Denote B,= Boy , b} =2 { log (By + ay/Bi, ) + log log Buy 上 
For every N and n+a, < N<n+1+a,,,, define By=B, 4+. (80 B yta = 
By yray )» bg=2 {log (B2,, /By*)+log log By }. And define for e>0 


nt+ay 


X= (XV( —2B,b, ~'))A(eB,b,), 


n,nt+an 
j=ntl 


Nt+an nt+an 
Ty (e)= Bra, >, Var(X.) Try (e)=By? > Var(X, ), 
j= 


T? = lim lim Ty(e)ATyy(e), T2= lim lim max T,,(e). 


E10 y> e+ O0N>x0cn<Nn 


Assume T, < œ. 
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Theorem 2.4.1 Suppose that the following conditions are satisfied : for 
any é>0, 


3 


GÖ P{IX,|>eB b} <0; 


(ii) lim max max (B, yon)” ! | > E{ XI(X|<eB,b 站 用 = 0; 
N+ œ 0<n<N I<k<ay jentl 
ntan 


(iii) lim lim max 》 EX?}/(eB,b,-'<|X,|<eB,b,) 


E40 N>% O0<n<N j=n+l 


/( B? y ((Bhray/ Ban )log Bin ) fh)<o for some B>0; 


(iv) lim (max Bp ntan )/( min B, 4,. ) <O ; 
N > æ O<n<N O<n<N N 
(v) BysaySABy-i4a,-1 and B,, < AB, ,for some A>0 and every 
N22. 
Then 
| Syta — Sy | S.,-S 
T_< lim ——~*—— < lim lim lim IS, Sih <T a.s. 
N> oo By, Ntay On N> œ lxa<sN I<k<ay n,atay ON 


Example. Let { X,} be a sequence of i.i.d. random variables with 


P{X=—Vn )=P(X=Vn )=a/m logn, n=2,3,-+ , 


where a= 一 T > . It is clear that EX?:= œ. Take a,=n’, 
on Flora n 


Ba, n+x = 24k log log k. So B;,,+a, = 2aay log log ay ~ 2aN* log log N. Then 
we have B} 一 2aN? log log N, "be ~ 2log log N,B ~ 2aN log log N, 
by? ~ 2log log N by the definitions. Thus 


ntan ntay [eai] 


2 2 727， 
>》 Var(X,,)~ 》 92 Elo 2a +¥ Flos k?” 2aa, log log ay. 


i=nt+] i=n+l k=2 k=[e 2a i] 


So T_=T,=1. It is not difficult to show that Conditions (i #—(v )are satis- 
fied. We verify only (iii). 


ntk 
>», EX?(eBb, '<|Xlg eB,b,) 
j=ntl 
ntk [402 aj (log log/ )?] a 


<> 2 i log i 


j=n+1 i= [e}aj] 
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nt+k 


2log (2log log; ) 
<3 log (1+ 一 一 一 一 一 全 一 一 
P g | log (s'aj ) 
log log log k 


< Tak log k 


for0<n<N,k= a,» which implies (iii ). 
In order to prove Theorem 2.4.1, we need the following Lemma. 


Lemma 2.4.1 Let{ é,;n>1} be a sequence of independent random 
variables with E¢,=0. And let { a,;n>1} be a sequence of positive integers 
tending to infinity. Suppose that there exists a double sequence { ay n=0, |, 

, N; N=1, 2, - } of positive numbers, which is non-decreasing on N 
for fixed n and tends to infinity as N 一 œ uniformly in n. Put o= 
min otay, Bay= { 20%, 108 (03.vvay/Ohay )+ log log o3, 2, If 


O<n<N 


(a) ooa <Ao,, for some A>0; 


nan 


_ ntan 
(b) lim max 2 Eé/o%,, <1; 
N> ax lI<n<N i=nt+] 


(c) there exists a e>0 such that 
lel <et ay /(log (6%, nsa y/ 0x) + log log oh) }'7, 
then, there is a c(e)—> 0 as € — 0 such that 


lim max max | S E\/Biw <1l+c(e) a.s. 


N > œ O<n<N l<k<ay i=n+1 


Proof of Theorem 2.4.1. 

Without loss of generality, we assume 7_ > 0. 

At first, we give some facts applied in the sequel. 

Take such an n for N that a,_,<N +a,<a,. By Condition (v), 


Ntan 


y EX ?I(eB;b <| X| <eB,b/)/Bi.,, 
<J EX (6B b, ~<] X, |< eB b )/B 


< A 》 EX 7M eB,b, -'<| X,|< eB /b,)/B? 


an 
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and similarly 
N+an an 
> Var (X;, )/Bryray <A’ DY, Var (X;,)/Bi, . 
j=l j=l 
Hence 


— —— Ntan ， ， 
lim lim 2》 EX’?1(eB,b, ~'<]| X, |< eB;b;)/Bhsay (2.4.1) 


Er0 N —> œ j=l 


ntan ， roy 
<A? lim lim max { }, EX?I(eB,b “'<|X,| <eB,b, ) 


e¥0 N> wO0<n<N j=ntl 
AB? (CB, /B2, log B.)-*]} ((Bh..,/B2, log B2, )-! 
= 0 
by Condition (iii), and 
一 一 ”一 一 - Nt+an 
lim lim >》 Var (X;,)/Brsay (2.4.2) 


ev0 N> ow j=] 
<A? lim lim max T „(e)=ÆT?. 


e+ 0 N> ao 0<n<N 
Define N, by N, =min {n : B, b, >2/}, which implies that 
Bay ibn-i << Bay, Ow, 


From Condition (v), we can find a constant C > 0 such that for every N > 2 


by<Cby_,. 
Therefore 
Byy by; < AC Bay, by 
and 
27 < Bay by, < AC2’. 

The latter implies 

Buy. by,,, /Ban by < 2AC. (2.4.3) 
Furthermore, we have either 

Bay, > 277 (2.4.4) 


or 
Buy < 2/7 by >22. (2.4.5) 
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If (2.4.4 )is true, then 


(B,, /By tay J /log Bay, 


< (log B, | J aa< (jlog 2) (+e). 
if (2.4.5 )is true, then 
log (By, tay, /Ba, ,)> 2/ — log log 2/ >27? 
which implies that 
E E ， 一 (1 十 E) 
(Bay, /Bay, ) /log'! Bay, <J i ° 


In any way, we have 


Lí (B, y, /By tay, ) [log '**B,, S. (2.4.6) 
Moreover, there exist ô> 0 and Q>0 such that 
N-1l+an-] 
Tim > Var(X,,)/ Y VarlX,,)<O (2.4.7) 
Nw % j= j=! 


uniformly in 0<ée<o6 since by Condition (v )and (2.4.2) 


Nt+an N—-I+aŅ-] 
> Var(X¥,,)/ 》 Var(X,,) 
j= j=l 


= (Bria, /By- l+ay_ )( È Var(X, )/ Biray) 


N-l+ayŅy-] 


[人 ( 2 Var(X;,)/By-isay_, ) 
j=l 
SA? 2AT? AT? /2)=44°7T 1/T: 


provided that N is large enough. 
Using these facts, we proceed to prove the conclusion of the theorem. 
For given 6>0, let e=e( ô) be indicated later. Define c,=¢eB,b,- 
d =B, b, and X,=X,,,. Y,=(X,—c,sign¥, MI (c,<|X,|<d, ),Z,=X,+ Y,, 


ne? 


S,= Vy (X, -EX |), U, = y (Y,-EY,). V=  (Z,—EZ,). Then 
k= 1 k=l k=l 


Z =X, IX, |<d, )+c,signX, I(|X,|>d, ), 


|X,-Z,1< 1X,110X,| >d, ). 
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So, as a result of condition (1), 
P{ X,#Z,,i.0.}=0. (2.4.8) 


Hence we may only consider Z, instead of X,. From Conditions (i )and (ii ) 
and the definition of c,, we have 
ntk 
lm max max | D EZ, | =(). (2.4.9) 
N > œ lgn<g<N lgek<ayn Bin +ayONn J=ntl 
Combining (2.4.9) with (2.4.8) implies that the conclusion of the theorem 
is equivalent to 


| Vu+ay— V 5 | 


N 一 oo By n+ay N N> wol<n<eNix<k<ay B 


一 -一 V -y 
< lim max max | <T, a.s. 
b 

N 


nntan 
(2.4.10) 
As a first step, we prove 
lim max max Das 一 Da < 6 a.s. (2.4.11) 
N > æ ls<sngN l<sk<&ay B, ntay On 
Let r=r(6) be a positive integer indicated later on. Put Dy= Bi, (( Bria / 
Bi, )log Bi)? and Y,=0. Define a function of n, N and r as follows: 


k n 
n= max{k: Y Var( Y,)<iD, /r, where i satisfies = D<} Var Y, < 
j=1 


j=l 


i+ | 


Dy}. Put U,=0. Write 


Unk —U,| < |U Uar) | + | UGrx),— U,,| +|U,—U,, |. (2.4.12) 


Consider the first term of the right-hand side. By Condition (iv), there ex- 
ists a constant H >Q such that 


(max B, asa )/C min B, say )< H (2.4.13) 
O<n<N O<n<N 
for every N. Then we have 
l 0 
一 -一 一 一 一 > 一 一 一 .4. 
P max, sa B, intay ON. | Unk Cass | a 2ACH | (2 4 14) 


5 
< 一 > 一 一 一 一 一 一 . 
U È Var¥, /Dy+1} max Pil U, =U, l> 34CHY Bey bw 3 
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From Condition (iii) 


Nt+an 
> Var 也 


j=! 


Nt+an 
<2 } (EX (c¢ <|X,| <d )+ Plc <|X,|<d )} (2.4.15) 
=] 


J 


< 2M Bysay 


for some M >0. Estimate the probability in the right-hand side of (2.4.14) 
Let 


e= Bd A16ACH?), t=Pb,/(4eH)=4ACH’b,/6. 
Then, for j< N+ ay , we have d, < eHB,, by and 


E exp { t (Y,— EY, )/B,, } 


<1+ _ VarY, - exp B b? 
` 2 Bi, J 4 “ 


2 一 2774 B? B/2 
< exp | 一 a( a log Bi. Vary, 
aN 


aN 


Put /,=max {m:m,=n,}. Using Levy’s maximum inequality, we obtain 


5 
Pi max| Un Us | > SICHT B, by} (2.4.16) 
Ô a 
<2P{|U,,—U, |> IACH? Babu — 2) Var(U, — U, ) } 
6 
<2P ilU, -Ul > 37CHY Bay bx 3 


61b ln t 
<2ep (~ hs fi Eexp | B EY) 
J 


=n,+] 


<2exp (—4b?, /3+ o(b?, )} 


< ((Bi,,,/B2, log Ba) 
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for every large N, where the definition of n,and Condition (iv) are used for 
the last but two inequalities. Combining (2.4.14), (2.4.15) and (2.4.16) 
yields that 


l 
P{ max max 
il<x<n<NI<k<ay B, ,+av On 


U -Uus | >8/2ACH} (2.4.17) 


< SrM (Bi. /Bris,) f (og Bi. V ®. 


By (2.4.6), we have 
>》 Pt max max ————— |U,- Uain, | 2ô/2ACH <oo 
j=l lens 


which implies that 
lim max max — € |U, Uns, | <6/2ACH a.s. 


i > æo l<en<N- l<k<an. b . 
J j Nj nn tay, Nj 


(2.4.18) 
Furthermore, by noting that the ranges in two max’s in (2.4.18 ) enlarge 
as j increases and by using (2.4.3 )and (2.4.13), (2.4.18 )implies that 
lim max max ——-—|U,,,-Ugiy I< as (2.4.19) 
N>o I<n<N I<k<ay B, ,ntav On r 
The second and the third terms of the right-hand side of (2.4.12) can be 
treated by the same procedure except that Condition (iii )is applied for the 


second term, and we have the similar inequalities. (2.4.11 )is proved. Thus 
inequality (2.4.10 )is equivalent to 


a-r Ta Sea Sil 
N> N, Ntay Ow 


< lim max max <(1+36)T a.s. (2.4.20) 


N > xl<n<N l<k<ay Bintay On 
for any 0< ô< 1/2. 
It is easy to verify that the condition of Lemma 2.4.1 is satisfied for 
{ X; }. Consequently we have the right inequality of (2.4.20) from the defi- 
nition of T,. 


ntan ， 
Next, we prove the left of (2.4.20). Let vi = 2, VarX ;.07,= 
j=n+1 
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max v? .Forj< Nt+a,, 


l<n<N 


n, nt+an 


|X -EX ,| < 26; < ey... = 2eby ig A Brntoy Onin say Pveweay? (2.4.21) 
Noting 0< T_< œ, we have By ysa ONON, Nay 一 oo aS N > œ and 
( gb yrds By. veay UN. weay By, niay ONUN, neay) S Qe for some constant 
Q >0 and every Nè 1. Hence, if let e=e(6) be small enough, we can use 
Lemma 2.2.1 (b)and obtain that 


l 
P{ T |Sweay—Swl2U-5)T_ } 


By neay N 


USNU- OT By moby ) (2.4.22) 


>exp{ 一 i 
N,Nt+an 
2 2 
Roe 178 > Fey . 
Bwra, log b; Bitay log Biray 


WV 


According to the definitions of T_ and T, , we can choose e such that the 
right-hand side of (2.4.22 )is larger than 


Roy N tay [oo Nay log US Nay ) (2.4.23) 
for some R>Q. Let 0<y<d/\(0°T* AT? ), N,= 1. Define N,,, by 


N, = min {n : v? „ENa, 02, Nkan, }. (2.4.24) 
Then, we have 


ee foreveryk, (2.4.25) 


n PNV, nta, SUG, Netan, for every n<N,,,. (2.4.26) 


Hence we find that N,,,>N, and N,,,+dy,,, > Nit dy, for every kèl. 
At first, we prove that 


Lo; Nk > Netan,” /(v o Netay OB Vo. Ng tay, ) = OO. (2.4.27) 


In terms of (2.4.26), we get 
,2 >p? =v}, n, — Var X y, (2.4.28 ) 


U o, Ng- itay, _ ^ Vos Ng-i 


2 —_ 2R 2h -2 2 2 p2 
Sv, E By bn 之 Do HeBy ,wn 


2 .2 _ .2 ,2 
之 Vs,N UN, Nitan, Uo, Nta 20x Nitan, ? 
k k oNgtan, kt ay kNktay, 
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when k is large enough. And 


2 n 


2 — 
Vo, Ng] tay, MVo Naitan- 之 C v? Ng taN, (2.4.29) 


by (2.4.26 )and (2.4.7). Now using (2.4.28 )and (2.4.29), we have 


oo 


2. 2 
> v UN. Nat an, /Vo, Ngan, log Vo, N, tan, ) 
k=2 


1 oO 
p? 12 2 
一 一 V 
> 2 (po 0, "NetaNy Vo, Ng- 1AN; ] Ae. Netan, log 0，AK+QNK ) 


-1 ` 2 — 4x2 2 C 2 
> 2C 2 (Do metan Do, Ny-vtay, ,) 人 po wm i tan, ,log( Vo, Neitay,_,)) 


V 


n x o, Nqtan, ] 
之 ———— dx = 0, 
2C 和 »2 x log x x=% 


o, Nk- 14N; 1 


which proves that (2.4.27 ) holds true. 
Put G={ k: N,2>N,,+ay,_,}, K={ k: Ni< Nei+aw }. To 
prove the left part of (2.4.20), we consider two cases : 


Case ] Suppose that 
È, Dh netay,/ (Uo, meray, 10B perav ) =. (2.4.30) 
keG 
Then, by (2.4.23) 


] 
>》 Pt 万 一 一 一 一 IS ntan Su, | 2-6 )T- }=00. (2.4.31) 


keG Nk» Nk+ay, by, 


By noting that { Sy say 一 S w> k e G} is an independent sequence, 
k 
(2.4.31 )implies that 


ISi, =S, | 

一 一 一 kt+an NE 

lim k 7 >(1-6)T_ a.s. 
ee Nk Nktan, “Nk 

and hence 
一 一 一 |S, -5 | 
lim — + _*  s(1-5)T_ a.s. 
N > © N,N +ay ON 


i.e. the left part of (2.4.20 ) holds true. 
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Case 2 Suppose that 


2 V Ng Netan, /(U Ntan jog Vo, Netan, ) < SO ， (2.4.32) 


Then, by (2.4.27) 


» UN, «Ny tra, (Do, Neray, log US, N, +aN, )= CO. (2.4.33) 
kek 


For every k € K, by (2.4.25) 


OS Ding ye ayy; Pag S MD hy ony tay, (2.4.34) 
Hence 
(1 一 1 )o Ni. N, +aN, < Uy Netan, Do Ny—ptay,_, SON. Netan, ， (2.4.35) 
Write 
| Srptay, 一 Sm |> IS iran, T Say ray | 7 ISy, tay, ~ Sy, | . 


Consider the first term of the right-hand side. Noting (2.4.35), we can 
use Lemma 2.2.1 (b) again like (2.4.22 )and obtain that 


2 Prg 


ke K Ng Ng tan, ONg 


— 人 / — 
> (Bow Bhran, log Bitan, ) ye 6)/A1—n) 
E 


|S l>- 6)T_} 


Nk taNy S N_i+aw | 


2 2 2 — 
> C 2 UN, Nk tan, 人 Do,wrav log Do, Ngetan, )= Oo ， 
kek 


which implies that 


一 一 一 |S, +a —S, +a | 
lim NN pg) (2.4.36) 
oe By, ng tay, Pm 


By using (2.4.34) and noting n < 60°T? AT}, 


aloe 3by, (X / EX / ) 
exp — . — ， 
BT Bum I 
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302, Ne ton, 
<exp { OTB, vo, . P VarX , } 
< exp { 310N Vi, netan, OT Bay, Netay, } 
<exp {4nT? by / Ò TZ } 
< exp (dy, ) 
for large k and small s . Hence, using the definitions of 7, and T_ , for 
large k and small £, we have 


l 


Ng: Nktay, 


P{ = Py, [Sv stay, Su! >T-} (2.4.37) 


<exp {- 3b), + bh, } = Bi, /(Bhytay, 1088}, ) 


a 
NE 


入 


3 -3 24,2 
> UN, ngtan,/ Vo. net ay, log ON, Nytay, ) 
< UN, » NktaNr /(v Nktay, log’ v? 'Nktay, ). 
By (2.4.25) 
2 — 72 n2 2 n2 2 
ONG Nata, Vo, Nptaw, Vo, Ng < 7 0，NK+QNK v, » Nyy tay, _,7 NUN, NktaN, ° 


So.ifn<1 2, 


2 
UN, Ntan, ~ < 2(v; » NktaNy POM tan, ). 


Using this inequality and imitating the proof of (2.4.27), we can get 


TMs 


2 2 2452 
ON Nk tay, / (Vo, Nytay, log Uo, Netan, ) <0. 


Therefore 


之 Pie. Nit ay [Du Nk tan, log’v; Vo, Ntan, )< OO . 
€ 


Thus, from (2.4.37), we have 


Tim Serena Smlesr a.s. (2.4.38) 
roe Buy Netay, by, 


Combining (2.4.38 ) with (2.4.36 ) yields 
lim 


| Sw, tay, ~ ON; | 
k> œ 


B 


>(1-26)T_ a.s. 
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and hence 
lim IS yeay7 Sw! >(1-26)T_ a.s. 
N => œ N,Ntaw “N 


i.e. the left part of (2.4.20 ) holds true. The theorem is proved. 


2.5 How Small Are the Increments of Partial Sums of Indepen- 
dent R.V.S? 


Let { X,, n21 } be a sequence of i. i. d.r. v.’s with EX,=0 and 
EX? =1. Chung (1948 ) was the first one who discussed the problem of the 
inferior limit of max |S,| and proved 


l<icn 

8 log logn y B 

lim { p2 max|S,|=1 a.s. (2.5.1) 
n > © lI<ign 


Csaki (1978 ) showed that the converse of (2.5.1) is also true. Csörgő and 
Révész (1981 )considered the increments of partial sums and gave Theorem 
2.1.4. As we have pointed out in Section 2.1., the proof of this theorem 
cannot carry conviction. In this section, not only is its strict proof given 
but also this is extended to the non-identically distributed case under 
weaker assumptions. 


Theorem 2.5.1( Shao 1989) Let{ X,; n21} be a sequence of 
independent random variables with EX,=0 and EX?> C,>0 for every 
n>1. Suppose that{ X2;n>1} is uniformly integrable. Let { ay;N>1} 


ny 


be a sequence of integers satisfying the following conditions : 
G)l<a,<N, 
(ii)a,y/log N 一 oo as N > oo. 


nt+k 
Then, putting o},= 》 EX? , S,=0, we have 


i=n+] 


lim min max y,,|/S,.,-S,/=l a.s. (2.5.2) 


N> x O<n<N l<k<ay 
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lim max yyyvlSys,-Syl=1 a.s. 


(2.5.3) 
N>o lg<k<aw 
where y,y={ 8(log N/ay + log log N)/no3,, }'?. 
If , in addition, we have 
(iii)lim (og N/a, )/log log N=% , 
N 一 œ 
then 
lim min max yw|S,,,—S,|=1 a.s. (2.5.4) 
N > æ O<n<N 1 和 saN 


In order to prove this theorem, we need the following lemmas. 


Lemma 2.5.1 Let { X, } be a sequence of independent random variables 
Assume that there exist e>0,0<a<1 and an integer p> 1 such that 


P { max|S,|>ex}<a (2.5.5) 
I<k<p 


for some x>0. Then 


P 
P{ |] (max |S,,,-S,l<x )} < l P { max |S, | <(1+e)x }. 
n=0 1<k<N l-a I<k<N 


(2.5.6) 
Proof Put 


E,= t max | S +7 S, |S x , 


~ 


E,= N {max |S,,,—S,|>x }(\{ max ISa SIS }, 
i<n<p l<k<N 


l<k<N 


i=p—1,p—2,-:- ,0. 
Obviously 


P P 
Ut max | S, S, | <x}= JE, 
n= SKS 


3 
li 
© 


c { max |S,1<U+e)x} UC U(E, NN maxlSil> (1+ e)x })) 
c {max IS,1<(1+e)x JUCU (E, NN{ max | Sl > (+e)x })) 


UCU E, NE max 15,12 (1+8)x})) 


114 The Increments of Partial Sums of Independent Random Variables 


c { max |S,1< (+ 2)x }UC U(E, NN max 15,12 (1+0)x })) 
UCU EN {S| 22x })) 


c { max|S,| <(1+e)x } (JC UCE, pis max | S, | > ex })). 


l<k<N 


Noting that E, and { max | S,| >ex } are independent, we have 


l<ke<n 


P 
{ (J (max |5,,,—-S, |<x )} 
n=0 1 


<k<N 


P { max |S,|< <(1+e)x }+¥ P(E, Pin max x IS, |>ex} 
l<k<N 


n=] 


< P {max |S,| <(1+e)x +a Y PCE, ) 


l<k<N n=1 


<P{max|S|<(l+e)x }+aP { () (max |S, —S |<x)} 
l<k<Nn 


n=0 1<k<N 


as desired. 


Lemma 2.5.2 Let {X, }be a sequence of random variables satisfying 
the conditions of Theorem 2.5.1. Then 


log P{ max |S,,,-S,| < x 


I<k<an 


2 


} 一 一 TU 


Onay 8 x?) 


uniformly in 1< n < N, provided that max x,, > 0 and min Xn Ina, 


l<n<N l<n<N 


œ as N > œ. 

The proof of Lemma 2.5.2 can be found in Shao (1989). 

Proof of Theorem 2.5.1 

The proof is formulated in three steps, which together will imply the 
statements of the theorem. 


Step 1 For any 0<e€< 1 4, we have 


lim min max y,ylS,,,—-S,l/21—-3e a.s. (2.5.7) 


N-> co O<n<N lI<k<say 


Proof From the uniform integrability of { X? } , there is a constant 
C,>0 such that 
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C,< EX? <C, (2.5.8) 
for every n> 1. Let 
1 <0 <1+&C,AC,. (2.5.9) 
Define 
= { N: [F]<ay < [0] }, 
Momar {Nine H.) 
D, =[log, ( inf a, )] —1. 
N2L 
Note that 


inf min max y,,|S,,,-S,| (2.5.10) 


n 
N>L 0<n<N lgigany 


> inf min min max y,,|S,,,-S,| 


n 
k>DL NeH, 0<n<N I<i<ay 


> inf min max Pn | Si —-S |, 


n 
k>DL O<n<M, i<i<ok* 


where y ,,={ 8 (log (nV 0%!) **'+ log log 6+!) fo? , «+1, $12. Let 
po=0,p; =[Co8’0* 32C,log (jE)],j=1, ,mi:=min {n: ‘Lp? M,}. It 
is easy to see that 

= yp ~ j C,630"/32C, log (jk). (2.5.11) 
From (2.5.8), we have ~ 


lim max max Vajk /Vu= l> 
k> œ 0 <j <Mg aS < 95+] 


which together with Levy’s maximal inequality implies 


P{ max |S 一 S >e min 1%) 


O<i<pj+] qj S549 j4+] 


<P{ max |S,,,-S,|> £/2Y 44 j 


O<1<P iY 


<2P US, 4554, T Sal 28/47 a4 3 


< 32C2Pi+i Jak Je <12 
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for large k . Hence, using Lemma 2.5.1, we have 


P{ min MAX Y | Sys, —§ |<1-3¢} 
O<n<Mz 1eiK<é 


l 
X P{ min max, y.|Si1;-5,|<1—-3e} (2.5.12) 
j= qj<n<qj+1 1<i<ok 


1aX, Var! Sai 5, 1 l-e}. 
Applying Lemma 2.5.2. and noting (2.5.9), we obtain 


P{ max, Yarl Syr: - S, |<l-e} (2.5.13) 
1 

<exp { 一 Bey PATRIS 

<exp {—(1—«)7'7 (log (q; V 0+!) Ø+! + log log ott! )} 


< { ((q, VV OFT!) okt! ) log k+! yee 2 . 
By (2.5.11), (2.5.12) and (2.5.13 ), we have 


YP{ min max Y ne | Snt: - S,| < <1- 3e} 
k=] O<n< My 


i<i<eok 
<2 > $ { ((q, V Ot!) 0+ Jlog gett y (i-e) |? 
k=] 


j=0 


< C(0) > { (log kyk- 0o24 Geog (Jk)) 07?) 


j=0 


<2C(0){ > ((log k)/k)0 TH Y 
<C(0,e) 


for some C(0)>0 and C(0,e)>0. This implies that 


lim min max, 7 Si1,-5,!21-3e as. 
k> oo O<n< Mk i<i<ak 


(2.5.7 )is proved by (2.5.10). 


Step 2 For any 0<e<1 ⁄4, we have 
lim max yw| Syi,—-Sy!l <1 Al-e) 
N>o l<k<say 


a.s. (2.5.14) 
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Proof Let N,=1. Define N,,,=N,+ay,.k 21. Using Lemma 2.5.2 
again, we find 


P{ max Yun | Syn — Sw, l S 1 Al—e)} 


0<n<ay, 
> exp (—(1—«)(log N,/ay, + log log N, )} (2.5.15) 
> (Niri— Ni )/(N, log N, ) 

which together with the Borel-Cantelli lemma implies 


lim = max Yy v, | Sy +n—Sy,1<1Al—e) a.s. (2.5.16) 


k>o O<n<ay, 


since max yw w, | Sw, tn Sw, l> K=1, 2, +++, are independent and 


O<n<ay, 


OO 


X (Nisi- N; )/(N, log N, )= œ. This proves (2.5.14). 


k=] 


Step 3 If condition (iii )is satisfied, then for any 0<e<1 ⁄4 we have 


lim min max y,lIlS,,-S,|<l+e a.s. (2.5.17) 


N => æ O<n<N 1 和 SaN 


Proof It is easy to see that lim N/ay=% by Condition (iii). Let 


AN 一 oo 


Pp: = py =|N/a,]. Then, from Lemma 2.5.2, 


P{ min max y vlS,4,-S,|21+6} 


O<n<N I<xk<ayn 


<P{ min max Vays N Sayi Sal 2l+e} 
O<j<p I<k<ay 


P 


= fJ {I= PC max ayw! Sayt Seyl<1+e)} (2.5.18) 
Z l N log N 
< [[{1-exp ( -Ths tog TREN y) 


< IT { 1— (a /N)' ts) Aog N } 


< exp { -F (a,/N)'“'*®) Aog N } 


j=0 
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< exp { —(N/a, )*? Aog N } 
< N7? 


for large enough N, where the last inequality is due to Condition (iii). 
Using the Borel-Cantelli lemma again, we obtain (2.5.17). This completes 
the proof of Theorem 2.5.1. 

From Theorem 2.5.1, we have the following corollary immediately. 


Corollary 2.5.1 (Shao 1989) Let {X,} be a sequence of independent 
random variables with EX,=0. Suppose that{ X?; n>1} is uniformly 


? 


integrable and 


Then we have 


1/2 
lim (Fosie Pa | max |S,|=1 a.s. (2.5.19) 
N 一 œ T Dy l<n<N 
Remark 2.5.1 There are some more general conclusions in 


Shao (1989). He has also given an example for which the law of the 
iterated logarithm fails but the Chung’s law of the iterated logarithm holds 
true. 


Example 2.5.1 Let { X,; n21 } be a sequence of independent ran- 
dom variables with distribution : 


P { X,=n'? log logn } = P{ X,= —n'log log n } =(2n( log logn)?)7', 


P{X¥,=2}= P{X¥,=-2 }=(1-1 /og logn)/8 , 
3 l l 


PX, =O} = -7 n (log log n)? + 4log logn ` 


Clearly, EX,=0, EX?=1 and { X?;n>1 is uniformly integrable. It fol- 
lows from Corollary 2.5.1 that 


Sa 8 log log N Vv 
lim max (Seen ) IS XI=1 a.s. 


N> xx l<n<nNn 
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On the other hand, for any c>0 
Y P{|X,| Sc (v log log n)!7 } =00. 
n=] 

Thus 


N 
lim | Sx | (20 tog log N)'?=0 a.s. 


N> œ i=] 


That is to say, even though the law of the iterated logarithm fails, 
Chung’s law of the iterated logarithm is still true. But we don’t know, if 
there is a sequence of independent random variables satisfying the law of the 
iterated logarithm and not satisfying Chung’s law of the iterated loga- 
rithm. We Still do not know how to describe the necessary conditions for 
Chung s law of the iterated logarithm. 


2.6 A Study of Partial Sums with the Help of Strong Approxi- 
mation 


We have established some results on the increments of partial sums in 
the previous sections, via estimating the probability of partial sums directly. 
On the other hand, using the strong approximation, one can easily obtain 
the properties of increments of partial sums for 1.i.d. random variables (c.f. 
Csorgd-Reveész 1981). In this section, we first derive the strong approxima- 
tion theorems for independent random variables from the Sakhanenko 
(1984) results, and then consider the increments of partial sums. 


2.6.1 Sakhanenko’s Theorem 


The strong approximation theorem is one of siginificant achievements 
in the development of modern probability theory. It says that the partial sums 
of random variables can be approximated by a Wiener process. If the approxi- 
mation error is sufficiently small, then many of the limit theorems known 
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and usually more easily proved for a Wiener process will continue to hold for 
a the partial sum process under consideration. For i.1.d. random variables, 
the best possible results are due to Komlos-Major-Tusnady (1975, 1976). 


Theorem 2. 6.1 (Komlos, Major, Tusnady 1975, 1976) Let { 大 
n>1} be a sequence of i.i.d. random variables with EX,=0, EX?=1, 
E| X, <æ. Then, we can redefine { X,;n>1 } ona richer probability space 
together with a standard Wiener process { W(t); t>0 } such that 

y X¥,-W(n)=o(n'?) a.s. (2.6.1) 
i=] 

For general results on the strong approximation and their applications, 
the reader can refer to Csorgé-Revesz (1981). 

For independent non-identically distributed random variables, 
Sakhanenko (1984 ) established the following profound result. 


Theorem 2.6.2 (Sakhanenko 1984) Let {&,:n>1} be a sequence of 
independent random variables with EE,=0 and for any j> 1 


AE\E |e! < EE? for some 4>0. (2.6.2) 


Then, we can redefine {€,:n>1 }on a richer probability space together with 
a sequence of independent normal random variables { n,: n>1} with 
n, ~ N(O, Varé, ) such that 


i 


Eexp { CA max| ¥ €,-Yin |} <14+/¥ Varé, (2.6.3) 
j=l i= | 


ln j=l 


where C is an absolute constant. 
The proof of Theorem 2.6.2 is too complicated to state it here. From 
Theorem 2.6.2, we have 


Theorem 2.6.3 Suppose that (2.6.2 )is satisfied and that 


n 
>》 EË <B, > © ano, 


i=l 
where { B, } is a sequence of positive numbers. Then, we have 


n n 


$é -È nls se log B, a.s. (2.6.4) 


i=] i=] 
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In particular, if 》 EE —> œ , then 


i=] 


DD NAL log (> Varé, ) a.s. (2.6.5) 


Proof Put A,={n:2<B <2*'}, w={k;A,4#D}. Noting 
that B, > œ, we have that .x contains infinite numbers. Write .x = 
LE $, n =max{m:me A, }. Then, for each e>0, 


P { max| ye Yale - 


i < nk j=! 


~ log Ba? 


<exp{— (1+ )log B, \. Bop (iC mani -nl) 


ig np j=l j=l 
<exp { -(1+e)log B, } (1445 Varg, ) 
i=l 
<(1+AB,, exp {-(1+e)log B,, } 
<(1+AB,, )/Bi* 
<(14+/4)27-*, 


Thus, it follows from the Borel-Cantelli lemma that 


max| Y -Yni< < te log B,, a.s. (2.6.6) 


i<nk j=1 


For any m> 1, we can find an integer k, such that m e A,., and hence 


j j j 
2&7 2, M max YE dM 
max —— < {Stile 一 
j<m log B,, log 2% 
logit! max yee yy 
< 082 .全 ”FL FL l (2.6.7) 
log 2" logB,, 
< (1+8) log2**! 
> AC log2* 
< 1+ 26 as 
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provided that m is sufficiently large. This proves (2.6.4) by (2.6.7) and 
the arbitrariness of e. 


Theorem 2.6.4 Let { H(n);n>1} be a non-decreasing sequence of posi- 
tive numbers and { X,;n>1} be a sequence of independent random variables 
with EX,=0, EX*<o. Assume that there exist0<a<d<1,C>0 such that 


Y P{|X,| 26 H(n) <æ for every n> 1. (2.6.8) 
n= | 

E| X, |< CH(n)™ EX? for every nèl, (2.6.9) 
n* SCH(n) for any nèl. (2.6.10) 


Then, we can redefine { X, :n> 1 } on a richer probability space together with 
a sequence of independent normal random variables { Y,;n>1} with Y, ~ 
N(0, VarX,I(|X,|<H(n)) such that 


| $ (X- EX, IQ < HG)))-¥ YN=oHn)) a.s. (2.6.11) 


i=l 


Proof By (2.6.8), there exists e, 一 0 such that e, logn > œ and 


Y P{IX, l>e H(n)} <o. (2.6.12) 


n=] 


Put X ,=XI(| X, |<, H(n))-EXI(|X, <e, H(n)), a,= max e, 


H(i) /log H(i), é, =X ,/a,. We first prove that for { é, :n>1}(2.6.2)is 
satisfied. It suffices to show that for 0<A<a 16 


AiEe’lYnl/n | X P/a, < EX?. (2.6.13) 


Noting that x°e* is increasing on (0, œ )and that a> e, H (n)/log H (n), 
we have 


A Ee? '* nl/an| Vv o P /a, < PECK nl lanl X [2+ Jae 
< Ro Ee X n| (log H (n))/en E) y [2+ Ja’ (2.6. 14) 
< 9}? eo * log H(n) E | X, + Ja 


< 9/°H (n)“ ogH(n) PE | X, P? Ae, H(n ) )? 
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<9CHH(n)* H(n )° “EX (log H(n)) /eH(n)) 
<I9CHBH(n)- F EX? 
< EX?/2 
by (2.6.9) provided that n is large enough. On the other hand, we have 
EX 2=EX21(|X,| <e,H(n))-(EX I(\X,|>6,4(n)) (2.6.15) 

> EX?-2EX?1(|X,|>¢,H(n)) 

> EX; —2E | X, P”? As, H(n) ) 

> EX?—2CH(n PEX ? /(e,H(n ) )? 

> EX? (1—2C/(è H(n)*) 

> EX?/2 


by (2.6.9) again, provided that n is large enough. Combining (2. 6. 14) 
and (2.6.15) yields (2.6.13). By Theorem 2.6.3, we can redefine { CE, 
n> 1} on a richer probability space together with a sequence of independent 
normal random variables { n, ; n> 1}with n, ~ N (0, Varé, )such that 


D E-F nl < ora log (> Varé,t H(n)) a.s. (2.6.16) 


i=] i=] 


By (2.6.9), we get 


2 二 0 


(EX?) < EX? <C H (n)™EX?. 


That is 
EX? < C? H (n )* 22 ， 


and hence 


X Varé, + H(n)<2) EX ?/a'+ H(n) 
i=l i=] 


<2 F (EX?/HGYJlogH(i)+ H(n) 


i=l 


<2n C H(n)?+ H(n) 
< 3C? +1 AH(n jeri 


by (2.6.10), which together with (2.6.16) implies 
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IY -Y nl < 一 (02+1A)log H(n) a.s. (2.6.17) 
i=] i=] 


] i= | 


Put S,= YY.. T,= S Y /a, = -F E, T,= Yan , ,= yn Then 
| j j= i= 


|S,- U, | = |) a (T,- T;-,)- a; (V,- Vi_,) | 
i=] i=] 


= la, (T,= V,)— YTV Maier, 


<a,|T,—V,|+a, max |T,- V;,| 


l<i<n 


32 
=a, a (2+ 1 /x )log H(n) a.s. 
It is easy to see that a, logH(n)=0(H(n)). So we obtain 
|S,-U,|=o0(H(n)) a.s. (2.6.18) 


Let Y,=a,n,, then { Y,;n>1} are independent normal random variables 


with Y, ~ N(0, VarX,/(|X,|<e,H(n))). In order to complete our 
proof , we set 


_ (VarX IX, |< H(n)))'? y 
no (VarX, 1(|X X [Ke H(n)))'? 7" 


Clearly,{ Y,; n>1} are independent normal random variables with 
Y,~ NCO, Var¥.I (IX, |< H(n))). Then 


,一 也 — < l 1/2 
Aa 7 Hin)? ((VarX, I (|X, |< H(n))) 
—(VarX, I (( X, | <e, H(n)))'? Y 


<È y VAX, (1X, < H(n))— VarX¥, 1X,/<e, HC )) 


n=] 


< > FGF j (EX?I(e,H(n)<| X, < H(n)) 


n=] 


—(EX,I (|X, |< H(n)) Y - (EXT X, |< 6,47) )*) 
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< > Fin H(nyP{|X,| >28, H(n)}< œ 


by (2.6.12). Therefore, by the well-known Kolmogorov strong law of 
large numbers, we have 


> Y,—Y,)=0(H(n)) a.s. (2.6.19) 


Using (2.6.12 )again, we have 


y EX MIX I< HG)) -Y EX, X,<¢H(i))=0(H(n)) a.s. 


i=] i=] 
(2.6.20) 

and 
P(X, ,# XI (\X,\<£, H(n)), i.o. )=0. (2.6.21) 


From (2.6.18 )—(2.6.21), we finally conclude that 


Sy (X,-EX,1(1X,1< H(i)))-¥ Y,=0(H(n)) as (2.6.22) 


i=] i=l 


as desired. This completes the proof of Theorem 2.6.4. 
From Theorem 2.6.4, it is easy to see that 


Theorem 2.6.5 Let { H(n); n>1}beanon-decreasing sequence of posi- 
tive numbers and { X, :n> 1} be a sequence of independent random variables 
with EX,=0, EX?< œ. Assume that there exist 0<d< 1,020, C,,C,>0, 
a>0 such that (2.6.8) and for any n> 1 


Cyn’ < E|X,P<(ELX,P* )3r < Cyn’, (2.6.23) 
H(n)>C,n'?** (2.6.24) 


are satisfied. Then (2.6.11 ) holds true. 


2.6.2 How big are the increments of partial sums ? 


Before applying Theorems 2.6.4 and 2.6.5 to study the increments of 
partial sums of independent non-identically distributed random variables, 
we first restate Theorem 1.1.4 in the following way. 
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Theorem 2.6.6 Let{a,;N>I1}, { bp; NÈ 1} be sequences of non- 


negative integers and{ Y,; n>1} be a sequence of independent normal 


n 9 


random variables with Y, ~ N(0, o2). Put 
k+N 


On y= » o; 》 Be 一 1 20%, (log O° nth I/O, + log log O}, ) 12 ， 


i=k+1 
w=t2o7,,, (log ( a )+ log log cz 46s)} 2. 
Onay 


Assume that there exists a constant A >Q such that for each N>2 
bN antby 


y o? <A 0? ， (2.6.25) 
i=bŅ—]+! i=bytl 
antby an—|tbn-] 
>》 0 入 4 a, (2.6.26) 
i=] i=] 
lim min o =o. (2.6.27) 
N > x O0<n<byn 
Then 
_ n+j 
lim max max max fal > Y,|=1 a.s. (2.6.28) 
N >œ O0<n<bnjnansk<au Ilsj<k i=n+] 
bpNtaw 
lim oo wl Y Y|=1 a.s. (2.6.29) 
x i=by+!1 


Shao (1989 ) proved the following theorems. 


Theorem 2. 6. 7 ( Shao 1989) Let{ ay; N21} and{ by; N>1} 
be sequences of non-negative integers and { H(n):n>1 } and{ X,;n>1 } be 
as in Theorem 2.6.4 satisfying (2.6.8 )— (2.6.10). Put 


nt+k 
o= >) EX? , Bia =(207, (log Tuga + log logo ?,)) -2 
i 二 n+ 1 n,k 
Oo ay 
— A N 一 上 7/ 
"y={ 26,24, (log 了 + log logo, 45,) $17 
nan 


Suppose that there exists a constant A >Q such that for each N>2 


anton 
Yo EX?< AS” EX?, (2.6.30) 


i=bn— 11 i=bytl 


A Study of Partial Sums with the Help of Strong Approximation 127 


antby 
yY EX?<A 


i=] i=] 


aN— +bN— 


l 
EX?, (2.6.31) 


nan nan 


机 
H’(n+ay)< Ao, (log Sertan +log logo”, ) (2.6.32) 
o 


n, aN 


for0<n<b, and any N È 1. Then, we have 


— n+j 
lim max max fral > (X,—- EXI X,|<H(i)))=1 a.s. 
N 


N> xwO<n<bn lgjga i=n+1 
(2.6.33) 
一 一 一 * by an 
lim Orn | Y (X—EXI(| X, |< H(i)))=1 a.s. (2.6.34) 
N > © 


i= byti 


Proof Put o7=VarX,I(|X,|< H(i)). By Theorems 2.6.4 and 2.6.6 
and (2.6.32 ), we have 


— ntj 
lim max max 8， | © (X,—- EXI X| <H(i)))|=1 a.s. 


n, an 


N > x O<n<bn l<j<an i=n+1 

(2.6.35) 
一 -一 antby 
lim o yl > (X,—EX,I(|X,|< H(i)))=1 a.s. (2.6.36) 


N 一 œ i=bytl 
To complete the proof, it suffices to show that 


Biiay/Buay > | as N > œ uniformly in 0<n< by (2.6.37) 


and 
Ov n/N yw > 1 asN > o. (2.6.38 ) 


It follows from (2.6.9 )and (2.6.10) that 
EX?>VarXJ(|X,|\< H(i))=07 
> EX?-2EX?71(|X,|>HC)) 
> EX?—2E| X, P+ /A(i)? 
> EX? —2CEX? H(i)? / H(i} 
= EX ?(1—2C/H(i)*) 


> EX (1-20 /i* ). 
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From this inequality, we can deduce that (2.6.37 )and (2.6.38 ) hold. This 
completes the proof of Theorem 2.6.7. 

As a corollary of Theorem 2.6.7, we write the following conclusion, 
whose proof is left as an exercise for the reader. 


Theorem 2.6.8 Let { H(n);n>1} be a non-decreasing sequence of posi- 
tive numbers, { ay; N>1} and { by; N>1} be sequences of nonnegative inte 
gers, and { X,;n>1} be a sequence of independent random variables with 
EX,=0 and FI < oo. Assume that there exist 0<6<1, 020, C,, C,>0, 
a>0 such that (2.6.8), (2.6.23) and the following conditions are satisfied : 


by— by; < Ady » (2.6.39) 

byt day < Alay_,+ by), (2.6.40 ) 

H *(n)/n°** is non-decreasing. (2.6.41 ) 

ay > C, ow vt ay) (2.6.42) 


(b t+ ay)(log( 2 Sa oo )+ log log (by + ay)) 


Then (2.6.33 ) and (2.6.34) hold true. 


Chapter 3 


Strong Laws of the Processes Generated by Infinite 
Dimensional Ornstein-Uhlenbeck Processes 


3.1 Introduction 


A real-valued stationary Gaussian process { X(t), — œ < t< œ } will be 
called an Ornstein-Uhlenbeck (OU ) process with coefficients y and A(y, 
A>0)if EX (t)=0 and 


I'(s,t)= EX (t)X(s)=(y/A exp (-Alt—s |). (3.1.1) 


Let Y(t) = X(t), X(t), }, where X.(:) are independent OU 
processes with coefficients y, and 4,@=1,2;-- ). The infinite-dimensional OU 
process Y(-) has been extensively studied in the literature of the 
past twenty or so years with several different applications in mind. For ex- 
ample, it was used to describe physical phenomena subject to random 
forces in Dawson (1972), and appeared in the infinite-dimensional filtering 
and quantum string theory in Miyahara (1982 )and was also suggested as a 
model for certain biological systems in Dawson (1972) and Walsh (1981 ). 
For a more detailed and accurate discussion along these lines we refer 
to Antoniadis and Carmona (1987). 

Dawson (1972) first studied Y(- ) as the stationary solution of an in- 
finite array of stochastic differential equations 


dX (t)= —A4,X,(t)dt+ (2y,)'?dW{t) i=1,2,--, (3.1.2) 
where { W(t), 一 oo <t< co} are independent Wiener processes. If we as- 
sume T,= ) y,/A,; < oo , then Y(t)is almost surely (a.s. ) an ?-valued OU 

i=] 


process (EI|Y(1) ;=T,)at fixed times. In the case of y,=1 for all k, and for 
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large i, we have also ci'*°< 4, < di'*® for some c>0, d>0 and 6>0, then 
Dawson (1972) showed that Y( -) in 7? is a.s. continuous. Since the 
coordinate OU processes X,( -) are continuous, it follows from standard 
Hilbert space theory that to demonstrate P continuity of Y( - ) it is enough 
to show that the real-valued process y?( - )=|| Y( - )|/?2 is continuous. Iscoe 
and McDonald ( 1986), Schmuland ( 1988b) developed techniques for 
studying the latter process and showed that x *( - ), and hence also Y( >) 
in /*, is continuous if , in addition to Ty< 00, we have also the condition 


X 
T,= 》 y/o . 
i=] 


This result is not sharp in that y,can be a lot larger and we will still 
have continuity. Iscoe, Marcus, McDonald, Talagrand and Zinn (1990) 
showed for example that if, in addition to the finiteness of I’, , we have also 
max y, ((log y, )V0Y/(4,V1)<æ for some r>1, then Y(- ) is a.s. Z? con- 


tinuous. In a somewhat more general context, Fernique (1989 ) gave a com- 
plete solution for the latter continuity problem. A special case of his theo- 
rem reads as follows: For each x € R, let K(x)={keEN;y, >A,x } and 
A(x)=sup{4,:k € K(x)}. Then Y(-) €/? is a.s. continuous if and on- 


ly if we have [,<oo and f [log( 4x))] V 0)dx<œ as well. 

Consequently, (cf. Corollary 1 of Fernique 1989), for Y(-) e 1° to be a.s. 

continuous, it is sufficient that we have 》 (y,/A, )(1+ ((l0og4,)V0))< œ. 
k=] 


On the other hand, the finiteness of I’, gives more than just continuity of 
Y(-) in 7*. Using variations of this condition, Schmuland (1988a ) estab- 
lished various orders of the Hdlder continuity for Y(- ) in E as well as for 
y°(-), while Csorgé and Lin (1990b ) obtained exact moduli of continui- 
ty for y?( : ) under the condition [< œ. And further Lin (1990c ) estab- 
lished a logarithmic-type law for y*( >). 

Another real-valued process which is also closely related to Y(-) ef is 
the stationary mean zero Gaussian process X( - ) defined by 


X(t)= > x(t), -0 <t< 0, (3.1.3) 
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where X,( : ) are again the coordinate processes of Y(- ). This process can 
of course be studied by well-developed techniques for Gaussian processes. In 
particular X( : ) is a.s. continuous if and only if it satisfies Fernique’s nec- 
essary and sufficient condition for the continuity of a stationary Gaussian 
process (cf. Corollary 2.5 of Section IV. 2 in Jain and Marcus 1978 ), i.e. if 
and only if in this case E| X(t) —X(s)|*?=e¢(|t—sl ), where g(u) is an 
increasing function in u>0, we have that g(u)/(u( log (1 /)) '%) is 
integrable at zero. Using this condition one can also compare the processes 
Y(-) el? with X( :). For example, the condition of finiteness of T, with 
y,=1 (k=1,2,--- ) reduces to that of I, , and hence it is sharp for the a.s. 
continuity of Y( :) in Ff. However, in this case Iscoe and McDonald 


(1986, Example 3 (due to D. A. Dawson )) showed that with y A, < oo 
k=1 


but > A, ‘(log A,)'?= oo (e.g.4,=k(logk )?7), Y(-) eP is a.s. continu- 
k=1 


ous but X( : ) does not satisfy the above mentioned Fernique’s condition. 
On the other hand, we have 


Ell Y(t)— Ys) Il, = EX (t)-X (5) P, 


and consequently, in general, checking Fernique’s necessary and sufficient 
condition for the a.s. continuity of the real-valued, stationary, mean zero 
Gaussian process X( - ) should be also sufficient for that of the stationary, 
mean zero Gaussian process Y( : ) in /? . Indeed, Csaki, Csörgő, Lin and 
Revesz (1990 ) showed that the Gaussian process Y( - ) is continuous with 


probability one if for some 6>0 we have ) y, (log (4, Ve))' A, <a, 
k=1 


and they also established moduli of continuity properties of X( : ). The 
moduli of continuity for the latter process were also proved by Csorg6 and 
Lin (1990b). Just like studying the process y*( -) on its own, that of 
X(- ) is also of interest. For example, when proposing mathematical models 
for neural response, one of the processes figuring in Walsh’s work (1981 )is 
X(°). 

Another natural way of studying the sequence of OU processes 
{ X,(-)} of Y(:) is with regard to the path behavior of their partial sum 
process defined by 
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X(t.n)= 》 X(t), —oO<t<ao,n=1,2,-:: (3.1.4) 
k=] 


as a two-time parameter stochastic process on Rx Z*, where Z is the set 
of all non-negative integers and X(t,0)= 0 for all te R. Then EX (t, n) 
=Q and the covariance function of this process is given by 


T(m,n,s,t):=EX(s,m)X (t.n) (3.1.5) 


mAn 
= Ý (y, /A, Jexp (— A, |t-s]), m/An=1, 2,6. 
k=1 


The case of the OU processes X,( -) having the same coefficients y,= y, 
A,=+ for all k means that with T (s, t)as in (3.1.1), (3.1.5) becomes 


T(m,n,s,t)=(mAn)V(s, t), 


i.e. X(t, n )is like a Wiener process in n and an OU process in 1. This is in 
complete analogy with summing 1.1.d. one-time parameter Wiener processes 
for the sake of producing a two-time parameter Wiener sheet, or like 
summing i.i.d. Brownian bridges in order to get a Kiefer process (cf. Sec- 
tions 1.11 and 1.15 in Csorgo and Revesz 1981). The stationarity of the 
Gaussian process X (ft, )in t andthe nature of its Wiener process in n 
prompted CsOrgo’ and Lin (1990a) to study its sample path fluctuation 
in 1 and n along the lines of Chapter 1 in Csdrgo and Revesz 
(1981), where the a.s. behavior of some increments of the Wiener sheet 
and the Kiefer process is established. Csorgo’and Lin (1988a )also obtained 
a law of the iterated logarithm for { X (t, n)}, which was improved by 
Shao (1990). 

Another source of motivation for studying {X(t,n)} is provided by 
the classical Miintz-Szasz theorem (cf., e. g., Section 15.25 in Rudin 
1966 ) which states that the set of all finite linear combinations of the func- 
tions 


{ 1, x, x2,--.}, 0< 7 <A < (3.1.6) 


is dense in C[0, 1] with the supremum norm if and only if 24 = %0. 
Following Rudin (1966 ) we will express this by simply saying that the func- 
tions in( 3. 1. 6) span C{[0, 1]. Let x=e' Then the Miintz-Szasz 
theorem implies that the functions { e*‘} span C( — œ, 0], and so the 
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functions . . 
{e ,ee 2... }, O<4, <A, < (3.1.7) 


span C[0,co ) with the supremum norm || f—g ||=sup| f(t) —g¢(t)| if and on- 
t>0 


ly if LA, '= œ. Relating the latter to the covariance structure (3.1.5 )of the 
two-time parameter Gaussian process X(t,n )suggests that the path behavior 
of a large class of stationary Gaussian processes be quite similar to that of 
X(t,n), provided the coefficients { 4, } do not tend to infinity too fast. 

In the last section of this chapter , we will introduce a more general two- 
parameter Gaussian process, which 1s a generalization of common processes, 
such as the two-parameter Wiener process, Kiefer process and a continuous 
time parameter version of the process X(t,n ) of (3.1.4). Path propcrtics of 
this process will be studicd. 


3.2 Partial Sum Process 


At first, we investigate the path properties of the two-parameter 
Gaussian process { X(t, n), — œ <t<o,n=1,2-:- } defined by (3.1.4), 
We will establish the moduli of continuity and large increment results. A law 
of the iterated logarithm is also given. All are based on large deviation 
inequalities. 


3.2.1 Large deviations 


In order to obtain the increment results and the law of iterated logarithm 
for { X (t,n)}, we need the following large deviation inequalities. 
The inequalities from now on are considered to hold true for N large. 
Let N 
oè(h)=2 Y + (l-e“"), oi=a2 (hy), 


i=l i 


where { Ay] is a sequence of positive numbers, 
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Lemma 3.2.1 Suppose that there exists a constant A >Q such that 


> /4,<Ah } y, forO<h<hy. (3.2.1) 
lI<i<N l<i<N 
Aj> lsh 2;<1/h 


Then oy(h) /h* is an increasing function of h on (0,h,,) for every N, where 
a=1/A3(14+4A)). 


Proof Let f(h)=fy(h)=o4(h)/h'. For 0<h<hy, we have 
/ N . N . 
f (hA)ahow (=a y 区 (1 一 ee- 和) 十 Y yhe’ ) 
i=] ^i i=] 


>h! (-að yh-a y + + y y; he7) 
l<i<N l<igN I<ign 
ji<1h Ài >1/h <I 


>h -al+A)h > ytz hð 7, )20 
l<i<N l<i<N 
Ai <1 /h 2i S1/h 


as desired. 


Lemma 3.2.2 Let { Ty } and { h, } be sequences of positive numbers 
with hy < Ty. Suppose that Condition (3.2.1 )is satisfied. Then for any >Q 
there exists a constant C= C(e) >Q such that the inequality 


P{sup sup |X(t+s,N)-X(t,N)|>va, }< (CT,/h, )exp( 一 


lilg Ty O<s < hy 


mn 8 ) 
(3.2.2) 
holds for any v>0. 


Proof By Lemma 3.2.1, 0; (A) /h* is increasing for 0<h<h,,, where 
a=1A3(1+A)). Let r=r(e) be a positive number to be specified later on. 
Putting r,=A,/2’ and t,=[t/r, |r, , we have 

|X (t+s,N)- X(t, N) < |X (tt+s5),,.N )-X(t,,N )I| (3.2.3) 


+ VIXer N)— X(ts), NDI 


j=0 


+ EIX Cie N) X (t N). 
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By choosing r=r(é) to be large enough we get 


P{ sup sup |X¥((t+s),,N)-X(t N)l>rUl—-eA)oy } (3.2.4) 


4T hy v? 
< State exp (- 555 ) < (CT y/hy exp (— >> ) ， 
P{ sup sup LX (t+ rip N) X (ts) aN ) (3.2.5) 


ltl <Ty 0<s<hy j=0 


< oy (+ 6j y/2ee tit ) 2 } 


j=0 


> ) P( sup sup |X ((t+s),.4,,N )-X(tt+s),,,.N) 


j=0 ltl <Ty 0< s Shy 


> oy (t+ 6j ) Jeti) )I2 \ 


< 》 (4T,/hy )22 "++ Dexp (一 S ) 
< — 
<(CT,/h, )exp ( ar ) 
and similarly 
P{ sup sup y IX (ti N) X (ta N | (3.2.6) 


Itl<Ty O<s<hy j=0 


> > 0Ov((22 十 6j )/220+j+1))1⁄2) 
j=0 


v 
< (CT,/h,y )exp (一 745 ). 


We can assume without loss of generality that ?> 1. Then 


z + Of , ves ] 7 
<— 0, 
PA <a 


/2 
pr ) < Har/2 2 Fa V+1)2 十 se L a 
了 一 


provided that r= r(e )is large enough. 
Now the proof of ( 3.2.2) is completed by combining these 


inequalities. 


Remark 3.2.1 If hy<dA ~',, Condition (3.2.1) is satisfied auto- 


matically . 


136 Strong Laws of the Processes 
Furthermore, we have 


Lemma 3.2.3 Corresponding to (3.2.2 ), we have 


P{ max sup sup |X(t+s,n)—-X(t.n)|>uoy} (3.2.7) 


v2 


2+ 6 ) 


入 (Co vv )exp (一 
for some C "=C (e) > 0, provided v> (3(log 2C ))'” Æ, where C= C(e) is 
defined in (3.2.2). 


Proof Define 
E,={ sup sup |X(tt+s,1)-X(t,1)| Svay }, 


E,={ max sup sup |X (t+s,/)-X(t,))|<voy 


i<i < AN O<s<hy 
< sup sup |X(t+s,i)-X(ti)| f, i=2,.… ,N. 


It] <hy O<s<hy 


We have for 0<ée< 1 


N 
Ayi={ max sup sup |X(t+s,n)-X(t,n)| Suey } =UVE, 


l<n<N (|tl<hy 0<s<hy n=] 


C { sup sup |X(tt+s,N)-X(t.N)|>U—e)vay $ 


JCU (E, Ni sup sup |X¥(t+s,N)-X(t.N I< (1—e)voy })) 


SAN O<s<hy 


C{ sup sup |X(t+s,N)-X(tN)l>U—e)va, } 


|r| Shy O<s <hy 


JCU (Ey A sup sup |(X(t+s,N)—-X(t,N))—-(X(t+5,n) 


It] shy O0<s<hy 
~X(t.n))| >evoy })). 


Noting that {(¥(t+s,N)-X(t,N))-CX¥ (t+s5,n)-X(t.n)),|tl<hy, 
0< s<h, } and E, are independent and using (3.2.2), we obtain 


P(Ay)<P{ sup sup |X¥(t+s,N)-X¥(t.N)N>FU—e)vay $ 


Itl<hy 0<s<hy 


N-1 
+ > P(E,)P{ sup sup |X(t+s,N)—-X(1tN) 


n=] Itl<Shy 0< s< hy 
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—(X (t+s,n)— X (t,n))|> voy } 


<P{ sup sup |X(t+s,N)-X(t,N)I>CU—e)vey } 


N-I N 
+C Y P(E, exp {800} /(2+8)}, St (1 -ew)) 
n=l 


i=nt+]1 i 


<P{ sup sup |X(tt+s,N)-X(t,N)|>(1—e)ve, } 


lil shy O<s<hy 


+P(A, )/2. 
provided v*> 3(log 2C )/e’. This inequality yields 


P(A, )<2P{ sup sup |X¥(tt+s,N)-X(tN)I>(1—e)vay } 


which implies the desired inequality immediately. 


Lemma 3.2.4 Let{ Ty },{ hy} {hy} and {h',} be sequences of 
positive numbers with hy< Ty and h „S hS hy. Suppose that {hy } is non- 
increasing and Condition (3.2.1) is satisfied. Then for any e>0 there exists 
a constant C= C(¢)>0 such that the inequality 

P{ max sup sup,|X¥(t+s,n)—X (tn) | 


l<n<NIitl<Tn 0<s<hy 
/(6,y (s (7+ (24+ €) log log (02,(s)+ 0,7 (s)))'?+6,,(s))>1} 
v2 


2 十 8 


< (CT yhy/h,?) exp (一 ) (3.2.8) 


holds for any v>0, where o,, (s)=0,(s)+¢60,(h,). 


Proof Let r=r(e) be a positive number specified later on. Put r,=hy/ 
27 and t,=[t/r]r,. We can also write inequality (3.2.3). By Lemma 
3.2.1 (noting that h „< h, for each n< N since { h, } is non-increasing ), it 
is easy to see that 


(E(X((t+ 5),,n)—-X(t,.n ))?)'? 
<(E(X ((t+ 5), .n)—X(t.n))*)!24 (E(X(t.n) — X (tn) )?)'2 


<o,(s)+o,(1,)< ony (s) 
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T, and 0< s<hy,. For any 
N,0< o (s)<0**! }. Put 


provided that r is large enough. Fix |z| 
O0<e<12,let0=1+¢e/6 and A,={n:n 


JN 和 


u,(s)= Onn (S )(v" + (2+ ¢)log log (a2, (s)+ oz (s))'?+4,y (5), 
u(k )=6*(v’?+ (2+ € log log 6'**!)'7, 


Then, noting that { X((t+s),,n)—-X(t,,n), n> 1} is a sequence with inde- 
pendent increments, we have 


P{ max |X ((t+s),,n)-X(t.n)\/u,(s)z1-eA} 


l<n<N 


<p Pt max| X ((t+5),.n)-X(t,.n)| > >(1-eA)u(k) } 


ne Ak 
<y exp{ - = 0? (1— == )%(v?+ (2+ e)log log 4! )} 
k 


v2 


< c exp (一 


It follows that 


P{ max sup sup,|X¥((t+s)„n)—-X (t.n) /u({s)ž1-£⁄8)} 


l<n<N ls<7TN OSS<SAN 
v2 


<(cTh /hy Jexp (一 a 


). 


We now deal with the first series of the right-hand side of (3.2.3). By 
Lemma 3.2.1 again, we have 


o= E(X (tts) 44; n)-X (tts) on) ) 
< oh /2 ) <6 (e)27? o (hy) 
< ô (¢) 272! 629+, 

where 6(¢)<277?7-". Taking 6(¢)to be small enough such that 


> (502 227)1 26-19 (w+ (2+ e log log (oi(s)+ os))+ 2 +2). 


j=0 


8 
< — 
< 6 u, (s ). 
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It is possible provided r is large enough. Then, similarly to (3.2.9), it fol- 
lows that 


P { max FIXUS) on) X((t+s), -n )|/u, (s)>e/16 } 


l<n<QN j=0 


<b yp { max| X (E Ss) n)—-X((t+s),,,.n )| 


k j=0 


> (5(¢)27 22)! 297 19k (V+ (2+ e) log log G| el Qrtit2 12} 


<} 2 epi- 5 (V+ (2+ e)log log 01+! + 2°47"? )} 


j=0 k 
oC 


<c), exp { 一 (04 Dr+/+ 1 ) 


It follows that 


P{ max sup sup, FIXES) aon) X((t+s) | 


l<n<N ltl < Tw O<s<hy j=0 


/u,(s)>e/16 } 


8 


( c22 7 h/h; 2)exp { -( 了 了 72 十 Qrtitl) } 
0 


~. 
II 


< CT, h,,/hy? exp (— 2). 
For the second series of the right-hand side of (3.2.3) we have a similar 
inequality. Combining these inequalities yields the desired (3.2.8). 
Lemma 3.2.5 For any e>0, there exist constants C=C (€) >0 and 
v(e)>0 such that the inequality 


v2 


P{ max sup |X(t,n)|>0T'!? } < CU4+7,7T,,/1,y expl- 一 一) 
l<n<N |tl< In 2 十 8 
(3.2.10) 
holds provided v > v(e). 
Proof We prove that 
PY sup |X (t, N> Tr! }<SCU+T, I Wy/T,y )exp (— = 一 一 一 =). 2.11) 


|z| <TN 
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for any v>0, which implies (3.2.10) by a proof similar to that of Lemma 
3.2.3. 
Put d=67T ,,/T y where ô= € /64. Then 
P{ sup |X(t,N)| 2r? (3.2.12) 


|z| < TN 


<2(1+T7,/d)P{ sup |X (t.N)| >r? 


O<t<d 


<2(1+T,/d)P{ sup |X (dt, N )| >r: }. 


0<r<l 


Note that 
N 
E(X(dt, N)-X (ds,N))?= 2) a (1 — eidli-s!) 
i=] 


<2T dlt-s|=:AX(lt-s |). 
We have 


| A d= | (2P iy de” )'2 dy < 26T 7 . 
] l 
Using Fernique s Lemma (Lemma 1.5.1) we obtain 


0< z <l 


0<t<l 


<P{ sup |X (dt, N )| > <5 (T+ | A(e™ )dy )} 
] 


2 


2 十 8 ). 


X 
2 
<| e™ °? dy < c exp (— 
v/(1+865) 


Substituting this into (3.2.12) yields (3.2.11). The lemma is proved. 
Define 6, (¢) to be the solution of the equation 


N 
Y (p/h; eNO) = T y. (3.2.13) 
i=] 


Lemma 3.2.6 For any 0<e< 1), there exists a constant C= C(e)>0 


such that 
P{ sup IX (t, N> 0T? (3.2.14) 
O<t< TN 
v2 
> _ 
C(1+ Ty/6,(é) Jexp ( 12a) ) 


provided væ 2(log (C(e)(1+ Ty /0 (€))))'7. 
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Proof Let { W,(t), t20 }%, be a sequence of independent standard 


N 
Wiener processes. Noting that {X (t, N), O<t<Ty,}and{ > (y,//,)'? 
i=] 


W (e%'') Jet, 0<t< T, } have the same distribution, we have 


P{ sup |X(t,N)|>0F!” (3.2.15) 


O<t<Ty 


>P{ max |X(j0,.N )| >r} 


0 <j < Ty /Ov 


=P{ max | X + 2 We UN) /eile | DoD? }. 


Put U, = > )12 W (erin) Je ij ON ,VV = HE Yi -AW (ee D4N ) 


i i=] 


/einew . It is easy to see that 


N 
U-V,~ N(0, Y + (1—e24!v) )=N (0, (1—e)T yy ) 


i=] i 


by the definition of 0y. Whence we have 


Pi 


max |U |< 


0</j< Ty /Ow 


P TLO | < oo „|U —V +y |<yl'!” 


| P {| U, rw/ont — Vi ryan t Y | < 0D jdP \ Vi Ty Oy) SY? 


max |U |<; 
0 <j < [Ty /ON] 


ey olin 
= 0 )- Ope PAP { Vis <I> 


max |U, | <r? 
0<j<[Ty/ðy ] 


<| t (Taj Ta ) 一 oir D} dP Vir a, ] SY» 


max |U [<ir 


0 <j<[Ty/9y] 
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2 | e-?dt\}P{ max JU |< Phe 
J 2n ,Ql ] 


0 <j< [Ty Oy 


={]- 


) 2 、 
和 (1 一 2Ce- 2(-26)) pf max | U,| <li? ， 
0<i< [Ty /0.1 . 


here we have used the following facts on the Wiener process : 

(a) Urry ogi Viryoyi and {Vr oyi U OSJ < [Ty/Oy] jare inde- 
pendent. 

(b)®(x-y)-—- O(-x-y )<P(x)-®(-—x)for any y and x20. 

(c) For any 6>0, there exists a C(ô)>0 such that 


| e" ldt > 2C(6 Jen +9" 2 for any x>0. 


By recurrence, we obtain 


P{ max |U |< < {1-2C (e)e™?? 20-2) }ITy yl (3.2.16) 


<1—C(e)(l+ =. Jen 21-2) 


N 


provided væ 2(log (C(e)(1+ T,/6,))'?. 
(3.2.14) now follows from (3.2.15 )and (3.2.16). 


3.2.2 Increment results 


We will establish some increment results using the large deviation 
inequalities shown a above. They will be proved both for small Ay and for 
large hy. 


Theorem 3.2.1 (Csorgé, Lin 1990a) Let { T, } and { hy } be sequences 
of positive numbers. Suppose that {T,,}is non-decreasing and { hy } is 
monotonic. And suppose that Condition (3.2.1 )is satisfied and 


lim (log (T,/hy ))/log log N= %. (3.2.17) 
N >x 
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Then we have 
lim sup ayl X(t+h, N)- X(t, N)|=1 a.s. 


N -一 oo ltl <TN 


lim max sup sup &y|X¥(t+s,n)-X(t,n)=1 a.s. 


N —> æ lg<ngN |t|<TN O<s< kN 


where 
ay={ 20} (log T /hvt+ log log (o%+ o3) ) 太 12 


Remark 3.2.2 When h —>0 as N —> œ, this theorem can be viewed 
as an analogue of the Levy modulus of continuity of a Wiener process (cf. , 
e.g., Theorems 1.1.1 and 1.14.2 in Csorgo and Revesz 1981). When 
hy > œ as N ~ œ, this theorem can be viewed as an analogue of the 
large increment results of a Wiener process (cf. Theorem 1.2.1 in Csörgo 
and Revesz 1981 ). 

Proof of Theorem 3.2.1. 

At first, we prove that for 0<s< 1 2 

lim max sup sup ay|X(t+sn)—-X(tn)|<l+e a.s. 


N > æ l<sn<xN lti<s TN 0 <s <hy 


(3.2.18) 


We first consider the case when { Ay } is non-decreasing. At this time it is 
clear that we can let «p= { 20} [log Ty /hyt+ log log o}] y '2. instead of 
{ 20} [log Ty /hyt log log (as+av)] 三 2. Put 0= 1+ 6/2. Define 


H ={ N: 0< Ty/hys<0*', 0< o< 0"! }, M =max {N:N eH, )}, 
s ={ (kj): =H, # Ø}, op =min {0}:N e€ H,,}. 


By the definition 
l < Tup /oe S0. 


Then we have 


lim max sup sup a,|X(t+s,n)—-X(t.n)| (3.2.19) 
N > æ len<N {tl <Tn O<s< AN 
< lim max max sup sup a,|X(t+s.n)—X(t.n)| 
k> © k.i) Ne Hý lsn<sN lt|<TN 0<s<hy 
j> œ JIE x 
< lim max sup sup |X(t+s.n)—X(t,n)| 
k> œ 1<” < Mkj ISTMk 0 <S <hM;j 


(kK jew 


j> x 
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A 2ck2?log (6* log 6/ )}!2 


< lim max sup sup |X(t+s.n)-—X(t.n)| 


ha 2 (ki)e ,lg ng Mkj lth<TM,, 0 <s < hM; 


A 20 om, log [O'T yy, /hy )log 0] ¥2. 
Using Lemma 3.2.3 we obtain that 


P{ max sup sup |X(t+s,n)—X (tn) 


I<n< My; It < TM, O<s<hMy, 


20-1(1 十 5) 


< (CT [or )exp t- r, 


log [(0 Ty hu log 07]} 


< CT u, /h Myj )=2( jlog 0 )- :2 
< CO™*:?2( jlog0 ) ' 2. 


Thus, using the Borel-Cantelli Lemma, whose generalization in the case of 
two indicates is trivial, we get (3.2.18) via (3.2.19). 
Next, we assume that { Ay } is non-increasing. Define 


H,={N:0'<T,/hy < 0**'}, M,= max{N:NeH,}, 
m,=min{N:NeH,}, 6 ={k: Hz Ø}. 
It is clear that 
1S hn, /ħu, S Mn, /Tn /hy 7T uy, <4 - 
Then we have 


lim max sup sup a,|X(t+s.n)—X (tn) | (3.2.20) 


N >æ lgngN |the Ty 0gsghy 


< lim max sup sup (1+3e)|X¥ (t+s,n)-X (tn) | 


Nool<snskN Itl< Tn 0<sKhy 


A [(a, (s) + 86,(hy) )(2log Ty/hyt (2+ e)log log ((a,(s) + eo (h) Y 


+ (o, (s) +60, (hy) )~?))]'2+6,(s)+ 60,(hy) $ 


< lim max ` sup sup (1+ 3e)|X (t+s,n)-X (t.n)| 


k>a,kev Ixa<sMk Iei < Ty, O<s<hm, 
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/i [o,(s)+ eo, (hy, ) (2log O°+ (2+ € log log ((o,(s)+ eo, (Ay, ) )? 
+ (0,(s)+eo, (hy, ))7?))]'?+6,(s)+ eo, (Ay ,) 3. 
Using Lemma 3.2.4, we obtain that 


P{ max sup sup |X(tt+s,n)— X(t,n)| 


1< n < Mk |t| <TMk Og $ < Amy 


/{ [(o, (s) + eon(hy, ) )(2log 0+ (2+ €)log log ((a,(s)+ €c, (hy, ) )? 
+ (o (s)+ eo, (hu,))?))]' 2+0, (s) + e0 (hy, ) Slte } 


2(1 十 2) 


k ~ek 
a log b < CO 


< (CT Mk Ain, /hy, )exp { T 


which implies (3.2.18 ) via (3.2.20). 
Finally, we prove 


lim sup apl X(t+h, N)-X(t,N)|žl-e a.s. (3.2.21) 


N >œ I|tl< Tn 

For integers i and j,i <j. 
E(X (Cit 1 hy, N )—X Cihy N)\X(G+1)hy N)-X Ghys N)) 
=Y, E(X (G+ hy )— XC thy YK (G+ Diy )=X, (jy) ) 


N 
=y Yı WA LIAN (QeHihN -etGrU gil DAN) < 0. 


~~ 
li 

— 

~ 


Thus, using Slepian’s Lemma (Lemma 1.1.1 )and the stationarity of the 
process, we obtain 


P{ max ayl X ((k+1)hy,N)-X(khy,N)i<1—e} (3.2.22) 
Ikl < Ty /hy 
<(P {ayl X (hy, NIIS 1e} Nn] 


<{1—(exp (—(1—«)log Ty/hy ))/6(log Ty/hy )'2 2! tw n 


<exp { —2(Ty/hy 2} < N 2， 
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where the last inequality is due to Condition (3.2.17). Hence (3.2.21 )is 
proved. Now the two conclusions of Theorem 3.2.1 follow from the combi- 


nation of (3.2.18) and (3.2.21). 


3.2.3 The law of the iterated logarithm 


Theorem 3.2.2 (Shao 1990) Let { T, }be a non-decreasing sequence of 
positive numbers. Suppose that 

Gro > © as N> œ, 

(ii ) there exists a constant dè | such that T, y.,< dV ,y for every Nẹ1, 

(iii )log (TyV,y/T oy) =0 (log log Toy Jas N > œ. 


Then we have 


lim sup |X (t,N )I/(2T,, log log T,, )'2=1 a.s. 


N = æ ({tl< TN 


lim max sup |X (6n) /QIlog log Toy )'2=1 a.s. 


N > x len<N \tl< TN 


Proof Imitating the proof of (3.2.18), we can also prove that 


lim max sup |X (t,n)| A2T,, log logro)! < 1 a.s. (3.2.23) 
N > x i<n<s<N |t| <TN 
by using Lemma 3.2.5 instead of Lemma 3.2.3. The details will be 
omitted. 
We proceed with the proof of the inequality 
lim sup |X (t,N)I/(2Pylog log To 221-8 as. (3.2.24) 


N > x |th< TN 


for0<e<1 2. PutN,=1. Define N,,, = min {n : Tœ 2 (10d/e?)* }. By Con- 
dition (ii), we have 


(10d/e < Ton, <d 10d/2 ). (3.2.25) 
We observe that 


lim sup |X (t, N)\/(2P o log log Toy )!” (3.2.26) 


N -= x |tl< TN 


> lim sup |X (t, N,)I/(2F oy, log log Poy, )'7 


k > œ lilg TN, 
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WV 


lim sup |X (t,N,)—X (t,N,_, A2T ow, log log Moy, )'7 


大 > ox Hg Ty, 


-lim sup [X(t ;Ni_)| A2T on, log log Toy, )'7. 


ko lel < Ty, 
Using Lemma 3.2.5, we have 
Pi up| X (t, N,- DIAT oy, log log Moy, )'? 2 € 23 
< C+ Ty, Pin, , om, EXP t- (eT on, log log Toy, )/5T on, _, 3 
< CO + 10Ty Tiw/e Voy, og Moy, ) 
< ck-3” (3.2.27) 
by Condition (iii), which implies 


lim sup [X (t, N,- IA2T oy, log log Toy, )2<s2 a.s. (3.2.28) 


k= œ the Try 
Now we prove that 
lim sup |X (t,N,)—-X (t.N,_, MAM2Towlog logTon, )'?=1-e2 as. 
k > œ |tlh<TNz 


(3.2.29) 


Note that Pyy,—Ton,-,2 Voy, 1-6 A0). Revise the definition (3.2.13) of 
Oy as follows. Define 0,, (€) to be the solution of the equation 


Nk 
5 (y,/A, )e™ HON, e) = g (Voy 一 Io ). 


i=Np— +1 


Using Lemma 3.2.6 we have 


P{ sup |X(t,N,)-X(, Ne- )142T gy log log Py, 102 1—e/2} 


ltl < TN, 
£ €E 
> C(1+ Ty /Ow( 二) exp {一 (1 一 5 Pow, log log Ty, ) 
AT yy To, 5 
>c (log Poy, ye) 


>c k70), 
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Consequently, we obtain (3.2.29 )since sup |X (t,N,)—-X(t,.N,_,).k>1, 


Itl< TNk 
are independent random variables. Inserting (3.2.28 ) and (3.2.29) into 
( 3. 2.26) yields (3.2.24). Combining (3.2.23) and (3.2.24 )implies the 
conclusions of Theorem 3.2. 3. 


3.3 Infinite Series 


The main aim of this section is to study the path properties of the pro- 
cess X (-) defined by (3.1.3). It is obviously an a.s. finite Gaussian ran- 
dom variable for each fixed 1 with mean zero and variance 


[= v7; (3.3.1) 
i=] 


provided we assume I,< oo. However, under the latter condition only, 
X( :) does not necessarily exist as an a.s. continuous Gaussian process in 
t e R. We first study the existence and continuity of the process X(° ). 
Then we establish the moduli of continuity and a the law logarithmic-type. 


3.3.1 Existence and continuity 
First, we have 


Theorem 3.3.1 (Csaki et al. 1990) Assume that for some 6>0 


© 


X y dog (A, Ve)? A<. (3.3.2) 
k=1 
Then X(t,n) —~ X(t) uniformly in t over any finite interval with probability 
one. 
The conclusion of Theorem 3.3.1 means that for any e>0, T>0 and 
for almost all œ es Q there exists an integer n)= nn, (e, T, œ ) such that 


sup |X(t,n,w)-X(t,w)|<e, (3.3.3) 


lls T 
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whenever n>n,. Therefore it follows immediately that the following conclu- 
sion is true. 


Corollary 3.3.1 Given Condition (3.3.2), { X(t), — œ <t< œ }is 
continuous with probability one. 
Proof of Theorem 3.3.1. 


We prove (3.3.3). To this end, on account of the Ito-Nisio Theo- 
rem (1968), it suffices to show that 


sup |X (t,n)- X (t) |= sup | y X(t ) 


lls T <T k=n+1 


converges to zero in probability as n 一 oo,i.e., for any e>0 


lim P { sup | > X,(t)|>e}=0, 


n> © k=n+1 
which is equivalent to that for any e>0 and 0<7<1 there exists n,=n, (€, 
n ) such that 
P{suplX,,,(t)|>e$<n (3.3.4) 


ltl<T 


whenever m >n > n , where X,,, (t)= X X, (t). The latter process is a sta- 
k=n+1 


tionary, mean zero Gaussian process with 


EX mt) = 2 Ye/ hd, 


k=n+1 


EX m (Xm (s)=Y (7/4 )exp (- 1 t—s 1) 


k=n+1 


and 
E(X mmn (t) — Xm (5) P= 29) (YA) — exp (— A, lt—s])). 


k=n+1 
Now we want to apply Fernique’s Lemma (Lemma 1.5.1) to the pro- 
cess X(t) in t over [—7, T] with n<m and T>0 fixed. In order to be 
able to do this, we first show that under Condition (3.3.2), we have 


($, (y,/A, A — exp (—A,u)))'? 


where the finiteness of the latter integral is equivalent to 
A (e )dy <0 


l 


du < oo ， (3.3.5) 


in Lemma 1.5.1, where 
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Alu)=(2 © /hexp (Ayu) ))!2. 


=nt+ 


Put K={ k: < u'l} (\{n+1,m] and K,={k:4,2u7'7} (nt 1m]. 
Then we have 


k e K, implies (y,/4, )1 — exp (— Au) ) < (yh uu, 


k e K, implies > log 一 < logs, and so 


, gaye J f Aog (AVe) 一 
(y,/4,)C e )< i, | log (1 £1) 


for any 0>0Q. Consequently, we have 


AXu)=2 F /Mexp (—4,0)) 


k=n+1 


1+5 
<25 V/A) +2 > + Goce 


keki ke kK? 


<2 > (y,/A,)(2log (4V e) (ut ?+ Clog (1 fu) 79%”) 


k=n+t+! 
and hence 
1 /e AC ) 
u 
| u (log (1 fu) )'” du 
| /e 
Dk , Dll (ul?+ Cog fa) T)? 
< h, (2log (A, Ve)) ) | u(log (1 Ju) )' 2 du 
=D (2 > + (2log (4V e))™?)'?, (3.3.6) 
k=n+1 k 


where D is the finite value of the indicated integral on the right-hand side 


of the first inequality of (3.3.6). 
Now we are ready to apply Lemma 1.5.1 to show that (3.3.4 )is true. 


1 /e 
. A(u) ) > 
With a=e,e=x(T+4| Mog CM) du), where I= EX? (t) 


=) »,/4,, by Lemma 1.5.1, (3.3.6)and (3.3.2), we obtain 


k=n+ |1 
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P{ sup |X, (t)l>e } 


0<t<il 


/\(u) 


u (log (1 fz) ) du )) 


] 人 
< ce’ (1 oe Ar +a] 
0 


< ce*(1 — O(c A( > Ye/ hr) “+4D(2 》 (y,/A, (2log(A, Ve) )'*?)'7 ))) 


k=n+1 k=nt+1 
>(0 as n>. (3.3.7) 


Hence, using the stationarity, we have 


P{ sup|X,,,(t)|>e}< 2(T+1)P{ sup 1X, (t) l>e} <y 
0O<r<l 


It] <T 


whenever m >n 2 n, for some large n, . This also completes the proof of The- 
orem 3.3.1. 


3.3.2 Moduli of continuity 


We first establish some large deviation inequalities on which continuity 
moduli results are based. 


Lemma 3.3.1 Assume that Condition (3.3.2) is satisfied and that 
a(°) defined by 
o(s)=E(X(t+ s)-—X (t) )’, (3.3.8) 
is a regular varying function at zero with a positive exponent, namely 
o(s)=s°L(s), «>0, (3.3.9) 
where L( : ) is a slowly varying at zero, i.e. it is measurable, positive and 
lim L(As )/L(s) = | for all A>0. 


Then for any e>0 there exist constants C= C(e) >0 and 0<h(e) <1 such 

that 

P{ sup sup |X(t+s)—X(t)|>va(h) $< 一 ~ exp (— 5) G. 3.10) 
0<t<l—-h O0< sh 


for every v>0 and 0<h<h(e). 
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Proof For any positive real numbers f and r we let t=[2’t] / and 
write also R= 2". Clearly, using the continuity of X( - ), we have 


LX (t+5)—X(I<1X((r+5),)—X (+ VX (t+ 5 eae )—X (tt S) )| 


j=0 


$Y LX ee =X (tay) (3.3.11) 


j=0 
we have for 0<h<1 and u>0 


P{ sup sup | X¥(t+s),)-X(t)l>uo(h+ R7')}<2R(RAt 1 Jer” 2, 


O<r<l-h OKs 


(3.3.12) 


P{ sup sup |X ((t+5),.,.,)-X (tts), Mz (w+ 7) ?202 +)} 


r+j 
O0<t<l-h Og<s<h 


2 . 
< 2exp (— AEA ) .25 区 4Re-22(2 Jey, (3.3.13) 
as well as 


P< sup sup |X (tn) -X (t |> (W+ 27 )'7a(Q- FD) 
h 


r+j 
O0<t<1l-h 0<s< 


< 4Re-* 2 /ey. (3.3.14) 
Thus 


P{ sup sup |X¥(t+s)-X(t)| 


O<t<!I-hA OKs 


Suc (h+R')4+2Y (w+ 27 )'7o(2- 7"? )} 


/=0 
< (2R (Rh+1)+8RD)e"?, (3.3.15) 
where D= ) (2/2). Let R be such that 2R>A/h> R, where A is a posi- 
j=0 
tive constant to be specified later on. Since L( : ) is a slowly varying func- 
tion, for any given 0<eé<1 taking r large enough (equivalently h small 
enough ), we have 


g(27 tt D)y= 27C Dap (2704+) < (1 + g )27 ett Day (270+) ) 
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< (1+ YH LT) < 2-H Ah aR ) 
< 27 Uta = ye (1+ > )h*L(h )= G+- _ (= ye 2-UtDe2e(h), 


Then we have 


uo(h+ R7')+ 2》 (w+ 27 )' a270) ) (3.3.16) 


j=0 


<uc(h)(1+ > )(1 十 4 mc (1+ > DA W427) -02g(h) 
<uc(h)(1+ = 一 一 NA+ 本 _ 一 _ y+ 2( 2): ye w+ljx2 ] 


+2( PUA g Jol) OJ ADVE, 


j=0 


Let u=v/(l+e/8). Since, without loss of generality, we can assume vè 1, 
the right-hand side of (3.3.16) does not exceed 


uo(h)\(1+eAR)=vol(h) 
provided that A is large enough. Moreover 
(2R(Rh+1)+8RD )e 2g<(D A/h)e to (3.3.17) 
with D =2(A+1)+ 8D. Consequently (3.3.10) follows from (3.3.15). 
Remark 3.3.1 The proof of the lemma does not use the concrete 
distribution of the process. Hence, in fact it is true for any a.s. continuous 


Gaussian process with means zero and o*( - ) of (3.3.8) satisfying (3.3.9) 
(cf. Csaki, Csorgd' Lin and Révész 1990). 


Remark 3.3.2 We havea version of (3.3.10 )as follows : 


P{ sup sup |X(t+s)—X(t)|>va(h) < 一 一 Cr T exp (~ =" ) 


lil<T O< sch +e 


Theorem 3.3.2 (Csaki et al. 1990) Assume that { X (t)} satisfies the 


conditions in Lemma 3.3.1. Then we have 
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IX (t+s)-X(t)| _ 
lim ea oe seh a(h)(2log(1 /h) )'”? =I a.s. (3.3.18) 


| \X¥(tt+h)-X(t)l 
im PA, oth )Qlog 0A) 7 a 6319) 


Proof Using Lemma 3.3.1,in the same way as the proof of the first 


part of the Lévy modulus of continuity in Csorgd and Révész (1981 ) we 
can prove 


im sup sup Ut) -XW 


h 40 O<r<l-h ossza O(h)(2log (17h) V? < a.s. (3.3.20) 


Consequently, in order to prove this theorem, it sufficies to show that 


|X (tt+h)-X(t)| 
lim Sup ， a (h)(2log(1 /h ) )'? >l as. (3.3.21) 


For O< i<j, 
E(X((it 1)h)-X Ch) CX (G+ 1)h)-XGh)) (3.3.22) 
= X (y,/A, Je * (2 e- e')<0. 
k=0 
Hence, by Lemma 1.1.1, we have 


P{ |X (t+h)-X(1)| 


“o(h)(2los(1/h))'2 =E)? 3.3.23 
SP, Moga m7 SES (3.3.23) 
<P{ max X(G+1)h)-X (ih) <(2(1—¢«)log(1/h))'? } 
0 <i<1/h-1 olh) 
— ee [1/h] 
< (1 (l6zlog (1/h) )'” ) 
hh 
<exp { 一 (énlog (Uh) 2 


Let now h=h,=1/n. Then the last inequality implies 


y |X (t+ 1/n)—-X (1) 5 
(1— 
LPi ner o(l/n \(2log n)? <(l—e) < oo 


and by the Borel-Cantelli Lemma, we conclude 
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Considering 1 An+1)<h<1/, we have 


|X (t+h)-X(t)| 
ver eth o(h)(2log (1 fh) )'2 


> su XUTIM)-XOO) .oll fr) (2logn )'? _ 
之 ore a(l /hn )(21logn )'” o(h)(2log(1 A) )'? 
IX (t+s)- X(t) 

—2 sup Pg (1 Aaln+1))Qlogn (n+ 1)) 2 


l 
<t <l- —— 
0< :<&l n(n+1) 


alh )(2log (1 A) )'? 


By regular variation of o( - ) at zero, with 1 An+1)<h<1/ we get 


lim o(1 /nX(2logn)'? Ao(h)(2log (1 /A))!'2)=1 (3.3.25) 


n => © 


and 


lim oø ( ) (2log n (n+ 1))!2 /Æ (h)(2log(1 /h))!'2=0 (3.3.26) 


n> o n(nt+t) 


Consequently, the above inequality implies that we have ( 3.3.21) by 
(3.3.24) and (3.3.20) combined with (3.3.25) and (3.3.26) respectively. 
This also concludes the proof of Theorem 3.3.2. 


Remark 3.3.3 Recalling Remark 3.3.2, we can rewrite (3.3.18) 
and (3.3.19) as follows: For T, * oo continuously as h —> 0, 


|X (t+s5)-X (t)| 7 
l Nm a = | e ea 3, 3.27 
Ato ner SEa olh )(2log(T,/h ) )'? ase ( 


lim |X (t+h)-X(t)I _ 1] 


im sup GogTZDJTT T) &S (3.3.28) 


(Csérgo and Lin 1990b). 


3.3.3 Another version of continuity modulus 


Csorgo and Révesz ( 1981 Theorem 1.3. 3) showed that another 
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continuity modulus theorem for a Wiener process, i.e. 


Tm ——iwvWw -1 ag 
,> 0 (2tlog log (1 7) )'? Ei 
lim |W (s)| -1 as. 


t> 0 ek, (2slog log (1 4s) )'” 


They pointed out that it can be proved by the substitution 


W (t)= 


~ iW(1/) if t>0, 
0 if 1=0. 


But it is only true for the first equality, not true for the latter. The latter equal- 
ity can be proved directly. A similar continuity mudulus theorem holds 
true for the process { X (t) }. 


Theorem 3.3.3 (Luetal.1991) Suppose that the process { X (1)} satisfies 
Conditions (3.3.1), (3.3.2) and 


r= yy,<o%. (3.3.29) 
i=] 
Then we have 
一 一 |X (s)-X (0)| _ 
im, seven olh)Olog log (1 /h))'” SI a@s (3.3.30) 
一 一 |X (h)— X (0)| 


Nm, Fogg Ay ye T) AS GOSS 
Proof First, we prove 


lim, sup, “G(h)(Qlog log Om <<! a (3-3-32) 


Let Y(s)=X(sh)—X(0),0<s<1. Then { Y(s);0<s<1} is a Gaussian 
process with EY(s)=0 and 
E|\ Y(t)— Y(s)P=2) + (l—exp (-Alt—sl4,)) (3.3.33) 
i=] i 
< 27D Alt—sl|=:A*t—sl ), 


where A(x) =(2xI,A)'” satisfying the condition of Lemma 1.5.1. And 
for0<t<1 
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E\¥*%(t)l=2 Ye (exp 1hd,)) <2 k=? (T>0). (3.3.34) 


i=] ^i 
By (3.3.29), we have 
lim o°(h)/2T A=1. 
h— 0 
Hence, from the monotonicity of function o(h), for any e>0, there exists 
an h,>0 such that for any 0 < h < h 
(1— /2)2T h<oth)<2T\h. (3.3.35) 


It is clear that for any e>0 


oo 


‘| A(a~ )du=4,/ Th | a” dug ey 2T h (3.3.36) 
1 


1 


for a large enough . By (3.3. 33 )-(3. 3. 36) and using Lemma 1.5.1, we 
have 


P{ sup |X(s)—X(0)|Ao(h)(2log log (1 #))'7) > (1+ )?} 


O<s< 


<P { sup | YOO) >t ey 2Th 


O<t< 


+ | A (a7?) | Na™ ))du VY 2log log (1m) } 
1 1 
< ca? exp (— -> )du 
2 
(1 +e)V 2log log (1 /4) | 
< ca*(log (1 fh) )'**. 
Put h,=0~*, 0> 1. It follows from the Borel-Cantelli lemma that 


一 一 |X (s)—X(0)| 3 
一 -一 一 一 一 一 一 一 一 一 所 S. 
lim bese hy o (h,)(2log log (1 fh, ) )'? <te) as 


For any given h>0, there exists a k>0 such that h,,,<h<h,. Note that 


lim sup |X (s)- X (0)| 
no o<s<r O(h)(2log log (1 #))!” 
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一 一 | X(s)—X (0)| o(h,) 
< | A A A 
bw deren olh Clog log (1 /h,)) 2 olh) 


<(1+<6)@'”. 


which proves (3.3.32) by letting e > 0 and 0 —> 1. 
Next, we prove 


lim |X (A)— X (0)| /o(h)(2log log (1 /A))2)>1 a.s. (3.3.37) 


Put h,=e"", 
Y,=(X(h,)-X(0)) Aolh,), A,={ Y, > (1 —e)(2log log (1 /,))'? } 
By elementary calculation, it is easy to see that 
Y P(A,)=00 . (3.3.38) 
n=] 
In order to prove (3.3.37), we need only to prove P { A, i. o. }=1 ,and it 


suffices by (3. 338) to check the Condition ( ii) of Lemma 1. 5. 4. 
From (3.3.35), there exists an N, such that 


(1—e)2Th <o (h, )< 27h, forn>N,. (3.3.39) 
Write 


{ P(A, A,)— P(A, )P(A, J} 


= YY (PAA )-PCA)PCAD} 
+> È { P(A, A,)— P(A,)P(A,)} 


=; 1, (Ni)+ h, (N), 


where N, will be defined later on. 
Let N > N, , denote u,=log k. By Lemma 1.5.3. 


n k-i 
(Ng YY Ir lo Qasr) (3.3.40) 
k=N2+1 j=N2 
ee en |r | + = 2A dr, 
= ( + ) k exp (一 k 一 一 ) 
D 2, i 2n(1 -r ) p 2(1 — rR) 
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=: J, (N) + Jy, (WN,) 


where r,=EY,Y,, 4,=(1—6)( 2log log (1,))'?=(1-¢)( 2logj) ', 


0<r,<r,. From (3.3.39), we have 


0<r, = ECX (h) -X (0) (XH )-X(0)) Æ (hoh) 3.3.41) 


<o(h)/o(h )<((1—e)e) = :r, 
therefore 


Ji(N,)< y T ats YO Wd) (3.3.42) 


k=N2+1 j=N2 


l x x 
exp { 一 20 -r (r; (43+ hi) — 2h hr )} 


jk 


n k- "k ri, A 


< T exp (px A A) YA) 


— pr? 
k=N2+1 j=M (1 r 


where W(x )= We exp (—x’ 2). By (3.3.41) 
元 


re S Ale) d) PSA Ake)’, 
rp Ay S (clog k)/k'”, for 大 一 >u,=log k. 
Hence, for any given 6>0 there exists an N, such that 


r,Azexp (r,42)<d(1-r)'2 for k>N;. ~ (3.3.43) 


Combining it with (3.3.42) and letting N,=N, VN, , we get 


T(N)<5(¥ PUA) X (3.3.44) 


i=] 


Fork—u,+1<j<k-—1 andj large enough we have 


j+1<k< j+2logj, (3.3.45) 
therefore we obtain 
1 一 ] j+2 log j r. AYCA) (å ph )? 
Ja (N) S 一 一 此 一 -一 一 一 一 ex — ACK -ki 
a ( 2) i k=j+1 (2x(1—r))'? Pi 2(1— rz) | 
1 一 ] 一 
< Vv (2logj)e(2logj ) Wh jT (3.3.46) 


/= NITuN] +] 
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<c ) P(A, ). 
j=l 


Combining (3.3.40) with (3.3.44) and (3.3.46), we obtain 
LAND < (Y P(A,) P+ ¥ P(A,). 
i=] i=] 
On the other hand 


1,(N,)<2N, Y P(A, ). 
j=! 


Thus condition (ii) of Lemma 1. 5. 4 is satisfied. The proof of Theorem 
3.3.3 is completed. 


3.4 -Norm Squared Process 


A /*-norm squared process y*( - ) defined by 


x (D= Y(t)IP= LXO), rer 


is closely related to infinite-dimensional OU process { Y(1),—% <t<a } 
={ X,(t), — œ <t<oo }*,. Some papers are devoted to study its path 
properties. Since y*( : ) is the non-Gaussian process, we cannot employ 
some effective propositions (e.g. Fernique’s Lemma and Slepian s Lemma), 
which are frequently used for a Gaussian process, to prove this kind of 
properties. 


X 


In addition to T,< œ , we need also the condition T,= ) yj/A, <0. 
人 = I 


3.4.1 Moduli of continuity 


In order to establish the moduli of continuity we need some large 
deviation results which may be of interest in their own. Put 
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M =max y"//,. 


jzl 


Lemma 3.4.1 Assumel,<o andI,< œ. Then for any €> Q there ex- 
ist h(e)>0 and C= C(e) >0 such that for any T>h(e),h<h(e), t20 we 
have 


P {x(t+h) -x >v (8AM )!7}> =y exp (- ——) (3.4.1) 


P{ sup sup |y%(t+5)—y%(t)|>v(8hM )'7}< 


CT v 
z Pl- oe ) 


lit|<T O<s<h 一 8 
(3.4.2) 
for any v>(8/e )(T, /M )'”. 
Proof Put M,= max y//A,,o;=E(X,(t+h)+X,(t))’ and 
l<j<n 
=E(X(t+h)-X,(t))’*. Then 
E(X2(t+h)— X(t) =0}0,=4 (y,/A,)°?U- exp (-—2/,h)). (3.4.3) 
At first, we let 
pv)=P{| X (X2t+h)-X Xt) )|> v(8AM, )'7} 
j=l 
and prove that for large n 
] V 
=y exp (一 Juz )<Pilv) <2exp (— = ), (3.4.4) 


provided v> (8 /e )(T, /M,)'”. 
Let k, be an integer such that y, /A,, =M,. We put 


Y= DXAtA) XAD)) XA) XE) 


j=l 
and note that Y is independent of Xi (t+h)—X z(t). Since 


> (XXr+h)-X}(t))= (X (1+ A) +X, (X (+h) =X, (0) 


is symmetric, we have 


p,(v)=2P{Y(X2(t+h)—X2(t))>v(8AM,)'2} (3.4.5) 
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>2P {XL (t+h)—Xj, (t)>v(8hM,)'?,¥>0 } 
=2P {XL(tth)— X} (t) > v(8AM, )'7} P(Y¥>0) 
>P{ X} (tt+h)-Xj, (t)>v(8hM,)'? }. 


Now we estimate P { ¥2?(t+h)—X2t)>v0,0,}. Let f, denote the densi- 
ty function of ¥ (t+h)-—X(t). By the independence of X, (t+h)+X,(t) 
and X,(t+h)—X,(t) we have 


© 1 x? y 
O y exp | 20 jy? see fa. 


and using the tail probability estimates of the normal distribution we obtain 


P{X2?(t+h)-X%Xt)>0v0,0, } (3.4.6) 
— “1 (> x? y? 
o TOD, | y (f e] 20y” bar Jexp} 2G, la 

i vO, y 
> | yl D2 rrp | 2y? 一 20 ha 

0 

3/4 

> i y(1— y )exp < 一 也 Y 
7 nv lin 2 2y? 2 

pia yl 


exp(—x?2)dx (x=yt+v/y) 


WV 
局 
[Cin 
NO 3 
>` 


e" l 1 
> 元 人 ep (20) 
— -ra a exp { — (B44+v4 A} 
l 
> 了 exp (一 7 )， 


provided that v is large enough. Since 
2 2 
OU an A8hM,)> 1 as h— 0, 


by (3.4.5) and (3.4.6) we get the left-hand side inequality of (3.4.4). 
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Now we prove the right-hand side inequality of (3.4.4). For 
0<x<l AG, 6; ) we have 
E exp {x(X?(t+h)— X(t))} 


= E { E [exp (x (X(t+h)+ X(t) NX (t+A) 
—X,(t)) ) IX, (t+h)+ X,(t)]} 
= E exp {= x (X (t+h)+X,(t))o, 7 } 


=(1- x0, 20) 2 
Consequently, for 0<x<1/o,,0,,), we have 


D (v) <2 exp {—xv (8AM, )'” iT] —x¢7¢7)'2, (3.4.7) 
i 


Let x=(1-¢/2) Ao, 0,,). Then 
X OU Om S (l-e2)’<1-3¢eA, 
and by using the inequality 
l-y>e" (3.4.8) 


for0O<y<1l-—eand 0<e< 1, we get 


[] Cl —x?026,?)-'?< exp { i. Á eS oo?) 
ps 2 3e 全 
ji n 7 7 
<exp { = >》 oo, AORAR: 
j=l 


Hence, on assuming that v>(8/e?)(T, /M, )'%, by (3.4.7) we obtain 


p,(v) < 2exp {— (1-2 2) (8AM, )'? Ao, ot, )+ = 》 020, ?/(o2, o42)} 
j=l 


v 
< 一 (] 一 < — 一 -一 
<2 exp {—(1—2¢ 2 )v $< 2exp ( Ts )， 
provided that h is small enough. This also completes the proof of (3.4.4). 
By assuming [,< œ, M,=M for all large n. For all such n (3.4.4) re- 
mains true when M, is replaced by M in the definition of p,( v). 
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Consequently, (3.4.4) yields 


l exp (一 二 一 )< P{| 2(t+h)-y77(t)|> (8AM )'7} < 2exp( 一 


Tv ite? 


(3.4.9) 
if v> (8 #’)(T,/M )'”. The left-hand side inequality of (3.4.9) is (3.4.1), 
while (3.4.2) can be proved along the lines of the proof of Lemma 3.3.2 


with the help of the right-hand side inequality of (3.4.9). Hence we omit 
these details. 


Theorem 3.4.1 (Csorg6 and Lin 1990b) Assume T,< oo andT,<o. 
Then for any T,* œ continuously ash > 0, 


2 _ „2 
lim su su | (t+ s) -= LU) l 


< L a.S. 
h40 dy vee, (8hM )'7log (T,/h) 


If ,in addition, the continuous, non-decreasing function T, satisfies also 


logT,/log (1 MN)—> œ as h > 0, (3.4.10) 


then we have as well 


| y(t+ 5) -77(t)I 
] 一 人 人 一] S. 
To tem osse, (84M) 7log (T,/h) aes 


| yr) yA 
lim sup (84M) log (T,/h) |S 


Proof For given 0<e< 1, let h, be such that 
© Chri /Ta) < 00 (3.4.11) 
and asn > oo, 7 
(hy) /T ,)/Mn/T ine) > 1. (3.4.12) 
By Lemma 3.4.1 we have 


P{ sup sup |y%(t+s)—7(t)| > (1+ 2e)(8A,_,M )'Zlog (T,,/h,_,)} 
ltl < Th, O0<s<hn-] 
1 十 28 


l +E log (Ti /hi ) }< C(h,_, /T rn ye? 


< (CT /hi )exp { — 
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The latter combined with (3.4.11 ) yields 


_ 2 __ 2 
lim sup sup x (t+ s) =x) 


— <14+2 a.S. 
n> © ltl < Th, 0< s< hn-] (8h, M )'“log (T,,/h,-1) ° 


which, by Condition (3.4.12), results in 


一 一 |x “(t+ s)—x*(7)| 
TT < e e e e 
im, ilam ocska (8AM ) -log (T,/h) SI as (3.4.13) 


In order to complete the proof of the theorem, it is enough to show 


that under Condition (3.4.10) 


. |x? (t+s) -x (t)| 
一 一 二 -一 -一 一 一 -一 D> | 一 
lim Sup BAM y og (T, /h) > l-e as. (3.4.14) 


From the condition 二 < oo, and similarly to (3.4.13 )it is easy to see that 


Ly (XXt+ h)—XXt)) 
lim su 


k=K 
A < .s. 
im Sup ~ (ghM) log (TI) SË &S (3.4.15) 


provided that K= K(e)is large enough. Fixing the K, by (3.4.15), we need 
only to prove 


K 
[> (XR(t+h)— X(t)) 

. k=] 
>1— 

lim Sup BAM) -log (T,/h) >l—e a.s. (3.4.16) 


Define A, such that T,,_,/h,=n and put C=X((1+1)h,) —X,(th,), 
nk=X,((1+ 1)h, )+ X,(h,). Then 


oj: =E (& = He (1 em), 
k 


2y; (1+ e74), 


af: = E(f Y = 
ll nı A, 


and for/<r, 


ot := EEE ék = Yk oip- Dhn (2 一 ce- 如一 ex 和 ), 


ak i= Eninf Te eTO Dh (24 e-h eitt), 
k 


tt: = EE y k= Yk e7 kr hn ( @ Ak hin — e~ Ak hn) , 
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and, clearly, t4, = — tÉ . Let 


k k k 

O tk T 04 
k _ gk LL pk 一 上 iL Ek— FU yk 
5 . 
1,1 / ok 1 ak ni ni =n- ok | 1 k Nh 


write 


K K k k 

g* O, T o* ok 
> ini = Vt niat 一 六 ~ EMi — i 7 (#1) -— UA u ~ gmi 
k=] k=1 (of) oka 


k k -k 
tk Ti tk XT 
aie 一 此 . 一 由 - wen (nk? 
| nini 一 ok ini 一 (ok ) 1 


T ox 
+ Te hehe Se eet} 
H 


IM» 


2 Eon, + A,. 
Put 
Am=min {A,,k<K }>0,L=[(",) log (Tp, /h, )], 
A,=(1—¢€)(8h,M )' “log (Tp, /h,). 
We have 
P{ max IY. (XH(U+1)h,)-X3Uh,) A,} (3.4.17) 


l < IT /h = 
| 7| [Th ) nl k=] 


<P{ max |S (¥2((fL4+1)h, )—X2ULA,) I< A, } 


l<j <Tp /A(Lhn ) k=1 


<P{ (XEUL+1)h,)-X}(Lh,))| < 4,) 


K 
` Pt max |Y | < A,(1+(7,,_,,)7')3 


+ P{ max |H,,|>A,(T,,_, h) 


<j < Thy- | (Lhn) 
At first, we wish to estimate the last probability. A typical term in H, is 
K 
> (of/of) Ei ni,» which we now proceed to estimate in probability. We 
k=1 


put nt = ni, — (Ti j,/o7t, Gj and note that the latter is independent of £1 . We 
have 
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Ent, P= OL jL — (TL) /0T . 
It suffices to estimate only > (af ,/ok, )in*, . By imitating the proof of the 
right-hand side inequality of (3.4.4), we obtain 


<— A, (Ty,., hy)" } (3.4.18) 


P {| GE | > 一 一 
< 2exp{— (1 7 >A AT hn- Jn, 三 人 (ar 0) (ay 站 (a? yt 0 son ))'? 
+ > Set ot 《or jL — (ti) /on) (on) (or T! 


(af? — (70 ) /0R))}, 


where 
(of) C) S (of, C o) 
< O((y AMAT Mn) PAYS AD) 
=O(y, AAR TH, 
and 


or JLT (Ti ) Jot ~ 2Y A, « 
Inserting these into (3.4.18 ) yields 


K 
l 
P {IX (ot /oA IGNl> Fe 16 A, (T hy Mh /h,,)~ $ 


< 2exp { — ch; +2 log (Ti, A, DS (Tp, An): 
provided that n is large enough. Consequently, we have also 
K ] 
P{ max |) oh fot etm l= Fe An (Ty A) 
2<j<Th,_| /(Lhn) k=! 

< LT, Mn)”. 
For the other terms of H,, we have similar estimations, and thus we arrive 
at 


P! max | H |24, (Togn) ltgceL (T nmg Mn) >. 


2<) < Thyn 1 /ALp,) 
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Using a similar procedure for estimating the second probability on the right- 
hand side of the inequality of (3.4.17), we obtain 


K 
Pt max IS oa nial < A,Ud+(%,-; A) (3.4.19) 


K 
<P{ max Y éh nhl SA, AT pah) 
l 


+cL (TT,_,/h,). 


Inserting the latter upper estimate into (3.4. 17) and then repeating the 
same procedure for estimating the probabilities on the right- hand side of 
the inequality of (3.4.19), we continue this procedure until we obtain 


P{ max IY (XX(4 1)h,) —X 2h, I< A, } (3.4.20) 


II < [Th /hn] k=] 


[Th n—1/Lhn K 
< TP PU È OAGL Dh) -XLA < 4,0 


j=l 


+j(T,,_,/h,)7')}+e(LT,_,/h,)~? 
<( PLY Ch,) = ¥2(0)) 


< (+ 3 A Dm e+ (LT p/h). 


Having taken the value of K= K(e€) large enough, and by using now 
(3.4.1) and our Condition (3.4.10), the first term on the right-hand side 
of the last inequality of (3.4.20 ) does not exceed 


(Pi 177(h,) -77O)I< A - = )\(8A,M)'log (Ts /h,) Tm tn I 


n- 1 


_ | _(1_ Ê [Thy 1/(Lhn)] 
<U- slog (T, my PAW > Howl Tig /hr) DD) 


n-1 


<exp { —(T,,_,/h, YOL! } 


<exp{—-Ty4 }<n, 


provided that n is large enough. The rest of this proof of (3.4.16 )is similar 
to that of (3.3.23), and hence we omit these further details. 
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3.4.2 A law of the logarithm type 


At first, we give the following large deviation results. Put m= max y, //,. 
jzl 


Lemma 3.4.2 Assume I,< œ. Then for any ¢>0 we have 


P{y(t)>2mv } > v1 ?exp (= —— ) (3.4.21) 


E 
6 
for any t>0 and v>0. If, in addition, T,< œ as well, then there exist C= 
C(e)>0 and v,=0,(¢)>0 such that for any T>0 
v 
P{ max y? (t) 2m }< CT exp (— ), (3.4.22) 


li| <T l 


provided that v2 v. 


Proof (3.4.22) is an immediate consequence of Theorem 1 of Iscoe 
and McDonald (1989). We only prove (3.4.21). 
Let m,= max Y/N ,T= 》 y,/A,. At first, we show 
j=l 


l<j<n 


P{ y X2(t)>2m,v > 


j=l 


E on __? 

g” exp ( T=: ) (3.4.23) 

for any v>0. Let k, be an integer such that y,, /A,, =m, . Put Y=) X(t)— 
j=l 


X(t). Then Y is independent of X}, (t). By the central limit theorem, 
there exists n, such that for n>n, P{ Y2>EY} >1/. Hence, imitating 
(3.4.5) and noting that X;,(¢)/m, has a x;-distribution, we have 


Pi YX} (1) > 2m," } (3.4.24) 


WV 


本 P{X}, (1) > 2m? } 


1 人 
+f 22T( 2) * 


“1 29-92qy 


WV 


] 2v/(1— 8) 
3-2? FUA) | 7 eA 


20 
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v 
] 一 8 


). 


> rA v! exp (— 
(3.4.23 )is proved. By noting IT,< œ, it is easy to show (3.4.21) from 
(3.4.23). 


Theorem 3.4.2 (Lin 1990c ) Assume I <œ andT, <œ. Then we have 


lim sup y*(t)/(2m log T)=1 a.s. (3.4.25) 


T > æ |t| <T 


lim yXT)/(2m log T)=1 a.s. (3.4.26) 
T > x 


Proof Itis easy by using (3.4.22 )to prove 


lim sup y?(t)/(2m log T)<1 a.s. (3.4.27) 


T= æ |t)<T 


Hence, in order to get (3.4.25), it suffices to show 


lim sup y(t)/(2m log T)>1l-e a.s. (3.4.28 ) 


Too lti <T 
for any e>0. By Io< oo we have lim maxy /4=0. Therefore, similarly to 
k> æ jek 


(3.4.27 )we can prove that there exists an integer K= K(e )such that 


lim sup ¥ X2(t)/QmlogT)<e as. (3.4.29) 
T> æ 入 了 = 天 
Fixing the value of K by (3.4.29) the statement of (3.4.28 ) becomes equi- 
valent to 


K 
lim sup )YX¥((t)/QmlogT)>1-e a.s. (3.4.30) 
1 


T >x Itl<T k= 


Put y= XU )e 00, Sji = 之 X, JXL G) — X, (J eee? Neve? 
= =] 


. 。 / — ， . / 
for I< i<j. And putn =[n"°®], n=n— iln], i=1,---,n , MSNA, 


A(K)= min 4,. We have for i<n, and k< K 
I<k<K 


. B _y /6 
EX} (n, ere 1 = Yk e 24K (ni1 D< Yk e`? (K)n® , (3.4.31) 


hy hy 
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Moreover, X x (j )is independent of $ XRO) = x> 2č for i< j, since 
{ X.G), k= 1., K } is independent of (xi) —-x (j )e kD, k=] 
-,K,i=1,-- ,j-1}. Then 


P{ sup ， > XA) /2m log n)<1—e)} 


k=] 


< P{ max 3X2 (i)/(2m logn)<1—¢} 


<P {YX Hn)/2m log n)<1—e} P {max( Px? (i)-7,;-26,; ) 


i [<S n] = 


/(2 m logn)<1—e+ 一 一 — J + Pimaxé,, /(2m log n)> 


E 
一 r) 
i< < n] 8n 
< PLY Xin)/(2 m log n)<1—e} P{ max¥ X Xi)/(2 mlog n) 
i< nl k=] 
E E 
l— e+ pr j+ Pl maxx „ /(2 mlog 1 ) 之 Tn } 
+ 2P {maxé,/(2 mlog n)> 


8 
i< my ~ 127 上 


Inductively, we have 


P{ nie “x? (t)/(2 mlog n)<1-¢} 


thon k=] 
<Í] 
n 
2 


(3.4.32) 


P{y X2(n,)/2mlogn)<1—- È } 
j=l k 


(maxx,,-1 /(2 mlog n)>8£/(12n)} 


25 P{ max, ;/(2 mlog n)>8/(12n)} 
j=! 
= pt Pat Pa. 


k=1 


K 
Using (3.4.21) with ¢/6 and X X?(t) instead of € and x “(1) respectively 
(recalling (3.4.29) ) we have for all large n ， 


Pu < { 1- EZI (log '?n )exp (一 (1-842 )ogn 


_ n&/6 
ip <exp (=n). 
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have 


For p,, , using an inequality similar to (3.4.22) and noting (3.4.31), we 


P{ max X,_1i > 2mx } < cnexp{ 一 


ign; 


ek K ne 
1 十 8 


<cn exp {— 


” &/6 
e? (K)n \ 


1 十 8 
provided, say, x>n7'. So 


elogn 
posor “exp { = Hy yy 


” e/6 
e (K )n 2 


Consider p,,. For 0<a< (4,/y,) ! ei(1—e “(i i) 2, by noting 
that Y,(j )is independent of ( X, (i)— X, (j Je KUT? Jeki), 


Eexp { aX, (j XX, (i)— X, G )e Ui Je- ID} 
= E { E [exp { aX, (jX, (G) — X, (J Je P Je XG 3 
— E exp { = aX > j )( MA A — e7 2k Ui) eT% Gi) } 


一 (1 — a(y,/A, VO —e Mk i))e Ak I))-12 . 
Let a=(1-—¢2)'@m"! e? ®t) Using the inequality (3.4.8 ) we have for 
j-iz>n’® 


K 
E exp (aé,,)= [[(1 —@ (9/4, PO — eR Jei) 
k=1 


K 
<exp { + YO PO = e70 e20) 
1 


k= 
< exp (T, 4m’), 


where T,= ) yj/Ajwhich is finite because of T,<0o. Consequently, we 
k=] 


have forj— i> n^ and x> n`! 


P{&,>2mx } < exp { —2a mx+T, /Æm°} <exp { — xet Kms) 
for large n. Then 


< Elogn prks 
< | 
pn S >) n; exp { 12n e } 


_ Elog N pipe 
< 2n?-*exp { 一 Tr eh KY 
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Combining the estimations of p,, .p,. and p, we obtain from (3.4.32 ) 


P { sup © Y20)/A2mlogn)<1-e}=0 (exp (一 12 ) ) 


Itl<n k=] 
as n — oo, which implies 


K 
lim sup Xi)/(2mlog (n+1))>1-e a.s. (3.4.33) 
n> oo Itl<n k=] 
Then we obtain (3.4.30), and further (3.4.28). Thus (3.4.25 )is proved. 
We can get (3.4. 26) from (3.4.25) along the lines of the proof of 
(3.3.30) from (3.3.29), and hence the details are omitted. 


3.5 Two-Parameter Gaussian Process with Kernel 


The two-parameter Gaussian process X (t, n) studied in Section 3. 2 
can be rewritten as 


t 


X(tin)=V X(t)= > | exp (—A(t—s))(2y.) 24W(s), (3.5.1) 
k=] k=l Jo 
which, in turn, leads to a study the two-parameter Gaussian process 


X (t, =| | exp (—A(y)(t—x))(2y(y)) dW (x,y), (3.5.2) 


where y(y) and A(y) are assumed to be positive continuous functions on 
[0,0 ), and {W( x, y); -w<x<ao,0<y<oo }is a standard two- 
parameter Wiener process (see Csorg6 and Lin 1990a). This brings us to 
study the two-parameter Gaussian process { X (t,v);te R*,t eR} of the form 


xao] | r(t, v, x,y )aW (x,y), (3.5.3) 
0 — 
where the kernel function I(t, v, x, y) is assumed to be square integrable 
in(x,y)on R* x R. It is clear that X (t, v)is a Gaussian process with a 
mean zero and covariance function 
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| r(t, v, x,y) (s, u, x,y )dxdy. (3.5.4) 


mane © 


Cov(X (t,v), xu) | 


0 


Put 
Hit, s,v)=E(X (t+5s,0)-X(t,v))’, 


X(R(t,5,0,u))=X (tts,vt+u)—-X (t,v+u)-X (t+s5,v)4+ X(t, 0), 
Hi(1, s,v,u)=E(X (R(t, 5, 0, u)) Y. 


It 1s easy to see that 


Hi(t,s,v =| | (T(t+s,v,x,y)-T(t, v, x,y) Ydxdy , (3.5.5) 
0 


一 00 


| | (T(t+s,vo+tu,x,y)-TUt,v0+u,x,y) (3.5.6) 


0 一 oC 


—-T(t+s,v,x,y)+T(t, v, x,y) )?dxdy . 
The following examples are immediate. 
Example 1 If T(t. 0, x, yp)=1 gy cto, vp % y) ~D<t<w, 
O<v<oo ,then 
X(t,0)=Wt,v), 
H?(t, s, v)=sv, 0<s<m, 
HÈ (t, s, v, u)=su, 0S s,u <œ. 
Example 2 If T(t. v, x, y)=ho axo a y) t ox fo. g (XŒ) 
O< t< 1,0< v<o  , then 
X (t,v)=W(t,v)—tW (l, v) 
is a Kiefer process (cf. Section 1.15 in Csdrgo-Revesz 1981), 
H? (t,s,v)=s(1—s)v, 0< s<l, 
H? (t,s,v,u)=s(1—s)u, 0< s<1,0<u<œ. 


Example 3 If,with 一 oo <t<o, O<v<0, 
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T(t v x y)= 0.1) x ono y exp (- Ay) (t= x )JQyy))'”, 


where A(y) and y(y) are positive continuous functions on (0, œ ), then 
X (t, v)is the two-parameter Gaussian process of (3.5.2) with 


v 


H(t, "90=2| (1 -—exp(—A(x)s) )dx ， 


b+ 


VOD (1 exp (—A(x)s) Jax. 


H(1,s.0.4)=2| A(x) 


v 


In this section, we shall establish the moduli of continuity for the process 
X (t, v)defined by (3.5.3). For the sake of simplicity, only some 
particular cases are considered. Especially, we assume that X (t, v )is weakly 
stationary in t. Consequently we can write 


H (s, v)= H (t,s,v)and H,(s,v,u)= H, (t, s, v, u). 


The general conclusions for the moduli of continuity and the large increment 
results can be found in Csörgő, Lin and Shao (1991 ). 

Moreover, in this section we throughout assume that H'(s, v) is non- 
decreasing on s and H,(s, v, uw) is non-decreasing on s and u and that 
H(s,v)and A,(s, v, u) both are continuous on their every argument. 


3.5.1 Large deviations 
The following lemma is a generalization of the Slepian Lemma. 


Lemma 3.5.1 (Gordon 1985) Let { X,3,.{ Y,})>T={ Gj ):1<i 
<n, 1<j<m } be two collections of centered Gaussian variables satisfying 
the following conditions : 


EX’, = EY; (i jel, 
EX Xa S EY, Y> (ij) (i,k)el, 
EX, X 2 EY Yp (ij) (U.k)e Li¥l. 


Then, for all 4,, >0 
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iD 


NU (X,>4, J2PL (UM, > ))} 8.5.7) 


i=] j=l 


Lemma 3.5.2 Let Ac R*,s,>0. Suppose that 
E(X (t+s,v)— X (t,v) )(X (t+ s,u)—-X (t,u)) (3.5.8) 
SE(X(t+s,u)—-X(t,u)) 
for any t, s, and v>u and that there exist c,>0 and «>Q such that 
H(s,T)/s*<cH(s,, T )/s% (3.5.9) 


for any TE A, OS s<5,<5,. Then for any 0<eé<1 there exists c=c(e)>0 
depending only on c, ,« and e such that 


P \ sup sup s or 
rah md ok xH (s; T *) 


>1+e} (3.5.10) 
< cs; exp (— x? 2) 
for any x21 ,where T*=sup{ T:Te A }. 
Proof Let Z(T ) be an independent increment process with Z(T) 
Z X(t+s,T)— X(t, T). Then £Z( T)=H%(s, T) and 
EZ(T)Z(T )= Hi(s,T ^) 
<E(X(t+s,T)-X(t,T))(X(t+s,T )-X(t,T ')) 


for T>T ”by (3.5.8). Furthermore, (3.5.8) implies that H,(s, T) is 
non-decreasing on T. Then, by the Slepian lemma, we have 


|X (t+s5,T7)-X (1, T) 
P (sup HGT”) >1} (3.5.11) 
X (t+s,T)—- X(t, T) —(X(t+5,T7)-X(t,T)) 
< 一 一 -一 一 一 一 全 一 一 一 > >] 
Pisup xH (s, T*) 13+ Pi sup — xH (s, T*) >1) 
Z(T) -Z(T) 
< — > m > 
<Pisup a ry 21 Pisup HT >>1| 
<2P{ sup |Z (T) >1}<4exp (一 X 2). 


rea XH (s, T*) 
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Let t,,,=([12?°"/s)]+1)s) 2?’ .j =0,1, +» .By Condition (3.5.9), for 
any e>0, there exists an M >Q such that 


| H (ye-2 ， T )dz<e. 
M 


Therefore, according to a result of Fernique (cf. Corollary 3.2.5 in Jain 
and Marcus 1978), X(t, 了) is a.s. continuous on ¢ for every fixed T. 
Hence we can write 


IX (t+5,T)-X(t,T)<lX (t+5),,T7)-XU,,T)| (3.5.12) 


FY IX Sear TAX (t+ Seay TI 


$Y IX TI-X (qT dl. 


j=0 


Put K=2” . By the definitions of H,(s, T )and t,,, and Condition (3.5.9), 
it is clear that for k large enough and OS S< $, 


H((t+s),-t,, T )<H,(s,,T)+2H,(s, /K, T ) (3.5.13) 


<(1+ 2c, K™")H,(s,,T )<U+e2)A(s,,T ), 


H+S) — (t+ erp T )<2H(s 22", T ) 


< 2c, 272°" H (sT), (3.5.14) 
as well as 
H Cty tn T )<2¢,27%? H (sT ). (3.5.15) 
From (3.5.13 )and (3.5.11 ), we obtain 


P { sup sup sup IXs) T)-X (> T 


>l 3.5.16 
Te4 lsl0<ss<sas0 (l+e/2)x H,(s,,7T*) | ) 


< c22 SIexp (一 X [2 ). 


Similarly, by (3.5.14), (3.5.15)and (3.5.11), we have for any x, >0 
P {sup sup sup |X ((t+s) T)-X((t+s),.,,T )I 


_ +j 
Te4 |tl<l0<s<sp 2Co x ;2 a2 H (s, T*) 


< cso! exp (—x;/2), (3.5.17) 


k+j+1? >1} 
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and 
P { sup sup sup IX esse T) X tey T) >1} (3.5.18 ) 
Te4 |tl<l OSs <S 2ce Xi12 *° H(s, » T *) 


< C22 sr lexp (=x? /2 ). 


From (3.5.12), (3.5.16 )—(3.5.18 ) we conclude 


P{ sup sup sup |X (t+s,T)-X(,T)| > 1} 


TeA |tl<l 0< 5 < 5g ((l+e2)xt4e,¥ x, 27) Hs, T *) 
j=0 
+ 2 ~ +j+ 2 
< csr'{ 2% exp (— => )+ ) 2 exp (— = )}. (3.5.19) 
/=0 


Let x? = x’+ 2**/*2 It follows that 


yodao PAL (2 py cre2, (3.5.20) 
j=0 


/=0 


4c, Y x27?” (3.5.21) 
j=0 
<4cex } 27”? Y4 Ac, YQ -a2 Y <ex/2 
j=0 j=0 


provided that k is large enough. Now combining (3.5.20), (3.5.21)with 
(3.5.19) yields (3.5.10). 


Lemma 3.5.3 Let Ac R*,s,,u,>0 . Suppose that 
EX (R(t,s,v b-v ‘))X (R(t, 5,0, b-v)) (3.5.22) 
>E(X(R (t,s,v,b-—v))) 
for any t,s,0<v  <v<b and that there exist C,>0 and a>0 such that 
H (s, v, u)/# < c H,(s,,v0,u)/s° (3.5.23) 


for OKSSKS SS OS v<elt+u,,0<u<2u,. Moreover, suppose that for any 
€> 0 there exists 6,>0 such that for 0< 8< ô,, 
H, (Sg, v+ u, + H,(0s,,0+ u, u 
His, 50; uo ) 


Og $ S S0 MESES 1+ ug -ous us uy 


(3.5.24) 
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Then for any 0<e<1 there exists C=C(e)>0 depending only on c,,a and e 
such that 


P{ sup sup 


X (R(t, 5,0, u 
Itl<1 O<v<l O<s<sg O<uKug xH, (So U, Uy ) 


(3.5.25) 
入 CS u; 'exp (— x’ /2) 


for any xè l1. 


Praof Define 


[+ 


({122” /s,]+1)5 22”, Via; = 


([02*" /u,] + 1 )u ne 
Noting that ¥( R(t, s, v, u)) is defined with a rectangle [i1, t+s] x 
[v, v+ u], we have 
|X (R(t, 5s, v,u) I< |X (R(t, (t+ 5),-t, V, Utu),—-0,))| 


(3.5.26) 
+5 | X (R+ sapo OES) — (t+ spr v, (v+u), —v, ))I 


j=0 
we / / / 
+ » | X (R(t 9 lkaj Chat UR? (v+u), =v) DI 
j=0 


+|X (R(t, 5, 0,0,-v))|+ | X(R(t,s,v+u,(v+u),—(v+u)))l. 
From (3.5.22), it follows that 


Hs, v u ‘)< Hs, v, u) (3.5.27) 
for any v<v, vtudvu +u 


Using (3.5.24 )and (3.5.27), we get 
H(t+s),—t,.0,,(vtu),—0,) 


<H(s,v,u )+H,((t+s),-(t+5),v0,,(vt+u),—-», ) 
+ H(t,- t, v (v+u), —v,)+ Hs, v,0,-v) 
+ H (s,v+u, (v+u), —(v+u)) 
<H,(s,v,u)+2H,(s, /K, v,» u(1+1/K)) 


+ H,(s,v,u,/K)+ H,(s,v+ u, uy /K ) 
<(1+¢A)H,(s, v,u) 
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for large K. Using (3.5.23), (3.5. 24) and (3.5.27), similar to (3.5.14) 
and (3.5.15), we get 


HA (t+ s) = (ES) Og Hu) =v) 
<2H(s,/2°" , v, uy (1+ 1/K)) 
<2c27 a2" “H, (5) .0,U),(1+1/K)) 
< 30,2722) Hy (5) Vs Uy )s 
Hy (ths — tips Dg» (V+ u),—v,) 
< 3272" H, (so > V, uo ). 


Then, for any x,>0, 
|X (R(t, (t+ 5),-t.0,.(vtu Je—v,))| 


P > 

tsup sup Sup SUP “Tg A DT ) 
< 4-22 su lexp (—x /2), (3.5.28) 

Pt sup sup sup sup (3.5.29) 


Iri<] O<r<l0<s<sq 0O<Sus< uo 
|X (R(E Sein ? (t+ S +) = (t+ s)V ptu), =v) ) 
一 一 一 一 一 一 一 一 一 一 一 一 一 一 一 一 一 一 一 
3¢) x27? 1 HÈS)» V, uy) 
k k+j+1 
<4.22 +12 sz us 'exp( — x?/2), 


P{sup sup sup sup (RU fey toi Pe OF W 0))| 1} 
Iti<l O< v<l0<s< sg OXuKug 3cox , 2- yok (5) 50; uy) 


< 4.2" 十 DAI 5: ) Ug exp (—x7/2). (3.5.30) 


>1} 


Let x? =x? + 2*"*?, Similar to (3.5.20) and (3.5.21), 


》 22 $e V2 IK 02， (3.5.31) 
j=0 
6c, y x272 < ex/4. (3.5.32) 
j=0 


Now deal with the last but one term of (3.5.26). Puting d, = (i+ 1 )u,/K, 
we have for any y> 0 


P{ sup sup sup |X(R(t,5,v,v,-v) l>y } (3.5.33) 


sl O<v<l O<s< 59 
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<P max sup sup sup |X (R(t, s, v, v, —0))l >y } 


0<i<K/ug di-1 <v<dj ltl<sl 0<s < sg 
[ K/ug] 
<》 P{ sup sup sup |X(R(t,s,v,d,—v))|>y }. 
i=0 di-1<v<dj lilgl 0<s< so 


GD 
Let Z(: ) be an independent increment process with Z(d,—v)= 
X(R(t, s,v,d,—v)) for d,_,<v<d,. Then, for any vèv Í 


EZ(d—v)Z(d—v ‘)= EZ(d,-v)= EX (R(t, s, v, d,-v)) 
< EX (R(t, s, v, d, —v))X (R(t, 5,0 d, —v ^), 
where the last inequality is due to (3.5.22). By (3.5.27), we find that 
H,(s,v— uo /K, 2u, /K )> H, (s, d,_, ,u, /K) 


for any d,_,<v<d,. Therefore, using the Slepian Lemma, we obtain 
|X (R(t, s,v,d,—v))| 
xH (s, V-—u, /K, 2u, /K ) 
|Z (d—-v)| 
< Oo me a! 
2P 1 sd XH,(5, v— Uy /K, 2u, /K) | 


| Z(d,— d,_ I 
xs, d wu,/K) 7 


P{ sup 


dj_| SV <d; 


>1} (3.5.34) 


<2P{ 1 } <4exp (—x /2). 


By noting (3.5.24), (3.5.34)implies 


NCO < — y? , 
Sup, AA Gau) >l j<4exp (= 72). (3.5.35) 


Proceeding along the lines of the proof of (3.5.10), we can get from 
(3.5.35) 


TX (RU, s, v,d,—v))| 


Pi su sup su >] 3.5.36 
(SUP mies doses (ge  )xH,(s, U, Uy ) | l ) 
<8 . 27's lexp (-x’?/f2). 
Combining (3.5.33) with (3.5.36) yields 
P{ sup sup sup IX RU s vvo) >1 1 (3.5.37) 


|tl<l 0<v<l 0g sg 59 (8 /8 )xH,(s, V, uo ) 


< 16°: 2s lu exp (一 X 2). 
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Similarly, for the last term of (3.5.26), we have 


Py sup su su > 1 
nes ok teres (e /8 )xH, (s, U, uo ) | 
< 16 .22 "s~ly~lexp( — x22). (3.5.38 ) 


(3.5.25)now follows from (3.5.26), (3.5.28 )—(3.5.32), (3.5.37) and 
(3.5.38). This completes the proof of Lemma 3.5.3. 


Remark 3.5.1 Itis easy to see from the proof of Lemmas 3.5.2 and 


条 


3.5.3 that “sup’and “sup” can be rewritten by “sup “and “sup ”, 


Irl<l 0< v<] ltl<M O0<v<M 


where M>0O is a constant. In this case, C=C(e)in (3.5.10) or (3.5.25) 
ought to be replaced by C= C(e, M ). 


3.5.2 Path properties 


Applying the large deviation results of X(t, v), we establish its moduli 
of continuity. Let a, and b, be non-negative continuous functions tending 
to zero as T > œ. 


Theorem 3.5.1 (Csörgő, Lin, Shao 1991) Suppose that conditions 
(3.5.8 )and (3.5.9) are satisfied, Moreover suppose that 


E(X ((i+ 1)s,v)— X (is, v) (X(Cj+ 1)s,u)-X VUs,u)) <0, (3.5.39) 


log log (H (a, T )+ A, '(a,,T ))=0(log (1 fa, )) as T > œ 
(3.5.40) 
Then we haue 
l T 
ra hin Ha, T \Qlog (1 /a,))'” 


lim sub su |X (t+5,T )-X(t,T )| 
T> œ mie ves ear H (az, T )Qlog (1 fa;))'” 


= | a.s. (3.5.41) 
=] ass. (3.5.42) 
Proof At first, we prove 


一 -一 |X (t+s,T)-X(,T )| 
] C Ll Ss. 3.5.43 
lim sup sup Ha, T log (i /a,))" ase (3.5.43) 
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Let 0>1. Define A,= {T:0 WV< ag0, <H (0, T) <O+!), 
j=0,1,. „k=, —1,0,1, =, 7%=sup{T:T e A,}and Ty = 
inf {T:T e A,,}. From Condition (3.5.40), for 0<€<1⁄2,A,= Q if 
|k| >08” when j is large enough. Using this fact, noting Condition (3.5.9) 
and taking 0 close to one enough, we have 


im sup sup —2 ts TI-¥UT) 
T> x i ar H (a,,T)(2log (1 fa, ) )12 


< lim SU sup sup sup (XUutsT)- XET) 
j> 00 nee TeAkj lilg!l 0<s<ar H (az, T )(2log (1 /a,))'? 


(1+e)|X¥(t+s,T)-X(t,T)| 
< lim max sy SU SU I an 
j> œ Ike! TeAkj ie 0<s<o/ 6*(2log @/ )!” 


O1+e)X (t+5,7)—-X(t,T)| 
< lim max su SU SU 一 一 一 一 一 一 一 一 一 一 一 一 . 
> oo |kl<o Pedy lt 4 0< so- / Hi(0™, Ty; )(2log 0 yi? 


(3.5.44) 


By Lemma 3.5.2 and (3.5.9 ) again, we get 
|X (t+5,T)-X (tT )| 
P a 一 之 
i max ree, ney oes de J H, (0 E , Ty )(2log 0’ yi? 


|X (t+5,T)-X(t,T )| 
< Pi s su S oo ww elt 
hey ' Pedy niet ose 07 H, (07,7, log 0 )'” e} 


Site) (3.5.45) 


< C0” exp { — (1+ e)log0’ }< c0%. 


(3.5.43 ) follows from (3.5.44), B. 5.45 )and the Borel-Cantelli Lemma. 
Next, we prove 
im sup Zt XAD S| 


> a.s. (3.5.46) 
T >œ lsl H, (az, T )(2log (1 /ar ) )12 


which together with (3.5.43 ) will imply the conclusions of Theorem 3.5.1. 
Note that 


. |X (t+a,,.T)-X(t,T )| (3.5.47) 
m i H (az, T )(2log (1 /a; ))'” 


\X(t+a,,T)-X(t,T )| 
>lim min f s HAUTE tT AMS N 
7 I5 x HETE int oe reel H (az, T )(2log(1 /dar ))12 


|X (t+6/,T)-X(,T)| 
>lim min inf sup 一 一 一 一 一 一 一 一 一 一 
j> =£ Ikie TeAkj oak H, (0 Ji )(2log git! )12 
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-Jim max su sup AX (+ 60%T )-X (t+ a,,T )i 
pve let! reke osie A, (07, T \(2log 0)" 


. IX((i+1)07,T )—X(i07,T)| 
> lim min inf max 一 一 一 一 一 一 一 一 一 一 一 
jE Ikio Pe ay 0<i<o/ H(@7,T )(2log 6/*')'7 


— lim max sup sup sup IX (4 8, TIA X(T) 
j> x Ikl<0 TeAkj ap<t<artl 0< s< (0-1)0 Jol H (0 1! T )( 2log@/ ) 


Along the lines of the proof of (3.5.43 ) and noting Remark 3.5.1, we have 
by (3.5.9) 


lim max sup sup sp XU TIAA) 
j> œ |kl<09 TeAkj ap<t<ayztl 0<s<(0-1)0/ | H (6 IT )(2log 0’) 


<iim max sup wp sup XT XT 
j> x lki<o! TeAkj ap<t<artl o<s<-1e | H((@-1)077',T )(2log 6 )'” 


<E a.s. (3.5.48) 


Let Y¥(i,7) =X ((i+1)07%, 7) -X(i0%/, T) and Z(i, T) be a two- 
parameter Gaussian process which is an independent increment process for 
fixed i with Z(i,7)2Z Y(i,T) and 


EZ(i,T )Z(,T ‘)=EY(i,T )Y(j,T’) 
fori # j . Then, by (3.5.8) we have 
EY(i,T )Y¥(i,T ‘)> EY i, TAT ‘)=EZ(i, T )Z(i, T°). 


Hence, we can use Lemma 3.5.1 and obtain 


Y (i, T ) l 
—— 3b’) < o 3.5.49 
Pi inf Dat H (07, T )(2log 8 六 1)12 (1 十 5) | ) 
Y(i,T) ~ ] ) 


SIPA HOTT Glog > Tre) 


E Z(i; T ) l 
<SI=PE A My AORT Oog > Trap ) 


Z (i, T) l ) 


=P dhe CHOT, Flog Oy < Trey 
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Consequently, 


Pt min inf max YU, T ) l 


WaT Tr Vee gi? S praa (3550 
ico! Teagj o<i<o? H,(07,T )(2log 0%)? © (1+e) i ) 


Z (i; T ;,) 0 
Seat oc i cil H (07, 7, )(2log@*')'? l+e | 


IZ Ti)-2Z(6,7)| 9e 
ae Oe Bo} 
thw? | vei! rey H,(07,T ,, )(2log 0’+1)12 (+e) j 


Noting that Z(i, T )is an independent increment process for fixed i, we have 
E(Z( i, Ti )- Z(i, Tœ) =EZ*( i, Ty, )- EZ (i, T) 
=EY%(i,T,, )-EY*(i, T, )< "+" — 0 
<(@-1)H}(07,T;; ) 


and hence for 1<@<1+ 8? 2 


\Z(i,T;,)-Z(i, T )| Oe 
es oeieo re tes H (07 ， T y )(2log@*!)!” (1 十 5) j 


a! IZ(4,T*)-Z(bT ) (3.5.51) 
i 小 一 j e 
R 2 | rea; H (0>, T; )(21logg+1)12 7 } 
4 IZ(i TŽ )-Z(i, T, )| e 
< > > 
` È = 2P | H. (07, T,,)(2log Qi+1)12 7 } 
<4 > J ex (_ flog 0”! ) < 807% 
oo Eo p 4(@?-1) ~~ i 
Using Condition (3.5.39 )and the Slepian Lemma, we have 
Z(i,T;;) 9 
HOT, log 0 y7 < Tre 5. 
Pt bere gl H (0v, Th )(2log 0 六 1)12 Ite } (3 5 52) 


< — H < 一 

[TPs H (07, T ,;, )(2log 6/*')'” 1 十 8 | 
[o] 0? 

< 一 — 

` [u exp ( 1 十 8 


log 0+! )} 


<exp (-0"7") <0. 
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Therefore, we conclude from (3.5.50 )—(3.5.52 ) that 


P{ min inf max YU; T) l (3.5.53) 


Iki<0® TeAgj0<i< A\(@7,T )(2log grr yie (l+e)’ 
< 9977 
for every j large enough. Combining (3.5.47), (3.5.48), (3.5.53) with 


the Borel-Cantelli lemma yields 


lim sup |X (t+a,,T )-X(t,T)| ~ l 


= ua Har, T )(2log (1 /a)) 2 *~ OF} —g a.s. (3.5.54) 


This proves (3.5.46 ) by the arbitrariness of £, and hence completes the proof 
of Theorem 3.5.1. 


Theorem 3.5.2 (Csorgd, Lin, Shao 1991) Suppose that (3.5.22), 
(3.5.23 )and (3.5.24 )are satisfied with S= ar, u}= b; and that 


EX (R (js, s, ku, u))X(R(ms, s, lu,u))<0 (3.5.55) 


for any s>0,u>0,j4#k and m#1. Then 


. |X (R(t, a,v, b, ))| 
lim -一 一 一 一 一 一 一 一 一 一 
re x nes oe ey Ha; s Us’ br )(2log (1 /arbr )) 7 


|Y¥ (R(t, s,v, u) )| 


=] a.s. (3.5.56) 


fim, sap p, SP, SUP, lay ob, Vlog (mB! eS 
(3.5.57) 
Proof At first, we prove 
lim sup sup sup sup A(R sw) 7 
T> ox lilgl O<v<l 0<s<ar 0gugobr H,(a;,0, br )(2log(1 /arbr)) ? 
<1 a.s. (3.5.58) 


Let 0> 1. Define A,={T:0 Vi <a, 07, 07 <b, <0 ), jk= 0,1, 
… . We have 


lim sup sup sup sup |X (RU, s.v, u) ) (3.5.59) 


T > æ lilgl O<vsl 0gsgar 0gu gbr H (az, v, b,)(2log (1 /arbr )) 2 


< lim sup sup sup sup sup sup 


j> œ k20 TeAkġ Iti<l O0<v<l 0gssgar 0gugbr 
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| X(R(t, 5s, v, u) | 
Ha,,v,b,)(2log (1 /a,b,))'? 


< lim sup sup sup sup sup (+e) X (R(t svu) )| 


jroo kz0 |tl<l 0<v<l0<s<o/o<u<o* H,(6~,v,0-*)(2log@/** )'? 
by Condition ( 3. 5. 24), provided that 0 is close to one. Using 


Lemma 3.5.3, we derive 


|X (R(t, s, v, u))| 
Pi sup sup sup sup | 一 -一 一 一 一 一 一 一 一 一 一 一 一 过] 
t wh le veo 0< Eoia et H (07 , v, 074 )(2log 0+4)? tej 


<C 》 6/**exp { —(1+e¢)log 0 
k=0 


< CO". (3.5.60) 
(3.5.58 ) follows from (3.5.59 ), (3,5,60 )and the Borel- Cantelli lemma. 
We now prove 


l |X (R(t, a,v, b, ))| 
_—_ XR ar vbr) >1 as (3.5. 
pm SUP UP, Haa.» b, Clog (1 /arbr ))” as. (3.3.61) 


Note that 
l |X (R(t,a,,v,b, ))| 
AA Gy DOT JN 
a nee ook H(ar v, br )(2log (1 /arbr ))'? 


. |X (R(t,a,,0v,6,))I 
a ted re kj nes oe H (azv, br )(2log(1 /ar br ))'” 


(3.5.62) 


。 。 |X (R(t, O-/,0v, g-*))| 
= a 
pm int betel vee H07,v, 0-* )(2log 6/7**? )I” 


—lim sup sup sup sup sup 
j> æ Kk>0 O<ri a1 gy com l+ ons co 0gsug(1-0 1)0* 
(1+e)| X (R(t, 5,0, u))| 
H,(07, v — 07, 0-*)(2Qlog/** )'? 


—lim sup sup sup su 


, | S 
jroo kz20 0 /lcigo/ ltl ogvrg!l 0gs<(1-0 I) / o<usok 


H,(07 » 0, 0 *)(2log 0i) 


>lim inf max max IX (RUO, 0”, m00) 
ae k>0 0<1< 0) O0<m<& H,(0™, mO-*,0~*)(2log@/ ++)? 
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—e lim sup sup sup sup _. sup 
o, k20 0<r<i0<v<0 KTl+1 o<xs<0 0< u < (1-07 yok 
J C = > > > > SSS Ss 


(l+e)| X(R(t, 5,0, u) )| 
H,(07%,v, (1-67 ')0-* )(2log 6/**)'? 


— glim sup sup sup sup 
j>% kz0 0g1<0 /lt o<v<i o<s< (1-0710 o<uso * 
(l+e)| X (R(t,s,v,u ))| 
H(1-67')07, v, 0-*)(2log @/**)'7 
=:1-L-l, 


where Condition (3.5.24) is used again. Along the lines of the proof of 
(3.5.58 )and recalling Remark 3.5.1, we can obtain 


L+h<3e a.s. (3.5.63 ) 


For J, ,in terms of (3.5.55 ), we can apply the Slepian Lemma and get 


-j Q- mQ-k. Q-k 
P{ inf max max | X (RUO7,07,mb~*,07") )| 


k>0 0<1<6/ 0<m<ok H(0, m0 “,0™*)(2log Qitk+2 )12 l e} 


x [ol fark | X (R67 97 m0-t g-*))I 
<2, /=0 Il H,07,m0d~*, A-*)(2logas**t? )'2 l—e } 


< yi ] — exp (—(1-«e)log girke2y ol" . 


< \ exp (—6°"*® )<c exp (— 8” ) 
k=0 


which implies that 
Ixl- ass. (3.5.64) 


Combining (3.5.63), (3.5.64), with (3.5.62) yields (3.5.61). This com- 
pletes the proof of Theorem 3.5.2. 
The following corollaries deal with the examples given above. 


Corollary 3.5.1 Let{ W(x, y); 一 oo<x<oo,， 0 入 7》<oo } be 
a standard twoparameter Wiener process. Then 


lim sup sup _ |W (RG, az, 0, bp) )| 


=] .S. 
T= x lilg! O<r<l (2a,6,log (1 /a,b,) )'? a.S 
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lim sup sup sup sup __ WRG, svu) 

T =æ I|tl<l 0<v<l0<s<arp0<uK<br (2a, b, log (1 /arbr ) ) 2 
If, in addition, 


log log (Ta,+ (Ta,)~'!)=o(log (1 /a,) ) as T — œ, (3.5.65) 


then 
. |\W(t+a,,T)-Wt, T)| 
一 一 一 -一 二 一 一 一 一 -一 一 一 一 ] „S. 
jim sup -— Ta, log (1 /a,))' a.s 
lim sup sup Wt s, T)- WT) Witts, T)-W (T) =] a.s. 


T= œ rsl0<ss sa7 (2Ta, log (1 fa, ))'? 


(cf. Theorems 1.14.2 and $1.14.2 of Csdrgo’and Revesz 1981 ). 


Corollary 3.5.2 Let { K(x,y); 0< x<1,0< y<o} bea Kiefer pro- 


cess. Then 
|K (R(t,a,,v,b, ))I 
] OO | . S. 
7 S oP, (2a, (1 = ar)prlog (1 /arbr) yi? aS 
lim sup sup sup sup | K (R(t, s, v, u))| -1 as. 


T= © 0sisl-ar 0<v<1 0<s<ar0<u<br (2a,(1—a,)b,log (1 /a;b,))!7 


If, in addition (3.5.65 ) is satisfied, then 
|K (t +a,,T)—K(t.T)| 
pm e (2Ta,(1 —a,)log(1 /a; ))'” 


lim sup sup _1KG@+s,T)-K@T) = 
T > œ O<t<l-ar 0< s <ar (2Ta,(1 —a,)log(1 /a;) V7 


= | a.s. 


Corollary 3. 5.3 Let{ X(t, v,); ~w<t<ao, 0<v<o } bea 
two-parameter Ornstein-Uhlenbeck process as in Example 3. Suppose that there 


exists co>0 such that 


X 
| ox dx < Os | y (x )dx 
0<x <T, å (x )214 x O<x <T,A(x)<1l/ 


for any 0<s<a,,and that 


log log (H,(a,,T )+ H,;'(a,,T))=o(log (1 /a;)) asT > œ, 
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A(x) 
|X (t+a,,T)-X(.T )| 


where H/(a,,T)= | xx) (1—exp (— A(x )a,) )dx. Then 


li 一 一 一 一 一 一 一 一 一 一- 一- 一 |] Ss. 
ree vere: Hla, T)OQlog0 /a,))'? à 
lim sup sup IXüutsT)-X TO) = ] 


r >æ o<i<i o<s<ar Hilar T )(2log (1 /a7))'? 
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